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Y FS a view to 5 ie ths | 
>&&9 attainment of that uſeful 

" ſcience as eaſy to young 
beginners as the nature of it wilt per- 
mit ; the common treatiſes on this ſub- 
ject being, as tis conceived, from their 
too great brevity, and other circum- 
ſtances, not entirely fit to anſwer that 
purpoſe. This work is divided into 
three parts, or books, that differ conſi- 
derably from each other in the nature 
of the things they treat of, and accord- 
ingly require different degrees of pre- 
vious knowledge in the mathematics 
E. to 


* 3 2 


it PREFACE 


6. 8 A 


to underſtand them: it Will therefore | 


be proper in this place to give the reader 
ſome account of them, that he may be 
able to ſelect ſuch parts as he is moſt 
inclined, or beſt Fe to become 
mated with. 

The firſt part contains the dodriie 
of Tz1conomETRY properly ſo called, 
or an explanation of the method of 
computing a table of fines and tangents 
by common geometry, without the help 
of infinite ſerieſes, and ot ſolving the 
ſeveral caſes of plane triangles by the 
means of a table fo computed. This 
part is nothing more than a eopious 
paraphraſe on Dr. Keill's Elements of 
Trigonometry, with a number of ex- 
amples of the calculations of fines and 
tangents actually performed, and the 
operations preſented at full length to 
the reader's view; which to me ap” 


peared - abſolutely neceſſary to give | 


young, beginners in theſe ſtudies a clear 
and familiar notion of the manner in 
which theſe tables are computed. The 
» knowledge 


E AA 


| 


9 - 
* - 
7 " B 
bad ; , * \ 8 3 4 ; | . 
. 0 Sx : Ei * 4 * 6 — fa * * * a 2 . * * 


knowled ge requiſite to underſtand this 


part of the work is that of the firſt 


fix books of Euchid's Elements, and the 


operations of common. arithmetic, with 
the principles on which they are found- 
ed. The ſcholium indeed in page 33. 
requires ſome knowledge of algebra 


and infinite ſerieſes; but as it is quite 


independent of all that immediately 


precedes and follows it, the reader that 


is unacquainted with thoſe ſubjects may 


niengg. , , 


paſs it over without the leaſt inconve- 


The ſecond part of thoſe elements 
is a collection 45 ſome of the moſt re- 
markable properties of ſines and tan- 
gents and the other lines belonging to 
a circle, many of which are of frequent 
uſe in the ſeveral branches of mathe- 


matical philoſophy. This part may. be 


underſtood by the help of the firſt fix 
books of Euclids Elements, and the 
common principles and operations of 
algebra; or, if we except the 25th and 
26th propoſitions, and the corollaries to 

. prop. 


- - Y - <> Þ 2 3 
N — 4 4 * 


prop. v7. enen are oer pecege v 
wards underſtanding the "remaining 
propoſitions of this econd part) by th 
„ 
26th propoſition 1 has eiideafouttd 
to give a clear account of the doctrine 
of the ſines of multiple arcs, and to 
explain what is meant by fach a fine's 


« 
- 


becoming negative, or, as the alpe- 


brifts expreſs it, paſſing from affirmation 
through nothing into negation, which, 


being an obſcure and myſterious kind 


of expreſſion, required a copious expla- 


nation. And this is the principal rea- 


ſon of the great length of this propo- 


fition and its corollaries, which take up 
fourſcore pages of the book; for they 
could not, without omitting ſomething 
material to the purpoſe, be reduced 
into a narrower compals. The great 
quantity of calculation in this propo- 
ſition and its corollaries, and the num- 


ber of algebraic expreſſions uſed in 


them, give them at firſt ſight an ait 
of difficulty: but it will be found up- 
on examination, that they are in re- 
| | 125 ality 


this ſecond part) by the 


*O > >, 0 a. 


os = 


ality a great. * the eaſßer bann 
ance: for this is 
to the ſetting down the 


Þ K E r 4 


and operations all at length, 
which 'the reader muſt have ſupplied 
by his own induſtry, if they had been 


omitted for the ſake of making the de- 


monſtrations appear more ſuceinct and 


elegant. And for the ſame reaſon it 


is true in general of all books of al- 
ert that (if the ſubj ect and method 


of demonſtration are the ſame) the 
more calculation app 


in them, the 


eaſier a wal be underſtood. 


| The third part of theſe 0 
treats of the fluxions of ſines and tan- 
gents, and the other lines belonging to 
a circle, and contains an account of 
the relate of thoſe ſeveral lines to 
the circular arc to which they belong; 


which relations, tis well known, can- 


not be diſcovered but by the method 
of fluxions. This part is ſubdivided 
into two others, in the former of which 
is introduced a diſſertation upon loga- 

rithms. 


_ 


+ 
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rithms. The whole of Ps fut bl 


ſion, together with the diſſertation on lo- 


garithms, is written in the fame full and 
explanatory manner as the reſt of the 
book, and may be underſtood. by the 
help of Euchid's elements the prece- 
ding part of this treatiſe, che proper- 
ty of the aſymptotes of an hyperbola, 


and the common principles and ope- 
rations of algebra; or, if we except 
the Aigen on logarithr ms, without 
any knowledge of the hyperbola or of 
algebra. This firſt ſubdiviſion contains 


an account of the proportion of the 


fluxions of ſines and tangents, and the 
other lines belonging to a circle, to the 
fluxion of the arch, and to each other, 
The latter ſubdiviſion of this part of 


the work, entitled the Concluſion, con- 


tains an account of the ſeveral ſerieſes 
relating both to circular arcs and lo- 
garithms, which are deduced from the 
principles laid down in the former ſub- 


diviſion and the diſſertation on loga- 


rithms, by the methods of fluxions 


and the reverſion of ſerieſes. This par 
0 
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of the work therefore cannot be un 
gerſtood without ſome knowled ge of 


thoſe methods: and accordingly, as 
the readers of it muſt be ſuppoſed to 
be pretty far advanced in theſe ſtudies, 
it is written with much greater brevity 
than any of the N N of bole 
elements. 4 
Thoſe 1 are not lined to read 
the diſſertation on logarithms may paſs 
it over without any inconvenience, and 


proceed to page 406, coroll. 11. This 


diſſertation contains a very full account 
of the nature of logarithms, their uſes 
in arithmetic, and the manner in which 
their firſt inventors computed them, with 
a variety of other curious particulars 
concerning them. Tt is divided into 


a great number of ſeparate heads, with 


titles of their contents prefixed to them ; 
and to theſe' titles 1 refer the reader 
for a more particular account of what 


he may expect to find in it. As all 


the parts of this diſſertation are not of 
equal importance towards obtaining a 


juſt 
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Juſt idea of ä al directen 3. 
given to the reader in art. 65. 1 
to attend to with moſt care, and what 
to paſs over. more N e 65 I 


I am ſenſible the apo wow; is 


ES OE ITO f 


5 


ts n * 


1 not without its imperfections: but theſe, | 
W | I hope, the reader will excuſe, if upon | 
[| the whole he finds it uſeful. 
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PLANE TRIGONOMETRY.. 


AR. T. EL Bk 
K e N H E buſineſs of Trigopametry 3 is, as 
N its name imports, the menſuration 
; T of triangles, and conſiſts in diſcover- 

ing the angles of a triangle when 
* the ſides. are. given, and the ſides, or 

proportions of the ſides; when the 
angles are given, and beth ſides and angles when 
other ſides and angles are given: in order to which, 
it is neceſſary that not only the circumferences of 
circles, but alſo certain right lines in and about 


circles be ſuppoſed to be divided into ſome deter- 
minate number of parts. 


Mi oth, 


= ELEMENTS Fx 
Art. 2. Upon this account the antient Mathe- 
maticians thought fit to divide the periphery. of a 
circle into 360 equal parts, which are called De- 
rees; and every degree into 60 parts, called 
8 or Firſt Minutes; and every minute in- 
into 60 Seconds, or Second Minutes; and again, 
every ſecond into 60 Third Minutes, or Thirds; 
and ſo on. Every angle is ſaid to be of ſuch a 
number of degrees and minutes as there are de- 
grees and minutes in the are meaſuring that angle. 


Art. 3. There are ſome that would have a 
degree divided into Centeſimal parts, rather than 
Sexageſimal ones; and it would perhaps be more 
uſeful to divide not only a degree, but even the 
whole circle, in a decuple ratio ; which diviſion, 
tis not unlikely may ſome time or other take 

place. The advantage that would accrue from 
dividing the circle in a decuple proportion ariſes 
chiefly from the nature of the Notation now in 
uſe, by which the value of any number is aug- 
mented or diminiſhed in a decuple and ſubde- 
cuple proportion, to which therefore ſuch a di- 
viſion would be peculiarly adapted. But as the 
antients made uſe of a different Notation, this 
could be no advantage to them ; they therefore 
on other accounts choſe the number 360: pro- 
bably becauſe the year was thought by the EH - DL 


tians, to whom this diviſion of the circle is uſually WM di 
aſcribed, to conſiſt of 360 days, or the circle th 
which the Sun ſeemed to deſcribe in a year to be ci 
already diſtinguiſhed by nature into 360 parts. ne 
There was this farther convenience in this divi- tir 
ſion; that the number 360 is diviſible by ſeveral fie 
other numbers without a remainder ; as by 10, 6, pie 
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Pians TRIGONOMETRY.. 3 
2, 90, 60, 9, Cc. by which means they 


ld accurately expreſs ſeveral parts of the peri- 
phery in whole numbers, which they eſteemed 
far clearer and leſs intricate than mixt numbers or 


Art. 4. Now if the circumference of a circle 


contains 360 degrees, a quadrant or fourth part 


thereof will contain go degrees. And as a qua- 
drant ſubtends a right angle at the center of the 
circle, a right angle is ſaid to be an angle of go 
Degrees. If the circumference had been divided 
into 100 parts, a Quadrant would have contained 
25 of thoſe parts... 1 5 
The Chord or Subtenſe of an Arc is a right 
line drawn from one end of the arc to the other. 
The Right Sine of any arc, which is generally 
called only its Sine, is a perpendicular line, let 
fall from one extremity of that arc to a Diame- 
ter drawn through the other extremity. 
The Sine divides the Diameter to which it is 
perpendicular into two parts, each of which is 
uſually called the Verſed Sine of that arc between 
which and the Right Sine it is intercepted. It is 
lometimes term'd the Sagitta of that arc, or more 
properly of double that arc, which is compared 
to a bow having this line for its arrow. 
'Tis evident from theſe definitions, that any arc 
DBO (Fg 1.) has the ſame Chord as DAO its 
difference from a whole circle; and any arc DB 
the ſame Sine as DHA its difference from a ſemi- 
circle; which difference I ſhall henceforwards ge- 
nerally call its ſupplement to a ſemicircle, to diſ- 


tinguiſh it from the are DH, or difference of DB 


from 2 Quadrant, which is uſually called its Com- 
biement to a Quadrant, or ſimply its Complement. 


B 2 But 
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But DB and its ſupplement DHA have different 
Verſed Sines, EB and AE ; the former of which; 
EB, belonging to an arc DB lefs than a quadrant; 
is equal to the difference of the radius and the 


line CE, and the latter to their Sum. The line 


CE is called the Coyne of either of thoſe arcs; 


for the definition of a Cofine is, that it is the 


Sine of the Complement of any arc to a quadrant, 
or the Sine of ſuch an arc as being added to, or 
taken from, the propoſed arc, ſhall make it equal 


to a quadrant : whence (in Fig. 1.) DF, or its 


equal EC (El. 1. 34;) is the Coſine of DB, or 


DA. The greateſt Sine poffible is evidently equal 


to the Radins, which 1s therefore ſometimes called 
the I bole Sine. 1540 een, 

If thro' one extremity D of the arc DB, or 
DA be drawn a right line from the center of the 


circle, and produc'd till it meet BG, or AK, (a 
line drawn touching the circle in the other extre- 


mity B, or A) in G or K; the line CG is called 
the Secant, and BG the Tangent of the arc DB; 


and CK and AK the Secant and Tangent of the 


arc DA. "Tis evident from the fimilarity and e- 
quality of the triangles ACK, BCG, that the ſe- 
cants CG, CK, and the tangents BG, AK, of 
the arc DB, and its ſupplement DA to a Semi- 
circle, are equal, as the Sines were ſhewn to be 
. LAY 

The Coſecant and Cetangent of any are is the 
Secant and Tangent of the Complement of that 
arc; or of an arc which being added to, or taken 
from, the propoſed arc, ſhall make it equal to a 
Quadrant. Thus CI is the Coſecant of either of 
the arcs DB, DA, and HI their Cotangent. 


Art. 
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caſily deduce the two following ene 75 
Corol. 1. The Sine of any arc is equal to half 
the chord of double that arc. For (by El. 3. 3.) 
the radius CEB being perpendicular to DO, wil 
biſect it. Therefore DE (the Sine or the are DB, 
or DA) is = one half of DO, (the chord of DBO;z 
which is double of DB) l die 07 


1 * 


Carol. 2. Hence the Sine of thirty degrees is 
equal to half the Radius. For it is equal to half 
the chord of ſixty degrees; which chord (becauſe 
the arch it ſubtends, to wit, 60 Degrees, is a 
fixth part of the whole circumference, or 360 
degrees) is the fide of a regular Hexagon in- 
{crib'd in the circle, and is therefore equal to the 


- 
o 


Radius by El. 4. 157. | 


_ 
pe 


Art. G. A Trigonometrical Canon, or Table, 
is a table expreſſing in numbers the lengths that 
the Sines, Tangents, and Secants of all the ares in a 
quad rant, beginning from ſome ſmall arc, as a mi- 
nute, and taken in a regular Arithmetical progreſ- 
ſion, of which that ſmall arc is the common dif- 
ference, have with reſpect to the Radius. 
Ihe expreſſion for the Radius is quite arbitrary; 
it may be called any number whatever, if the 
other lines are repreſented oy proportionable num- 
bers. But it has been found moſt convenient in 
calculation to repreſent the Radius by ſome num- 
ber, wherein a unit is the only ſignificant figure, 
4s I, 10000, 10,000,000, If it be repreſented 
by io, odo, oo, or be conceiv'd-to be divided into 
19,000,000 equal parts, the numbers repreſent- 
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ing the Sines, Tangents, and Secants, will &: 


joun how many ſuch-parts of the radius, name- 
* 

lines they repreſent reſpectively. 
tables the radius is called 10, ooo, altho* the cal- 
culations are carried. to ſeven places of figures; 
the meaning of which is this: the radius is con- 
ceived to be divided into 10, ooo equal parts; and 


one of theſe parts is made the unit or ſtandard, 


to which all the lines about the circle are referr'd, 


or of which they are confider'd as parts or multi- 


ples. In the inſtances ſubjoin'd to the following 


propoſitions the radius is called 1, or is ſuppoſed 


not to be divided at all; but is itſelf made the 
unit or ſtandard of which all the other lines are 
conſider d as either parts or multiples. Tis e- 
vident that on theſe ſuppoſitions, as long as 1 is 
the only, fignificant figure in the number repre- 
ſenting the radius, the fignificant figures of all 
the other numbers will be the ſame ; only their 
places will be integral or decimal, higher or lower, 


according as the unit is a leſſer or greater part of 


the radius. 


Art. 7. By the help of ſuch a table, the Sine 


Tangent, or Secant of a given arc or.angle, may 


be known immediately. And vice verſd we may 

find the arc or angle, to which a given Tangent, 

Sine, or Secant, belongs. N 
Note, In Trigonometry, when an arc is ſaid to 


be known or given, all that is meant is, that its 


proportion to the circumferepce is known er gi- 
ven, without any the leaſt regard to its real and 
abſolute length. And in like manner, a Sine, 


Secant or Tangent is ſaid to be known, when its 


proportion to the Radius is known, Thus, if the 
| known 


, . ten-millionth parts, are contained in the 
In Sherwir's . 


Pave TRIGONOMETRY, #5 


arc DB is known to be 30 degrees, it is ſaid to be 
known without any regard to the number of feet 
or inches it contains; and the Sine of 30 degrees 
is ſaid to be known, becauſe we know (by Corol. 
2.) that it bears to the radius the proportion of 
= to 1, without conſidering how many feet long 
che Radius, is; for whatever is the length of 
the Radius, the Sine of 30 Degrees will be half 
of it; and univerſally, any Sine, Tangent, or Se- 
cant in one Circle is to the Radius af that Circle; 
as the Sine, Tangent,'or Secant of the ſame angle 
in another circle is to the Radius of that other 
circle; and alternately, any Sine, Tangent, or 
Secant, in one circle is to the Sine, Tangent, or 
Secant of the ſame angle in another circle,” as the 
radius of the former to the radius of the latter. 
N. B. A Degree is mark'd thus, »; a Minute 
thus, /; a Second thus,“; a Third thus“; and 
ſo on: for example; 30 degrees, 17 minutes. 40 
ſeconds, and 33 thirds, is wrote thus; 309; 17,40", 
23”, the number of ſtrokes being always the 
number of diſtances between the arch over which 
it is wrote and a degree, or the number of times 
a degree muſt be divided by 60 to arrive at that 
minute of which the arch is a multiple : for if 
wrote at length, they would ſtand thus; '2+-2 


of a degree. In the following pro- 


boxho I boxK OK 0 


poſitions, R, ſignifies the Radius, 8, a Sine, Cos, 
a Coſine, T, a Tangent, CoT, a Cotangent, 
and Sec, a Secant. | 


Art. 8. The Conſtrudlion of the T1 — wal 
Canon. 


HERE re but few lines in the circle, 


cither Sines, Tangents, or Secants, whoſe 
ratios 


- 


8 ELEMENT 8 aft 
ratios to K. radius are known without Be 


nevertheleſs, tis from them that all the reſt 


muſt be diſcovered. To ſhew how this may 


be done, and to do it in a few examples, is th 


— ap of the follow g Peer ee Ir 
! P R 0 p. 225 4 Tauren. 


Ay two Gdrs of a rnb trian gle beng 
given, the other may be found by calculation. 

For (El. 1. 4.) the ſquare of AC (Fig 2.) is 
equal to the ſum of the ſquares of AB, BC. 


Therefore, if AB, BC, are known, AC may be 


found by ſquaring them, adding, their-two ſquares 


together, and extracting the ſquare root of the 


ſum. Again, the ſquare of AB is equal to the 
difference of the ſquares of AC, and BC; there- 
fore, when AC, BC, are known; AB will be found 
by ſquaring AC, and BC, ſubtracting BCꝗ from 
ACg, and extracting the ſquare root of the re- 
mainder ; and, if AC and AB are known, BC 
_ be found in he lame manner. QED. 


Art. 9. P R 0 P. II. Problem 


The Sine DE of the Arc DB and the Radius 
CD being given, to find day Cofine DF. (Fig. 
1.) 


Since CD and DE are given in the right- 
angled triangle CDE, the fide CE, which is 
equal to DF the Coſine, will (by the laſt Prop.) 


be = I CD - _ DEg. 


Art 


n ot 


re 10. Earp. 
Let DB be an are af 30”, and the radius CD . 


— 1, then will DE = .5, or . 5000000, and 


=_ DEg = == .2 500000, which ſubtracted from CDg, 
or I, leaves CEq = .75000000000000, the 
* root of which i is 8005 the Col. 30. 


The operation is thus. 


7 5900990Q00000(.86602 54=Col. 30#. 
4 | 


166) 1 100 
996 


— — er—nec>—e IR 


17260 10400 
- 0008 


17320) - 4400 
C0OORr 


173202) 440000 
346404 


| 1732045) - 9359600 
660225 


17323504). 69937500 
69282016 


1 — 


655484 


11. This Coſine is equal to 4. for (Fig. 1.) 


1 245 


= Therefore if the preceding 


operation is right, 2 ought to be . 8660254 


S and 


— <4 


CEg =CDg—DEg= =I—— => be TRE CE= y 23 
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and ſo we find it is: for /3 is = 1.7320508 (as 
will appear to any one who will take the trouble of 
extracting it), which divided by 2, gives the num- 
ber .8660254, the ſame as was found before. 


12. Corot. 1. The Sine of any arc being gi- 
ven, the tangent may be found by this proportion, 
CoS: R:: 8: T. For from the Similarity of 
the triangles DCE, GCB, (Fig. 1.) we have CE: 
CB:: DE : BG. 885 


Example. 


Let it be required to find the tangent of 300. 


DE the Sine is 3, and CE the Coſine has been 


found to be = — Therefore TEE Fen ns 


1X 2 . I | 
DE = 2 X ——=—= tang. 30% There- 
v3 p v3 3 _ 


2 ; 
fore T, 30%*= . 5773 502: 


th 


80 


Prans TRIGONOMETRY. 7 
The Work is thus: 


1.7 320508)1.00000000( . 5773502 ＋ 
602540 


. —_—__@_— 


„ 


| 133974600 
121243556 

127370440 

121243550 


—— — > Oe ent cn ey 


s 60668840 
51961524 


87073160 
86602540 


5 


5 47062000 
34641016 


12420984 


13. CoroL, 2. The Sine of any arc being gi- 
ven, the Secant may be had by this Proportion; 
CoS, :R :: R: Secant. For CE: CB :: CD 
Os | 


Example. 
Let it be required to find the Secant of 30?%. CE 


the Coſine is — .8660254. Say therefore, as 
86602 54: 1:: 1: Secant of 30˙, = 1.154709 5- 


| 


C3 


* * e. 


* 1 
er an . — 
3 2 " . F 
2 N — eahe . —ů =o 44 Sth. — 
— — — —— . —— 7 . — _ = — 18 ny men ag — — —— — 
* — oe. I "= 1 8 — 4 = * — Fe W D ” — 2 
— | | XL wg 2 — * 2 3 15 1 8 yr 6. Ss — oC 3 _ — - p uy PR as —— — — 2 
* po « * . . — — $ — 2 — * n yy h 
we l — © - <7 SA RE LLPT — * 0 r IO ow AAR . Es : YG 
| | — 5 8 ; i SSIS LILLE. 
8 . —— ** 4 _ PETIT 


12 ELEMENTS of 


The Work is thus : 
} 


86602 54)1.0000000( * 547005 
| 8660254 | 


13397460 
8650254 
4737 2060 

43301270 


. 40707900 
34641016 


60668840 
60621778 


» « . 47062000 
43301270 


3760,ft. 


14. Cox ol. 3. The Sine of any arc being gi- 
ven, the Cotangent and Coſecant may be found 
by theſe Proportions; T: R:: R: CoT. and 
8: R:: R: Coſecant. For the triangles CHI, 
CBG, and CED, are ſimilar, becauſe the angles 
at H, B, and E are right angles, and the angles 
HIC, GCB, are equal, being the alternate angles 
made by the line CI croſſing the parallels HI, CB. 
Therefore GB: CB : : HC: HI, that is, T: 
R: R: coT. and DE: D:: CH.: CI, Wit 


is, 8: R:: R: Coſecant. 


5 N 
(1 
4 ' 
* 9 uu 
= 7 
N 


Example. 


go— — — . 3 


A Wy — OG tes 
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Example. 


Let it be required to find the Cotangent and 
Coſecant of 30%. T was before found S = Say 


| I 
therefore as — : 1: 


= 1: 4/3 = 1.7320508 — 


co T, 30”. 0 =: $3 ſay therefore, as 7 : 1: Fe 


: 2 = coſecant of 305. 


15. From this corollary it follows, that the 
tangent of 45 is equal to the radius. For ſince 
the tangent and cotangent of 4.5? are equal (the 
angles of which they are the tangents being equal) 


the Radius, which is always a mean proportional 


between them, mult in this caſe be equal to either 
of them. Or it will follow from Carol. 1. For 
now the fine and coſine are equal; conſequently 
the Radius and tangent muſt be ſo too. El. 5. 14. 

Or it may be proved 'thus. Since CBG is a 
right angle, BCG, and BGC muſt together be 
equal to a right angle, (El. 1. 32, Corel. 3.) : there- 
fore if BCG 1s an angle of 45 degrees, or half a 
right one, BGC muſt likewiſe be half a right one, 
Whence (EI. 1. 6.) BG = BC. 


16. It may ſometimes be convenient to ſee 
ſome of the principal fines and tangents expreſſed 


in the form of whole numbers or vulgar fractions. 


Thoſe therefore that have been here calculated 


are ſet down in order thus. R—1. 8, 30% = 4. 


or 


I | ; 
8; 305 = 73 or y/ 1. Cos. an 8, 60? — vs | 


14 ELEMENTS / 
or £3 CoT,.30%.or. . 609 = e. Codec. 


302, or Secant of 60˙ = 2, or double the Radius. 
T, 45 = 1. And ſince the Secant of any angle is 


always = TER, we may add that the Sec. 
45* =v 2. 3 


17. Thus it appears, that when once the Sine 
of any angle is known, the Coſine, Tangent, Se- 
cant, Cotangent, and Coſecant may be derived 
from it by calculation; as may alſo the Verſed 
Sine, it being always equal to the Sum or differ- 


ence of the Radius and coſine. All that remains 


therefore is to find out ſome method of calculat- 
ing the Sines. | 


RO FP. 2, A 


18. The Sine DE of any arc DB (Fig. z.) be- 
ing given, to find DM or BM the Sine of half 
that arc. 


Rule. 


Find the cofine of the given arc by the laſt 
propoſition, and ſubtract it from the Radius ; the 
remainder will be the Verſed Sine ; the ſquare, of 
which, added to the ſquare of the given fine, will 
be equal to the ſquare of the Chord of the given 


arc, and the ſquare root to the chord itſelf, the 


half of which is the fine ſought. Art. 5. 
For when DE is given, CE may be found by 

the laſt; and conſequently EB, which is the dif- 

ference between the Coſine CE and the Radius. 


Therefore in the right-angled triangle DBE the 
| : two 


— by 2 8 W 1 


PAN TRIGONOMETRY. 15 
two ſides DE and EB are given, and conſequent- 
ly the remaining fide BD may be found (by Prop. 
1.); the half of which DM or BM, is the Sine 
of the arc DL, or LB, or half the given arc. 


QEI. 
Example. 


Let DE be the fine of 30; and let it be re- 
quired to find DM the fine of 159. CE was found, 
by Prop. 2, to be = .86602 54. 

Therefore from 1.0000000 — CB 
take 8660254 — CE 


and there will remain .1339746=EB; therefore 
EBq =. 017949193445 16. But becauſe DE ==, 
DEq will be = { — .25, and therefore DE + 
EBg or BDg = .26794919344516, the ſquare 
root of which is DB — .5176380, whereof the 
half . 2588 190 is — DM — S. 15˙. 
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The Work is thus 


23297460 = ER 
21339740 * = EB 


8038476 
5358984 
9378222 
12057714 
4019238 
4950 
1339740 


| 2 . = — EB 
3 


8 _—_— —_—— * 


_ —_ — — 


br. + Ely = BDg =. : 2679491934516 (. IO 


ror) . %%% e pod a 
101 1 & 
. 
102707849 
7189 


0346) 66019 
3 t 
103523) 394334 N 
310% 1 
1035268) 8 [ 
8282144 


10352760) . . 9440116 0 
0000000 — 
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9440116 
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PROP. ry Problem. e 
19. The Sine BM (Fig. 3.) of any Arc a 
given to find the Sine of double that arc. 


1 rene = _ CLAS = 
- _ 15. - - > 
l 8 * 
1 14 = l 4 4% 


Rule. ; +3 


4 
. . 
. ———————— — 1 _ — PIT RS __ — 
- — 


— nemo — 


n 
_ 2 * 
w 1 a, = = 
x . 
P 1 


Find the Coſine CM of the given arc BL, by 
Prop. 2, and fay, as Radius to Coſine, ſo is twice 
the given Sine to the Sine ſought. 

For the trian 12 CBM, DBE, are equiangular, 
the angles at E and M being right angles, and 
the angle at B common to them both. There 
fore (El. 6, 4,) we have this proportion, CB: 
CM : : DB, or 2 BM: DE. or R: Cos: 
28: DE. QEI. 


/ Pre) 
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20. CoRor., 1. Hence, when the Cofine of 
half any propoſed arc, and the ſubtenſe of the 
arc itfelf, are known, the chord of double that 

arc may be found by this proportion: as Radius 
to twice the Coſine of half the arc, ſo is the 
chord of the whole arc to the chord of double 
the are. For let DB be the arc propoſed ; the 
chord is DB; and CM is the Coſine of the arc 
DL —=* DB arc. By the propoſition we had 
CB: CM :: DB,: DE; therefore, doubling the 
conſequents, we have CB: 20M: 2DE 
-—= DO, chord of DO, or 2DB. | 


21. Coror. 2. Hence, when the Sine of any 
arc, and the Sine of its double are known, the 
Col ine of the ſimple arc . be found by this 
- proportion; S, ſimple arc: double are 


D Rad, 
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gi ELEMENT S of 
: Cos, ſimple arc. For let BL be the fim- 

pc He DB will be the double arc: and BM, 
E, are the fines of BL, and DB, and are ſup- 
poſed to be known. By the laſt Corol. we had 
: 2CM DB, or 2BM : 2DE. Whence 
—k 2CM BM : DE, and BM: DE:: 


cn. 
2 


= 
o 0 o 8 
696 0 


22. CoRoL. 3. Twice the rectangle under the 
Sine and cofine of any arc BL is equal to the 
rectangle under the Radius and Sine of a double 
arc. For in Corol. 2, we had CB : 2 CM :: 
BM: DE, whence (El. 6. 16.) 2CM x BM— 
CB x DE. | 


Example to Corol. 2. 


23. Let BL be an arc of bs Its Sine BM 
was found in Prop. 3. to be = 2588 190. DE 
the Sine of its double or 30% is — 2. It is re- 


quired to find the coſine of 15. Say, as. 2588 
"AY 85 1 
„ 4X. 2588190 


_ — 
——— 


a | 0 
75635766 95592 59 = Cos, 15, 


m. ; 
M., The Work is thus. 
p- 
ad 1.0352760)4.00000000(.9659259 g 
ce 93174840 97 8 
x . 68251600 
62416560 
58235000 
| i 
he 2 9ç§—.—— 
he - » 95866000 
le \ 93174840 . 
Bo \ © > © ROUT LOOO 
= | 20705520 
| ©... 62060800 
oo SORTS - 
102970000 
Vi | 93174840 
E — ——_ 
* - 9795160 
8 p R O P. v. A Problem. 
The sines FO, and DK, (Fig. 4.) of any two: 
| arcs FD, BD, being given, to find FI the Sine 
of their ſum, and EL the Sine of their differ- 
ence. 1 | | 
Conſir. 

Through the point O draw OP parallel to DK; 
and, producing FO till it meets the circumference 
in E, draw through the points O, E, the lines 

de WM 2 EG parallel to CB, and meeting FI in M 


and G, 
D 2 | Dem 


ug — * * * — ** FE * — . p a 
* 6 : | "oi." . ; K 4 G <4 
2 e 7 7 5 q ; % J q " 9 4.4 
* * _ 2 . f R N o * , \ : 
N 0 . «As 


Since the Sines FO, DK are given, the Coſines 
CO, CK, may be found by Prop. 2. And be. 
cauſe the triangles CDK, COP, CHI, FOH, 
FOM, are equiangular, the Sides about the equal 
angles will be proportional (El. 6. 4.) ; therefore 
CD : DK:: CO: OP; which will thence be 
known: And again, CD: CK :: FO: FM, 
which will thence be known likewiſe. But OP 
— MI (Zi. 5 34.) Therefore OP ＋ FM 18 MI 
FM Fl, the Sine of FB the ſum of the arcs. 
And ſince OM is parallel to EG the baſe of the 
triangle FGE, we ſhall have (by El. 6. 2.) FO: 
„ But FO = OE, by 7. 
5. Therefore FM = MG — (El. 1. 34.) ON. 
Whence OP — FM is — OP — ON -- NP — 
(EL. 1. 34.) EL, the Sine of EB the difference 
of the arcs. Qul. 


25. CoRor. It may be obſerved that, as 
the differences of the arcs BE, BD, BF, are 
equal, the arc BD is an arithmetical mean be- 
tween BE and BF; or in other words, If two 
unequal arcs (or any other two unequal quan- 
tities) be added together, the greater arc will 
be an Arithmetical Mean between the Sum and 
difference of the arcs. 


Example. 


26. By way of example to the firſt part of 


this propoſition, let it be required to find - 
| 5 OY Bin 


4 _ 
8 — * r 


*. 


of 
the 
ine 


* 
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cine of 45 degrees, or of the ſum of 30 and 1 5% 
having given the vines of 30 and ix. 


DB arc = 305. FD = Ig" DK — + FO — 


CO & CK are not given, but (as was before ob- 
ſerved) are to be found by the help of Prep. 2. 


Having found them to be the numbers here ſet 
down, we ſay, as 1: f:: 9659259: 4829629 


7 
# 


— OP; and as 1: 8660254 :: 2588190: 
2241438 W beine 4 Sah 
4829629 —= OP 


OO nr — 


,7071067 — FI = S, 49", 


1 4 ao hin Sf SS 4 ws 
4 


The Work is thus. 


2588 190 
8660254 
10352760 N 
12940950 Oy 
5176380 
I55291400 
15529140 
20705520 


— 


224 74382800260 


PROP. 6. 


27. If three Arcs are in Arithmetical propor- 
tion, the Radius will be to double the Cofine of 
the middle arc, as the dine of the common differ- 
ence of the arcs is to the difference of the Sines 
of the extreme arcs. 1 


For, (Fig. 4.) let BE, BD, BFE, be three arcs 


in Arithmetical proportion; their common differ- 


ence is the arc FD, and its Sine is FO. FG is 
| the 


= 


2 YELEMWVENTS T 

the anne: of FI, and EL, the Sines of, the 
extremes. It was proved, in Prop. 5, that CD: 
CK :: FO: FM; wherefore, doubling the . 
ſequents CD: CRY; FO: 2 FM. A 


3 


| 28. Aeon 1. If the middle arc - BD i 1s 40 _ 
of 609, the Sine of the common difference of the 
arcs will be equal to the difference of the Sines of 
extreme arcs. For in that Caſe, CK the Coſine of 
BD will be 8, 3zoe, the double whereof is equal to 
the radius, or CD. an F 0. F Gare equal, 


. Coxor. 2. Hence if the sines of all arcs 
Wer are diſtant from one another by a given inter- 
val, or that are in Arithmetical proportion, from 
the beginning of the quadrant to 60 are given, 
the other Sines may be found by one addition only; 
namely, of the Sine of the common difference 
to the Sine of the leſſer extreme. Thus, the 
Sine of 61 is = 8, 59 + 8, 1*; and the Sine 
a —S, 58“ _ $*: Allo, 8, 63* = 5, 3} 
＋ 8, 37 and 1o on. And in the ſame man- 
ner, T4 the Sines have been calculated to every 
minute of the Quadrant from o up to 60, the 
remaining ſines may | be found alſo to every mi- 
nute from 60® to 90. For the Sine of 60“, 1, 
5895, 50 +8, 17; and 8, 60?, 2' = 
8, 59%, 58* +S, 27, and ſo of the reſt. ag 
11 How to calculate the Sines of Arcs in Arithme- 
Wit tical progreſſion from the beginning af the Qua- 
it drant to 60", having given the Sine of 1 minute, 
will appear from 


3 — 44 
bw. — 


11 30. Conor. 3. If the Sines of all arcs from 
tc beginning of the quadrant to any part —_ 
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Pans TRIGONOMETRY. 
that differ froth one another by a given difference, 
are given, we may thence find the Sines of all 
the arcs to the double of that part. For example, 
if all the Sines from the beginning of the qua- 
drant to 155 are given to every degree of the 
uadrant, then, by the proportion laid down in 


this propoſition, we may find all the Sines to 30% 


to every degree of the quadrant. For Radius is 
to double the coſine of 15, as the Sine of x de- 
gree to the difference of the Sines of 14 and 167, 
theſe arcs 14, 15%, 16“, being in Arithmetical 
proportion; for the ſame reaſon, R: 2 Cos. 
18 :: 8, 2: din of 8, 13% 8 
and again R: 2 Cos. 155 :: 8, 3%: diff. 8, 
12 and 8, 18% Whence by adding the 
differences of the Sines of 14 and 16 degrees, 
13 and 17 degrees, and 12 and 18 degrees, 
to the Sines of 14, 13%, and 12“ 'reſpec- 
tively, we get the Sines of 167 17, and 18. 
And in this manner may all the ſines for every de- 
gree from 15 to 30 degrees be calculated; for 
till we come to 30 15 may be an arithmetical 
mean between the are whoſe Sine is ſought, and 
ſome one of the arcs under 155, whoſe Sines are 
known, | 

But when we have found all the Sines to 30?, 
we muſt make uſe of a new proportion, and ſay, 
as Radius to double the cofine of 30?, ſo is the 
dine of 1 degree to the difference of the Sines of 


8 29*, and 31*; and again, as R: 2 Cos. 30: 


S, 2*: dif. 8, 28* and S, 32 and R: 2 Cos, 
305 :: 8, 3: diff. 8, 27 and 8, 33*; and fo 
on, till we come to 60 degrees. 


In this caſe we need only multiply the Sines of 


the common differences by 4/3 = 1. 7320508076 
5 688 
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688773 in every operation, and the roduds wil 
be the differences of the Sines of che extremes 
reſpectively. For in the Example to Prep. 2. i 


appeared that the Cos. 309 was — 35 whereſor 


double that Coſine is == / 3. And the diviſion by 
the radius or 1 has no effect, and muſt. be omit- 
n | 

In the ſame manner if the Sines from 0: to 
1.5? and from 15 to 30 are known to every 
Minute of the quadrant (inſtead of every degree), 
the Sines from 15% to 3os, and from 3o» to boy 
may be found'to every minute of the Quadrant; 
as was obſerved in the laſt corollary. 

And by this Method, it only the Sine of 1 
Minute be given, we may calculate all the Sines 
from 10 to 15 (and thence from 1 5 to zoe, and 
from 30% to 60*®) to every minute of the qua- 
drant. For having 8, 1, the Cos, 1“ may be 
found by Prop. 2; and by Frop. 4, the Sine of 
2, the coſine of which may be found by ih 
2 ; ſo that we may now find the Sine of 3 mi 
nutes in the lame manner as before, by faying 
0s. :.: 8, a7: dig . 1 and d, 3. 
And again, N N 2 Cos. 2 225 2. : diff. 9, 
o& and 8, 4. = 8, 4. And (finding the Cos. q 
by Prop. 2):R ( diff, 
Y _ B: 4. And again, as R 2 Cos. 4 * 
8, N Sd. 2 ' and 8. 6 ; and R: 2 CoS. 4 
:: 8 wy: and 8, „; and R : 2 Cos. 
4 : diff. 8, of and S, 8928, 0. And 
ſo for — reſt. | 


31. LEMMA I. WH two lines AO, FO, drawn 


from the extremities A, F, of a curve AF, 25 
| the 


Pran TRIGONOMEPRY. #5 
the parts of which are concave the ſame way, 


and both falling on the convex ſide of the curve - 
line, are greater than the cure. 

Join the points A, F, (Fig. 5.) and biſecting 
AF in R, draw RV perpendicular to it, meeting 
the curve in V. From any other point, as H, in 
the curve, draw HI parallel to AF, and meeting 
the curve in I; and divide the ares Al, HF, in- 

to any number of parts AM, MI, FG, GH, and 
draw the chords of theſe parts. Through the 
points M, I, H, G, draw KB, LC, PD, TE, 
| at right angles to AF, meeting the lines AO, FO, 
in K, L, P, T, and AF in B, C, D, E. Through. 
M and G draw MX, GY parallel to AF; and: 
MN, GS, parallel to AO, FO reſpectively. Laſt- 
ly, join L, P, and draw LZ parallel to a F . 

Since ABM- is a right angle, AMB muſt be 
acute and AMK obtuſe. Therefore AK is greater 
than AM (El. 1. 19.) Again, MXI being a right 
angle, MIX muſt be acute, and MIN obtuſe; 
wherefore MN, or its equal KL (EI. 1. 34.) is 
greater than MI. And LP is greater than LZ or 
IH; conſequently LO ＋ OP is much greater 
than IH. In like manner it may be ſhewn that 
PT is greater than HG, and TF than GF. 
Therefore AO ＋ OF is greater than the Sum 
of all the chords; that is, when the number of 
chords is infinite, and every chord is equal to its 
arch (for the demonſtration does not depend up- 
on any particular number of chords, and there- 
fore will hold good when the number is infinite) 
than the curve AF. QED. 1 


This proof may be thrown into the form of 


an ex abſurdo demonſtration, aſſuming as a poſ- 
tulatum that an arc may be divided into ſo 
| E /# +... RE 
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many parts that it's difference from the ſum 
of all the chords ſhall be leſs than any finite 
quantity whatever. But it's evidence would ſcarce 
be made greater than it is already, . 

32. Conor. Hence the tangent of any arc in 
a circle is greater than the arc itſelf. For let 
the curve AF (Fig. 6.) be a circle whoſe cens 
ter is 2, and let A0, OF be tangents to it in the 
points A, F. Join 3, O, and draw the radii a4, 
4 F. By El. 3. 18, the angles 2 A0, aFO, ate 
right ones; therefore aOF, and aQA ate each 
of them leſs than a right. And tis evident Fa, 
40, are reſpectively equal, and therefore propor- 
tional, to Aa, 30. tene EI. 6. 7.) the 
angles FOa, Aa are equal, and likewiſe A0, 
FaO. TRANS (EL. 1. 4.) AQ FO. And 
the arcs AV, VF are equal (V being the point 
in which 20 cuts AF 5 the angles A0 
FaO, were ſhewn to be ſo. Therefore, fince by 
the propoſition AO - FO. is greater than AF, it 
follows that FO, the tangent of FV, is greater 
than-mhe'are FE, © Go I nar as 


PROP. 7. Theorem. 


33. In very ſmall arcs the fine and tangent of 
the ſame arc are to each other very nearly in 4 


ratio of equality. 


For from the Similarity of the triangles CED, 
CBG, we have CE: CB :; ED: BG. This 1s 
univerſal ; but when the point D approaches to 
B, the line EB will become exceeding {mall 1n 
compariſon to CE, or CB, which will therefore 
be very nearly equal to each other: conſequently 


the Sine ED wall be very nearly equal to the 6h 
: - 1 gent 


*% 


| 
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parallel to CB. the triangles GDF, GCB, are fi- 
milar; therefore DF: CB : : GF: GB. Whence 
l 7 . WE) 4 5 4 7; 1 a „ 


radius CB, GF the difference between the Sine 


| ent will be leſs than th th 
and 9 n SOR vi) "10,000,000 | 
34. CoRoL;/1; Since the arc is gteater than its 


4 


Sine, and leſs than its-tangent, and the Sine and 


tangent of a very ſmall arc are nearly equal, the 


arc which lies between them mult be nearly equal 
to either of them. Wherefore in very ſmall arcs, 
we may ſ{ubſlitute-the proportion of the ares in- 


ſtead of that of the fines, and ſay, without erring 
much from the tfuth; as arc to arc, ſo is line to 


fine, 


| 35. Cofiots 2. It may be obſerved here that 


the Chord, as well as the are, approaches con- 


tinually to an equality with either the Sine or tan- 


gent; and for the ſame reaſon, to wit, becauſe 
it lies between them. And when the arc is di- 
miniſhed till it vaniſh, the ultimate ratio of the- 
ary Chord, are, and tangent is a ratio of equa- 
BE | „ 
That the Arc as it grows leſs is continually in 


| aleſs and leſs proportion to its chord is evident 


likewiſe from this conſideration ; ſince the chord 
is always greater than the Sine, the arc will al- 
ways bear a leſs proportion to it than to the Sine; 
that is, a leſs proportion than a double arc bears 

= 23 to 


* n F Ws. ae 
- * 1 = — 2 
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to double the Sine of the ſingle arc, or (Art, 5. 
to its own chord. r 


ron 
To fud the Sine of an arc of 1 Minute. 


36. By continually biſecting an arc of zo, 
whole ſine is known to be 4, and finding the fines 
all the way by Prop. 3. we ſhall at laſt get the Sine 
of 52", 44”, 3%, 45; the coſine of which is 
very nearly equal to the Radius; in which caſe 


(as appears by the laſt Propoſition) the Sines may 


be eſteemed proportional to the Arcs. Say there- 
fore, as an arc of 52”, 44”, 3“ 45%, is to an 
arc of 1*, ſo is the Sine of the former arc to the 
Sine of 1 minute. When the Sine of 1 minute 
is thus found, the Sine and coſine of 2 minutes 
may be found by Prop. 4. and 2. 8 

Note, Whoever would find the Sine of 1 mi- 
nute by this method, muſt make all his calcula- 
tions to three or four places of decimals farther 
than he intends ſhould be accurate; becauſe the 
error, though ſmall at the beginning of the cal- 
culation, will be multiplied and encreaſed every 
new operation, ſo as without this caution to be- 
come conſiderable at laſt. Thus if the Sine of 
3 45”, is to be toand accurately 
to 7 decimal places, the Sine of 15*, of 7*, 30, 
and of all the reſt muſt be calculated to 10 or 11 


decimal places. 
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jate arcs are theſe that follow. 


ference of a circle is biſected by a right line AD, 
and AC is produced till it is cut by DE which is 
made equal to AD; the external line CE will be 
equal to the chord AB. 

In the quadrilateral Figure ABDC (Fig. 8.) in- 
ſcribed in the circle whoſe diameter is AF, the 
angles B, and ACD, are together equal to two 
right angles (EL 3. 2a.) and conſequently: to the 


®» 8 


128 angles ACD, DCE (El. 1. 13.) Therefore 
' WH B=DCE. But the angle E is = DAC (EI. 1. 


5.) becauſe DE is by conſtruction equal to DA; 
and DAC — DAB ex hypotbefi. Therefore E 
DAB. And the arches CD, DB, and their chords 
are equal (E. 3. 29.). Therefore (El. 1. 26.) 
the triangles DAB, DCE are every way equal 
and alike, and CE = BA, QED. 


PROP. 


The inte 235 # kW 2%) 
iſt arc = 30* oO “. oo” . co . oof. 
2d arc 248 L's 8 * 8 5 a 923 » 15 V > 
__  -»© A OSS. TIT” "4 74.57 1 , 
36 = IS 0gorg Joon eg 
4th — 7 4 2 - {oy n 
cth = ie, ZE 55 : 
9 | 3 „ n | 
'W 7 = 25 77 30% 
8th == «* 14. 3. 45 2 
: gth = 1 - E 52 30 7 
WH joth = . 30% r one ON 
g 12n 52% 4 5 4 
: PROP. 9. + Theorem. 
| 37. If any angle BAC ſituated in the circum- 
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38. If any number of arches AB, AC, AD, be 


third, and as any one of the chords is to the Sum 


ſimilar (El. 6. 4.) whence AB: AC : AC: 
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in Arithmetical proportion, the chord of the fir 
is to the chord of the Second, as the chord of the 
ſecond is to the Sum of the chords of the firſt and 


of the preceding and gd, $754 1p „ 
Let the chords [Fig. 9.) be AB, AC, AD, 
AE, AF, AG. Produce AD to , fo that AC 
H may be an iſoſceles triangle; and in like mas- 
ner AE to I, AF to K, AG to L, ſo that ADI 
AEK, AFL, ſhall be iſoſceles triangle. 

Then ſince the arch BC is equal to the arch 
CD, the angle BAD is biſected by AC; there- 
fore DH — AB, by the laſt. For the ſame rea- 
fon EI == AC; FK = AD, and GL = AE. But 
becauſe the angles at A ſubtended by the equal 
arches AB, BC, CD, DE, Sc. are equal, the 
ſeveral iſoſceles triangles ABC, ACH, ADJ 
AEK, AFL, are equiangular, and conſequently 


AH: : AD: AI:: AE: AK:: AF AL; chat 
is, AB: AC:: AC: AB AD: AD: AC+ 
AE :: AE: AD+AF :: AF: AE A. 
QED. | 


39. CoRor. Since (b « 4. Corul. 1.) the 
Ratlius is to double * Gans Z, AB, (Fg. 9. 
as the chord AB to the chord AC, it follows that, 
R: 2 CoS. 1 AB:: AB: AC:: AC: AB +AD 
:: AD ; AC-+ AE, Gc. or (halving theſe chords) 


R: 


. 
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BED Won that is, 0 Haſte] is s | 
twice * ca of half the firſt arch, ſo bet the fine 
of half the firſt arch to the Sine of the firſt or of 
half the ſecond ; ſo the Sine of half the ſecond 
arch to the ſirn of the Sines of half the firſt 
ind half the third; fo the fine of half the Shire 
to the Sum of the gines of half the ſecond an 
hal the fourth; ſo. the fine of half the fourth t 
the Sum of the Sines. of half the third and half 
the fifth ; and in general, ſo, the fine of half apy 
one of the ares to the ſum of the Sines of half 
the preceding and half the following arches. 
40. Let the arch AB (Fg. 9) be 2 Minutes pe 


| AC 4 Minutes; AD 6'; AE 8“; AF 10; 


12, Then the Sine and. coline xy half the firſt 
arch or of * AB, will be the Sine and Coſine of 
1 Minute; the Sine of half the ſecond arch AC 


will be the „Sine of 2“; the Sine of AD arch will 


be = 8, 3˙5 the Sine of. AE arch Will be = 
8, 4; 8, HF arch a 8, WJ 8, 1 AG arch = 
$, &. Whence having found the Sine of 1' by 
P. 8, and its coſine by P. 2, the 8, ** * found 
by ſaying, as R : 2 Co8, 17: 8, 8, 2 
And from theſe the Sines of all the lowing 
arcs are found with great eaſe to every minute of 
the quadrant, as follows. Call the Coſine of 1 


br the Sine of 89˙, 59', Wand make, the fol- 


7 e 679 R 5 2:Q :: 8, a. 
2 =): EL rk 5 whence 


. 4 by - 


the Sine of Y is > known. Again, R;2Q :': 
3 'S * . 


93 


; HS | A 

ko 8 ON 
EEE — 
(= 2 | | 


& ts 4 
. 8 4 - 
— . 5 A N 27 * 2 \ ©. 4 «$ h 
Fi . . ; o * 8 
3 % — 
IS 4 F * 
11 . N ; 2 1 | 
2—— 28 4 ＋ 8, ,6T: 
> — — ö 
F , 8 2 a * C. 1 
* 4 6 1 . 5 [4 3 f - % F * v F'Y 
2 Fa * 4 * 4 15 4 1 N 7 . 
> + 4 
F * . * 
* * 1 


4283 14 * 
F- 


; " 
3 c | 8 
* 43 f 3 * * . 
1 7 1 1 18 
3 ; : 
[07 nt# # P 2zE 3.7 


. 4 x 


: 

3, 
45 
* 


ſubtraction. 
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41. A Short review of the Method of making Sinn 

As it is evident that the preceding propoſiti | 
are not all of equal uſe and importance in can 

lating a table of Sines, but ſome are only fuble_ 


vient to the demonſtrations: of others of non 


immediate conſequence; it cannot but be u 


to take a diſtinct view of their ſeveral de pen 
cies one upon another, and to inquire in What 


der and to what purpoſes a perſon that was ca 


lating ſuch a table would apply them. And al 
he would by the help of the 3d Propofeticn ( 
depends upon the Second, and that on the un 


find the Sines of 1%; 7*, 300, Ge. till he can 


to 52", 4 47 1 4 af 3 and then by Ee 8 > ( to which 
the Lemma and P. 7. are ſubſervient) he WN 


find the Sine of 1“; which having obtained 
would by P. 10, Corol. (to which P. , and 2 
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. 1. are neceſſary) compute all the Sines to 
Loe; after which inſtead of continuing to find 


the remaining Sines in the ſame, manner, he 


would make uſe of P. 6. Coral. 2. (to which P. 


Js is ſubſervient), becauſe. by that Corollary: the 
ines from 60 to go Sarees; en be W ad 


mere additions. 

Ihe fines from the beginnin 7 "Sf 
| to 60? might be computed by og 

with rather leſs eaſe than by P. 10. Corol. becauſe 


in the latter the ratio of — radius to twice the 
W Coline of 17 ſerves throughout the whole calcula- 


W tion ; whereas in the former it is neceſſary every 
time you have found all the Sines to double of 
any propos d arc, to calculate a new coſine: as 
i the Cos. 5 then the CoS. 4, and ſo on. | 


: Scholium.. 


42. That great 8 and incompard- 
ble Philoſopher, Sir Iſaac Newton, was the firſt 
bat invented infinite converging ſerieſes, by which 
ben the arc was given the Sine might be com- 
ted. For if the radius be 7, and any arc be 
5 alled a, he found the Sine n bea- * a 
„ 2 +6 | 


2.3.4, 3. 1.2.34 576 | 1,20 3 4.5. 6.7. B. FE 


_ * a* 
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theſe Serieſes ſhall be given hereafter. At preſent 
we will obſerve. that by the firſt of theſe Serieſes 
the Sine of 1 minute may be found with much 
greater caſe than by Prop. i, if the length of that * 
Be be known. The length of an arc is faid to 

be known, when its proportion to the radius is : 
known ; to which purpoſe it is neceſſary that the 


proportion of the circumference of a circle to its dra 
3 5 — be known ; for when an arc is faid to be 5 
of ſo many degrees or minutes, we only know its © 
proportion to the circumferences or ſemicircum- | 
ference, or how many. 360th parts, or 21600th N 
parts, of the circumference the arc is equal to; 12 
but to compare it with the radius, we muſt know 0 
the ratio of the circumference to the Diameter, M ** . 
that ſo by the mediation of the circumference we -yal 
may find the proportion between the arc and dia WW of 5 
meter, or radius. Now the proportion of the - f 
Radius to the ſemicircumference, or the Diame- 2 
ter to the circumference, has been found by 2 hi. 
Method invented by Archimedes (which Dr. Saur. | 
derſon has copiouſly and clearly explained in his A. 
. Elements of Algebra, from Art. 340 to 347) t0 qual 
be that of 1 to 3. 1415, 9265, 3589, 7932, ver 
An arch of 1 minute is the both part of the 5 7 
180th part of the ſemicircumference, or the ch 
6 7 18th part of 3. 1415.9265, 3 5899 be 
(the radius being 1); which is = A anc 


3. 141 5,9205,35 9.793235 — coongo888208665 of the 


10800 
| 3 (21 will tl 
Here therefore à S 0.000290888 20866 57218 az * 
A = 0.00000000002461370! 7 
. 


448 9 


r #4 a 
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45 2 r 8 


To ER .0090000000 1022 
1.2. 2.37 1.2.3 . = 04 297. 


Whience . 1 — 0,020290888204563424. 
In tables which go but to 7 W it is called 
,0002909- . 

Theſe Seriefes in the beginnii g of che qua- 
drant, when the arc à is but ſmall, converge ex- 
tremely faſt. For in the Series for the Sine (an 
inſtance of which we have juſt now given) if a 
does not exceed to minutes, the two firſt terms 

EE ag. 


thereof, to vit, a 94 (the radius r | being fps 


poſed — —1) give the Sine to 1 5 places of figures : 
and if the arc a does not exceed 1 degree, the 
three firſt terms will exhibit the Sine to 15 places 
of figures. 80 that theſe Seriefes are very ufeful 
for finding the firſt Sines and Coſines, or the firſt 
and laſt Sines, of the Quadrant. But the-greater 
the arc @ is, the greater is the number of terms 
required to expreſs the Sine to a given degree of 
exactneſs: and at laſt when the arc is nearly e- 
qual to or greater than the radius, the ſeries con- 
verges but flowly. To remedy this, Dr. Keil! 
deviſed other Serieſes ſimilar ts the Newtonian 
ones, and derived from them, wherein he ſup- 
poſes the arc whoſe fine is ſought to be the ſum 
or difference of two arcs, or (calling thoſe arcs 
A and 2) to be = A or A. Let the Sine 
of the arc A be called a, and the Coſine b, then 


will the Sine of the arc EP be = @ = 


* bat © nod”. 4 


N * 1.2.3.4. 1.2.3.4. 5. 1.2.3.4. 5.6. 

— : EY | —28 

12.34. 5.6.7. K. &c. - its coſine — 6 = 
| 2 2 


— 


— 


1 E L E M ENT 8 of 
—b2* 2 ba* S, 
1.2.3.4. 12347 4 
2 2E bz* 
2 2.3.4. 5.5. _ 1.234.567. * 
—22 — 2 


1:2:3-4-5.6.7.8.9. EF 1 


in like manner the Sine of the arc A—2 is 4 


-bz -= +bz -a“ —352 — 


EE 1 N 1. 2.3.45 25770 
ELL LIN 


27 2E | 
1.2.3.4. 577. 1.2 2.3.4. 5.6.7.8, 1.2.3.4. 5.8.7. 8.9. 
7 12. 45.67.8910. &c. and * Coſine is = 
3. —bz* — 42 +bz* a 
1 1.2. 1.2, 3. 1.2.3.4, 143.4. 
32 — 427 I Fe 
12 3.4.5.6 1.2.3.4. 5. 6.7. 1.2.3.4 5.6.7.8. | 
— 1 gets ,&c. the difference of the Sines of 
F-2:3-45-67. 9 . „ 
and A+z is 02 —42 ES —+&4Z EAX. 
7 1 1.2.3. 1. 2.3.4. 12.3.4) 
— 22 "of 
1.2-3-4-5-0. 1.2.3-4-5-0.7. ? Ke: and the * 
ence of the Sines of A and A is = - 
: aS —bz? 2 x4 300 La 5 
. 1.2.3.4. J. 2.3.4. 5. 1. 2.3.4. 5. ö. 


whence the difference of theſe differences, or the 


ſecond difference, will be —242* +2026 
1.2. 1.2.3.4. 1. 2.3.4. b. 
-m2ag" * 


—24z 


7.2.3.4. 5.57 7.8. 1.2.3.4. 5.6.7. 8.9.1 1 es or 24X 


2 


5 
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L — me”! T7 m— 
. 1234 * 5 


* 
1.2.3.4 5:6.7.8.9, 10. Fad which 5 the product 
of twice the Sine of the are A multiplied: into 


the verſed Sine of the arc æ, and converges very 


ſoon: ſo that if ⁊ be a firſt minute; the firſt term 
of the Series gives the ad difference to 15 places 
of figures, and the ſecond term to 25 places. 
From hence if the Sines of any two arcs whoſe 

difference is one minute be. given, the Sines of 


all the arcs that are in the ſame progreſſion | may 
be found by an exceeding eaſy operation. 


In the firſt and ſecond ſeries if A — o, Ma | 
will 2 o, and s it's coſine will become radius 
or 1. and hence if the terms wherein 4 is con- 


cerned are dropt, and i is ſubſtituted inſtead of 
b, the ſerieſes will be converted into the Newts- 
nian ones for the Sine and Coſine of the are z. 


In the third and fourth ſeries if A — go?, we. 
ſhall have 5 e, and @= 1. whence again, 


taking away all the terms wherein b is concerned, 
and putting 1 inſtead of a, we ſhall have the 


Newtonian ſeries for the Sine and coſine of the 


complement of z to a * angle, or for the co- 
ſine and Sine of 2. 

All theſe Serieſes eaſily low from the Newto- 
an ones, by means of the fifth propoſition ; as 


is ſhewn by Mr. Ham, in his Appendix to Cunn's 


Euclid in the following manner. 


Explanation 
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n 3 of the fron; — | 


E Dr. Keill. 


3 (fig. 4.) ieee 
be known, be called A; it's ſine DK, a; and co- 


3 5. call the arc DF, or DE, which is 
poſed to be known, E. It is required to 


N the Sine of A ＋ x, or EL. the Sine 


A — 2. 
By the Newtonian Series the sine FO is =2 


$ 5 Fo) 
8 , &c, and the Co- 
1.4). 1.23.45. 7234567. 
. —2* &c. "and 
1 2. 1.2.3.4. 1.2.3.4.8:6. 
becauſe CD: DK :: CO: OP, or 1: : : CO: 


& 


OP, eee x COS 2 7 


I _—_ oc. Aga beans the 6 
1.2.3.4. . 

angles CDR, FOM, are ſimilar, we have CD: 
CK :: FO: FM, or 1:6: FO: FM; whence 


be —bz3 E 
FM = 3 FD f. 7 1.2.3.4.5. 


— IX Therefore FE (= OP 4+ FM) 


1. 2. 3.4·5·6.7. 
{yt —bz? has” +62? 


. 1.2.3.4. 1.2.3. F. 


! 20 
7.2.3.4. 5.5. 1.2. 3.4. 5. 6. 7. 


—ON = OP — FM) = 4 eee, 
= — 5 ELEC az“ +bg7 


1.2. 3.4. 1. 2.3.4.5. 2 I. 2.3.4. 5.6.7. 


WR 


\ 
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1 o 
E l * 1 0 
. © A 4» 1 
. 11 
1 


ors. 2 8 on& (05:4 11 
Thus we have found this Eines * he) 
A--z and A —z: To find their cofines 01 


and CL, we. muſt Cree n for 1 We 


Since CD: ck: c P, or 1 Tr 80 


CP, it follows that cr = 3 * CO = 


+bz* e 
1.2.3.4. TER . 51 80 Wa 

cauſe the n ler CDR, F ee 2 — we 
have CD: DK:: FO: MO, 2 * : 


110 wikis MO = @ x 0 25 — 
= Hy: 


+627. Ear IS 

— — Th — 

1. 2.3.4.5. 1.2. 3.45. 6.7. e. — MY (= 
23s — bz 


CP—IP = CP-— MO) = 4 = = 


T bat. ay? | ba de; and 
1-2-3: 1.234. 12.345. 1.2.3.4. 5.b. 0 
CL (= CP. + PE = = CP+NE = CP + + MO) 
4 —+ag —bz? —a2? —o+S$2% e 
* 1.2. 1.2.3. 1.2.34 1.234. 
— 428 Kc. GI. oy 


1.2.3-4-5.6. 1.2.3-4-5.0.7. 
The difference of the differences of of this FI 


of f A—2, A, A has beer found K 


2 DFP & 
1.2. 1.2.3.4. 7.2.3-4-5-6, 1:2.5.4.6658. kee. or 
to the product of twice the Sine of the Mean arc 


A into the verſed line of x; F for if the coſine of 


— |< -&c.. be 
14. 124 121 45-0. 1 
2:3; $f 


& to wit, * 


2 1 R ROOT ed 2 Ct HAD eres ye >. my 
0 — ; * N 1 _ | * 
r e n L's, Ao TD — 2 2 1 
o _ \ „ Na 5 5 - [7 h = \ 
acted DEL rr 1 5: co ab Sa 
my - l W N _— _ of f 


the remainder will be 2 4 


and therewill remain a | 


given, from double the fine of the middle arc 
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ſubtracted from the radius 1, or added _ it 3 
all the ſines changed, it will leave the Verſel 
2 4 38... « gp 1 
er 2. 1 J.. 3 any E 7 F 

Now if this Second difference be ſubtracdel 


freun 2 4 or twice the Sine of the Mean are A, 


| 24 T-24%" t=202*. 
f 1.2. 1.2.3.4 * 


— ; Aas. ä 
1.2 3.45.6. 1.2 3.4.5667. c; from which the 


fine of A- 2 Sing ſubtracted leaves the Sine 


of A—z; and vice verſa the Sine of A z be- 
ing ſubtracted therefrom leaves the Sine of A +=" ; 
as will appear thus. 
From 2 22 Taaz- L 
. „ 1.2. 1.2.3.4. 1. REESE 
202 fox * 
ag bes — Fra 1 — a2 = 
1.2. 1.2.3. Th. 3-4- 1,.% fe 1-2.3-4-5-6. 

—bz—az* +bz3 -+az* 


. . 1. 2.3. 1.2.3.4 
Kc. which before Was 


1. 2. 11.3.3. .6. 
Kae be * Sine of A — z. Tis evident that 


this ſeries being Subtracted from the ſame remain- 


der will leave the ſeries for the Sine of A +2, 
And hence the following rule is derived for finds | 


ing the Sine of A+z, or A —z ; the fine of 
one of them and of the arc A being given. 


TT pony © 


Three Arcs in Arithmetical proportion being 
ſubtradt 


— N ; % Y 
e a 
1 1 
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ſubtract the ſecond difference, and from thè re- 
mainder ſubtract the given Sine of one of the 
extremes, whether it be the greater or the leſſer, 
and the remainder will be the Sine of the other 


extreme, # 
Example. 


Let it be required to find the Sine of 30%, 1, 
the Sines of 307, and 295 50 being given: 

Here 30 is the Mean arc; it's ſine 1s .50000 
oocooo; and the Sine of 297, 597, one of the 
extremes, is. 49974805226; and the length of 
the arc z, to wit, 1 minute, is. ooo 2908882083 
which ſquared and multiplied by the fine of 305% 
the Mean arc, gives 4 2 , or =, the firſt 
term of the ſecond difference, = .oo0000042307, 
which being ſubtracted from 1, which is double 
the Sine of the mean arc, the remainder will be 
999999957693 ; from which ſubtract the fine 
49974806226 of 29®, 59, and there will re- 
main. 5002 5 18943 for the fine of 30% 1', the 
other extreme. 3 
Mt. Ham, adds another example, and ſore 
remarks upon this way of making Sines; which 
as they ſeem not to be abſolutely neceſſary to the 
underſtanding the Method itſelf, are here omit- 
ted. Whoever is deſirous of ſeeing them, may 
ind them in Cunm's Euclid; Appendix. Pag. 366. 
much more upon this Subject may be ſeen in tle 
Treatiſe of Trigonometry publiſhed in Shertorn's 
Tables, where ſeveral different methods of mak- 
ing vines, both by Serieſes and common Geome- 
try, are delivered, and illuſtrated * 
: | The 


PPP —— 
' 4 — a — =_ —_— 4E 
=- * 1 r 4 
ce _—— „ 1 8 CET „ 
P wy TD - 3 1 ro * 1 3 Wow 7 
WOT rc 3s ds 1 n 1 4 - 
ry „ oF : f \ 
= 7 — 8 
177 Ar 5 r 
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The Reader will there find all the Prveers of an 
arc of 1 Minute, or of z, ready calculated to ſe- | 
veral places in 1 Pag. 42. 
* "mp the Arc A —o, then it's fine 4 — 0, 6s 
Az Zz. Wherefore the ſeries expreſſin the 

Sine of A -+ zought to be converted into the New. 
tonian ſeries for the Sine of z: and ſo we find it is; 
for if we take away the terms wherein à is a factor, 
and inſtead of b, which is now the coſine of o and 


therefore 1, ſubſtitute 1, the Series 4 35 | 


m—z — : az * 72; — 2 85 
1.2. 1.2.3. 3. 1.2.3.4. 12.3.4. 1 7.2, 3-4- 4.5.0. 


„ will become. EN, 
1.2.3 4: 5-6 7 i 123 · 

+= „ And the Series for 
1.3.4.5. 1.2.3.4. 5. 6.7. EN wt 
the Coline of A + 2, namely, 2 
az ? +62 3 — 8 

1.23. 1:2-3-4+ 1.25. 12.3... 

LOR RE &c. will: be 16 

14 4.5.6.7. 1.2.4... l. 

. — he . 


1.2.3.4 1 7:2-3:4-5.6,7.8, 
Cos. 1 


In like manner if A — 90 n 2 will be che 
complement of the arc z to a quadrant, and 
conſequently the Sine of A — 2 ought to be the 
ſame with the Coſine of z: And ſo we find it is; 
for in this caſe, 2—1, and b— 0; Wheel 
the Series expreſiing t the Sine of A — à, to Mit, 
—bz —a +bz3 -paz* —bz* __ 
.. 1.2.3. 112-344 1.2.3.4. 5 723.65 


9 = a, 


' , Eo 
A NA AE TEA ABI . ˙ . «a » """_ 
a - = 0 
= . — 
F 2 3 a | \ l 


Pant bo Non r. 10 
. Kc. becomes 1 | 
1.2, 3 I. 2.3.4. Zo 5.5.7 's 1.2 3 +. 5: 6. 7: 78, . Mu . 75 
—.— E N 3 * I | | 25 Mi. | : = 
1.2. 1.2.8.4. 5 855 5.5. 1.2.34 2.34.5. 6. 78, ST 
CoS. z. And e of A - g ought to be, = 
and accordingly 3 5 to be the ſame 8 the "2 
m— | 8 
Sine of . for 6 DE TEE e Ax. 7 
| . 1 * 1.2. 3. 1.2.3.4. 2 
| +62 5, en r 1 
12.3. J. F. 1:2:3-4-5.6." 1:2.34-5. 2 4 
8 . &, becomes in this caſe — | 4 5 
2.4.0. EE 
—2 xz 7 | __ — 
. eb e „ .. = 


1.2.3. 1. 2.3.4.5. 1:2-3-4+5-0.7. 
As it may perhaps be a ſatisfaction to the curi- 


ous reader, to ſee a geometrical proof, that the 
Second difference of the Sines of the three arcs 
A—z, A, A, or BE, BD, BE, (fig. 4,) is 
equal to the product of twice the Sine of the 
middle arc BD into the verſed fine of the com- 
mon difference DE of the three arcs, the radius. 
being 1; or in all caſes, to that product divided 
by the radius; we have here ſubjoined one that 
is derived immediately from the contemplation of 
the 4th figure. Let EG and DS drawn arallel 
to CB meet DK and FI in T and 8. is evi- 
dent, DT or GS is the difference of the Sines 
EL, DK; and FS the difference of DK, FL 

And becauſe GM — FM, GS muſt be = FM 
+ MS, or FS + 2MS ; whence GS — FS = = | 


MS — DREDR from the ſimilarity of the: tri- 
angles CDK, ODV v being the point where 


OM cuts DK), which gives this proportion, CD 
G 2 


: DR 


2. 


. — np_—na ergo gn — ens — — 
4 - ” 8 


* nt ta Ein 


re 


2 - — — 


moys 22 2 . 
OE — Eh then CO TORR mo FI bu ayers . x 


* 


i: 

3 

* 
j 
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a DK : : DO: DV; whence 2 8 nf Dy 
= MS. KD 


And hence likewiſe we have a geometrical 
proof that if, according to the rule laid down 
above, we ſubtract the ſecond difference 28 
from 2DK or twice the ſine of the middle ate 
BD, and from the remainder ſubtra& one of the 
extreme {ines FI or EL, this laſt remainder wall 


be the other extreme "og 


For 2DK — 2MS — FI = 218 — 2½8 — 
Fl r i 1M. 1 
IM FM — IM — MG IG — EL. 

And 2DK — 2MS EL = = 2IM—IG = _ IM 
＋ MG = FI. 


* R O P. 11. Theorem. 


44. Ina right-angled triangle if the Hypotlid 
is made the radius of a circle, the Sides will be the 
Sines of the oppoſite angles : but- if one of the 
legs is made the Radius, the other leg will be the 
tangent of the angle to which it is oppoſite, and 
the Hypotenuſe will be the ſecant of the ſame 
angle. Fig. 10, and 11. 

It is evident in Fig. 10, where AC the Hypo- 
tenuſe is the radius, that CB is the Sine of the 
arc CD, or the oppoſite angle at A; and that 
AB is the Coſine of that arc, or the Sine of the 
complement of CD to a quadrant, or of the 
angle A to a right angle, that is, of the angle 
ACB, to which it is oppolite. 

And in Fig. 11. If AB is made the Radius, 
BC will be the tangent of the arc BD, or the 


angle at A to which it is oppoſite, and the Hy. 
potenuſe 
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tenuſe AC will be the Secant of that angle - 


f CB is made the Radius, AB will be the tan- 
gent of the arc BE, or the angle C to which it is 
oppoſite, and CA the Hypotenuſe will be the 
the Secant of the ſame. EUñD. 

45. CoRoL. 1. Hence of the lengths of AC, 


and CB, or AC, AB, or AB, CB, are known in 


feet or inches or any other meaſure, the angles 
may be diſcovered by the following proportions. 


AC: AB:: R: 8, C, whence the fine of C is 


known, and conſequently the angle C may be 
found by ſeeking the Sine in a table of Sines and 
tangents. . 315 


BC :: R: T, A; and B: B:: &: 1. 
Whence the tangents and Sines (and conſequently 
the angles) are diſcovered by the rule of Three. 
46. CoRoL. 2. If the angles are known, and 
likewiſe the length of one of the ſides, or the 
Hypotenuſe, the other ſides may be found by the 
rule of Three. no, one 
For we may now invert the former proportions, 
and ſay, as 8, C: R:: AB: AC, and 8, A: R 
:: CB: AC; and T, A: R:: BC: A; and 
laſtly, T, C: R:: AB: BC. 5 
By the firſt of theſe analogies, from AB known 
we find the Hypotenuſe AC; by the ſecond we 
ind it from BC ſuppoſed to be known. By the 
third, from BC known AB is difcovered ; and by 
the fourth from AB known BC is diſcovered. 
Nete, if one of the acute angles of a right- 
angled triangle is known, the other is known 
likewiſe, being it's complement to a right angle. 
(El. 1. 32. Cok. 3.) 


PN 


Again, AC CB ::R: 8, A. And AB: 


: - 2 n . — — r 8 
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draw the lines DE, DF, DG, perpendicular to 


—— 


— — 


BF (being the Sine of BDF, or of ang 
Gis 
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47. The Sides of Plane triangles are to one Wl fin 
another in the ſame proportion as the Sines f BA 
the oppoſite angles. Fig. 12, 13, and 14. is t 

Deſcribe about the plane triangle ABC the cit- 
cle ABC by (El. 4. 5.) And from the center D 


the ſides of the triangle; which will therefore be 
biſected in E, F, G; (by Ei, 3.3) Then will 
theſe halves of the ſides be the ſines of the oppo- 
ſite angles of the triangle, meaſured in the cir- 
ciel. 35 11A 
For in the acute-angled triangle, F. 12, the 
angle BDC at the center is double of the ang 
BAC at the circumference ſtanding upon the 
ſame arch BC, (by El. 3. 20). Therefore BDE, 
which (is equal to EDC (by El. 1. 8.) and there- 
fore) is = + BDC, is = to BAC. therefore 
BE, or = BC, is the Sine of BAC. For the ſame 
reaſon BF is the Sine of the angle BCA, and 
AG of ABC. EE a 3 
Fig. 13. If the triangle is right-angled, the HBC 
Hypotenuſe AC mult be the diameter of the cit- 
cle (E/. 3. 31.), and half the Hypotenuſe BC, 
to wit, BD, will be the radius. But the radius 
is the Sine of a * angle; therefore BD, or; 
BC, is the Sine of the oppoſite angle BAC. And 


the ſine of ACB ; and for the ſame reaſon A 
the fine of ABC. OD * JR 

In the obtuſe-angled triangle, Fig. 14, draw 
BL, CL, to any point L, in the arch BC; the 
angle L will (by E]. 3. 22.) be the ſupplemen 
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of BAC to,twa right angles. Therefore it's ſine 
will be the ſame with that of BAC. Nowy be- 
cauſe the angle BDE (= BDC) is L, it's 
ſine BE. wilhbe the ſine of L. and; therefore of 
BAC. And BF (the fine. of BDF, or: BDA) 
is the fine. of ACB ;- and for a like reaſon AG of 
ABC. Therefore in every triangle the halves of 
the Sides are the Sines of; the, oppoſite angles; 
conſequently the whole ſides are always propor- 
tional to the Sines of the oppoſite angles. QED; 


PR OP. 1% 


48. If in a plane triangle any one of the ſides 
be called the Baſe, and the others the legs of the 
triangle; the ſum of the legs will be to the dif- 
ference of the legs, as the tangent of the ſemi- 
ſum of the angles at the Baſe to the tangent of 
their ſemidifference;, 2 
Let the triangle be ABC (Fig. 15.) whoſe baſe 
is AC, and legs AB, BC. In AB produced take 
BH — BC, and BI = AB, (the fide AB being 
ſuppoſed leſs than BC.) By El. 1. 3a, the angle 
HBC is = A+ ACB, the ſum of the angles at 
the baſe. Draw BE biſecting HBC, and EBC 
will be the ſemiſum af thoſe angles. And becauſe 
BC, BE are reſpectively equal to HB, BE, and 
the angle EBC — HBE, the triangles HBE, 
EBC will (by El. 1. 4.) be every: way equal and 
like, and the angle;}BEH = BEC. Therefore 
(El. 1, Def. 10.) BEC is a right angle. Conſe- 
quently if BE be: made radius of a circle, EC 
= the tangent:of: EBC. in that circle; (E.. 
3. IQ, | 9 5 | 
ont Draw 
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i Draw BD, and 10 Parallel to AC; and takhy il 
i EF = ED, join B, F. Since BE, ED, are re. . 
re equal to BE, EF, and BED — BEE V. 
ll the triangles BEF, BED are every wa equal diff 
ll and alike, and ang. EBF = EBD. But HBE = 
#| ERC; therefore HBF is — DBC, that is, (EI DC 
1. 29.) = ACB. And HBD — BAC (by te HC 
fame prop.) Therefore FBD is the difference of WM HA 
BAC and ACB the angles at the baſe; and mil 
EBD is half that difference, the tangent whereof f DA 
is ED. 
Since IG, BD, are parallel to AC, the triangle, 
AHC, BHD, IHG, are ſimilar, and (by El. ö. 
2.) AB: BH :: CD: DH, and BH: N:: 5: 
DH: DG, wherefore ex £quo'AB :'BI:: CD; of a 
DG. But by the conſtruction AB = BI; there. to th 
fore CD = DG. But becauſe EC = EH, and two 
1 ED — EF, CD muſt be — HF; therefore D the f 
| — HF; and (taking away the common part GF) WW feren 


M | H= DF. Wherefore AH: IH :: (:: CH; In 
GH ::3 CH: GH) :: EC: ED. QED. Wh tbo 


—_ Another Demonſtration of the fame. - not fa 
=_ . 1 into 


49. Making B your center (Fig. 16.) and BC, #5 Bc 
the longer of the two legs BC, BA, the radius, de-W vertex: 
ſcribe a circle cutting BA produced in D and B 2, & 
Tis evident DA is the ſum, and AE the differ Let 
ence of the legs. Join D, C, and E, C. Te BE a 
ſum of the angles BAC, BCA, at the baſe "ACT point 
is equal to the ſum of the angles BEC, BCE, af ED. 
the baſe EC of the iſoſceles triangle BEC, ani tide a: 
conſequently (El. 1. 5) to twice BEC. When baſe in 
BEC, or it's equal BAH (drawing AH parallel | 
to EC) is the ſemiſum of the angles at the cauſe þ 
* — 


j 


- 
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The angle BAC is (== BAH HAC = BEC | 


＋ ACE = BCE + ACE) — BOCA +2ACE. 
Whence BAC — BCA = 2ACE, and the ſerhi- 
difference ot BAC, BCA, is x ACE or HAC. 

But DHA is a right angle, being equal to 
DCE in the ſemicircle DCE. . Therefore DH, 
HC are the tangents. of BAH, or DAH, and 
HAC, the radius being AH. And from the fi- 
milarity of the triangles DHA, DOE, we have 
DA: AE : : DH: HC. QED. 


PROP. 16 


50. If from the vertex of one of the angles 
of a plain triangle a line be drawn perpendicular 
to the oppofite fide, or Baſe, and dividing it into 
two ſegments ; the Baſe will be to the ſum of 
the fides, as the difference of the fides to the dif- 
ference of the ſegments of the Baſe, 
In an obtuſe angled triangle as BCD, Fig. 17, 
tis evident the perpendicular muſt be drawn from 
the vertex of the obtuſe angle ; otherwiſe it will 
not fall within the triangle, and divide the baſe 
into two ſegments. In an acute-angled triangle 


vertex of any one of the angles. See El. 2, Prop. 
12,0 G / ot SE | E 
Let BUD be a plane triangle, DC it's baſe, and 
BE a line drawn perpendicular to DC from the 
point B, and dividing it into two ſegments, CE, 
ED. With B as a center, and BC the leſſer 
hde as a Radius, deſcribe a circle cutting the 
baſe in F, and the other ſide BD in H. Produce 
DB till it meets the circumference in G; and be- 
cauſe BG and BH are each of them equal to 
U BC, 


as BCD, Fig. 18, it may be drawn from the 
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BC, DG vill be the ſum of the legs, and Di 


their DF And becauſe CE is = EP 
(EL. 3 DF will be the difference of the 8 


a Di „EC of the Baſe. 
. I fay, DC : DG :: DH : DF. 
For (by El. 3. 
der DC, DF is equal to the rectangle under DG, 
DH; wherefore (El. 6. Wy DC: DG; : DH 


: DF. QED. 
Another Bee of the ſame, 


From the angular point B in the triangle BCD 
(Fig. 19, and 20.) draw BE perpendicular to 


the baſe CD. And with B as a center and BD 


the longer of the ſides as a radius, deſcribe a cir- 
cle cutting BC and DC produced in M, K, L 


Since BK, and BM are each of them ec od to 


BD, CM will be the ſum, and CK the difference 
of the ſides BD, BC, And becauſe DE — LE 
[El. 3. 3.) LC is the difference of the ſegments 
DE, EC, of the Baſe. 

Now the triangles MC, LCK, are ſimilar; 
becauſe the angles MCD, LCK are vertical; and 
CMD, CLK are equal, as ſtanding on the ſame 
arch KD. Weng we have this ref 
M:: CK : LC, QED. 


PROP. 15. A Problem. 


The Sum and the difference of two quantities 
being given, to find the quanties themſelves. 

If to the ſemiſum be added the mr 
the aggregate will be the greater quantity ; 


if from the ſemiſum be taken the Eat 
the 


36. Coxor..) the rectangle un- 


$3 
politic 


angle: 
— t 
wit, 
2 trial 
cauſe 
given 
ſum © 
But 
the ac 
given! 
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gle to 
The 
triangl. 
third” 
propoſi 
theſe t] 
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the remainder will be the leſſer. 


For let AB, BC (Fig. 21,) repreſent the two 


quantities. Take AD = BC. And DB will be 


their difference. Biſect their Sum AC in E; and 


This will 1 alſo, if we expreſs the quanti- 


leſſer b. For * 4 = = 2 = d. And 
2 


53. We come now to apply the laſt five pro- 
poſitions to the ſolution” of the cafes of plane tri- 


angles. But firſt it will be proper to obſerve, 


that the data of ſome of the caſes coincide ; to 
wit, tis the ſame thing to have two angles of 


a triangle given, as to have all the three; be- 


cauſe when two of them are given, the third is 
given likewiſe, being the complement of the 
lum of the former to two right angles. 


But in a right-angled triangle if only one of 
the acute angles is given, the other angles are 


given likewiſe, one of them being a right angle, 
and the other the complement of the given an- 
ple to a right one; as was obſerved. in Art. 46. 

The caſe wherein two fides of a right-angled 


triangle are given, and tis required. to find the 


third, may be ſolved immediately by the firſt 
propoſition, and therefore is not ſet down among 
theſe that follow. * 


H 2 5 The 
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__ Given f _| Sought 3 
bd 37. 2 4 A; 
AB, B the the complement of 
: lege angle eh to a right angle 
7785 E= is the angle C. 
1 5 e: IB N 
AB, AC, a the complement 7 


leg and the the angles a 
a right an 
1 ca | | is the angle = 4 


: T, Ar: AB. x 


A AB, and C, 4 
{a leg and an 
ngle. 


The Trigonometrical 3 of Oblique-angid 


Triangles. 


— 


* 


. Given ] Sought 

1 E, C, = BC, AC Loans T:: RN 
AB, the an- the other and 8, C: 8, B:: AB: 
gles and afides AC. By what was ob- 


ſide. | erved in Art. 53, tho 
7 Br | caſe wherein two angles 
(Fig. 23, 24.) nd a ſide are given tall 

| under this, 
| | Given 


Tx 


pl Aus TRIGONOMBTRY. * 
| Given | Sou ht 2} 
the an les; portionsof'S, C: 8 B: AB AC 
r only A, B, AB, AC, Tis evident that if only 
wo of thelBC, | the the angles are given, 
he angles. nid. Jonly the proportion of 
the ſides, and not the 

ſſides We can he 

| iſcovered. | 


4 


[rig 23,244) 5 


34, BC, and BC, and A, TT RN 
two fides,the re- A, which depend tin 
00 an angle maing an- be found. But, — 


ne of them. * 


| ng it's complement to 
two right angles. There. 
| | [fore A, has the fame 
fine as BAzC ; ; that is, 
| {the ſine diſcovered by 
the proportion may be- 
{long either to the acute 
| | [angle A, or the obtuſe 
1 angle BAC. 


n 


Given 


poſite to gles. {every angle has the fame 


„two ſides 


Or, the pro- 


ortion only 
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3 Given | Count pinned +, 
4 known angle i is s either 2 
f right or an obtuſe angle, 
4 the angle | oppoſite to 
ld [BC muſt be acute, | If 
5 C is a right angle, this 
| | - [caſe falls under caſe ad 
| 4; ſof right angled trian- 
| 1855 
1. BC and Angles "AlSince the woes E 5 


and C. given, the ſum of the 
ſangles A and C at the 
| [Baſe AC is given like- 
| |wiſe, being the com- 
 _ |plement of B to tw 
boy 029: right' angles. There- 

tore their ſemiſum and 


it's tangent 1s given: . 


a Say therefore (by P. 13.) 
5 10 ag the] BC+AB : BC----Ab 
angle B be- 5 A 4 ＋ e 
tween wem. : T, 3 T. 
1H s Li | FIRE 1 
| ” jou 1 = : Whence the 
' tangent of the ſemidif- 
N | ference is known. There- 
1 | fore the ſemidifference 
| may be found by a table 
p X {of fines and tangents 
1 ; (Conſequently the angles 
| ſthemſelves may be 
f 5 found by P. 15. 
Given 


— — 


As 
propor 
Hg. 
requir 


The 


I 
14, ar 


of is - 
+: 2.00 


5 Given * Nee 985 , 


rom the vertex A to 
e Baſe BC; and lay, 
(by P. 14.) as BC: 


OT 


: all the fides. | 
Fig. 26, 27. 


rh 41: 2 JAC+AB :: AC—AB 
tg ES: DC—DB, the _— 
Irence of the ſegments. 
| 18 Their ſum is 2 
14 being equal to the baſe 


ſitielf. Wherefore (by 
[P. 15.) the ſegments 
themſelves may be 
found. And conſe- 
AZ [ quently, by reſolving 
| the right-angled trian- 
| Toles ABD, ACD, in 
each of which a leg 
5 ſand the Hypotenuſe is 
| given. (to wit, in ABD, 
j | |BD and AB, and in 
4 ACD, DC and AC) by 
(caſe 2d of right-angled 
triangles, the angles 
may be diſcovered. 


— — 


— 2 — _ 0 2 


As an example to one of theſe caſes, let the 
proportion of BC to BA be that of 467 co 1; 


required to find the angles BAC, ACB. 

Their ſum is (== 180 — 51, 46') = 128*, 
14, and ſemiſum = 64*, 7', the tangent where- 
of 1 is 2,060944.2. Say therefore as 468 : 466 
2. 0609442: 2.052 1367 == tangent 64*, 2“ 

Subtract 


AB. BCA 8 angles. fi A Tk 


Hg. 24.) and the angle CBA = 51, 40. Tis 


r 
ö 


3 = - 
1 


356 ELEMENT 


64, 7, and the ſum will be the reader a0 
BAC — 128% v. | 

The angle ACB, or "- is the angle cont 
beteren the real. direction in which 2 body placed 


on the ſurface of the earth in latitude 51% 4 
tends towards the earth (taking in the confidenl 


tion of the centrifugal force) and a radius f 
earth paſſing rang the body. Keill gall 
Nn, e 101. ( Fig. 7) 
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PART the SECON D. 


itaining a few Propoſitions concerning the moſt. 
remarkable properties, and relations of the Lines 
in and about a circle to one another. | 
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55/22 HE Secants of any two angles are 
| 2 to one another reciprocally as the 
= 1 = colines of thoſe angles. Fig. 28. 
* we For (by Art. 13.) the radius AB 
AER is a mean proportional between the 
ant AC and the coſine AF of the arc BK, and 
ewiſe between the ſecant AD, and the coſine 
HH of the arch BG. Whence the reQtangle' 
X AD, is equal to the rectangle AC x AF; 
h rectangle being equal to the ſquare of the 
ms Therefore AD: AC: : AF: AH. 
n, it may be proved thus. Produce FK till 
Peet AD in E. And ſince the triangles CAD, 
LE, LAG, are ſimilar; and likewiſe FAK, 
. we have theſe proportions. AD: AC:; 
=: AK :: AG: AL:: AK: AL ;: AF 
Wi. OE. 
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38 EIL EME NT s 
Or thus. (By Art. 47.) AD: AC:: 

AQD : 8, ADC : : 8, AB: $; "SME 5: 

KAN : 8, GAN :: AF: AH. ED. 


AD BA 


6 P.:-19, 


35. The tangents of any two angles are to one 
another in a ratio compounded of the direct ratio 
of the fines, and the inverſe of the coſines. 

The tangent BD, (Fig. 28.) is to the tangent 

BC, in a ratio compounded of the ratios of BD 
to BA, and BA to BC; that 1s, of GH to HA, 
and AF. to FK; or as GH x AF to HA x TKR; 
or in a ratio compounded of the ratios of GH 
to FK, and AF to HA. QED. 
Or it may be proved thus. Let the angles he 
CBT, CBV ; Fig. 29.) their tangents CT, CV, 
I fay, CT is to CV, in a ratio compounded di 
CD to CE, directly, and BD to BE inverſely, 

For the triangles BCT, BDC are equiangula 
the angles at D, and C being right ones, and 


that at B common to them both. Therefore T 
CT: CB :: CD: BD. Again, becauſe the T5 
right angled triangles BCV, BCE, are equiat- ; 
gular, we have CB: CV :: EB: EC. There 8 
fore the ratio of CT to CV (which is compound. K 7 
ed of the ratios of CT to CB, and of CB oY 
CV) is equal to the ratio of the rectangle unde 

CD, E3, to the rectangle under BD, EC, d 

(El. 6. 23.) is compounded of the ratios of C : 
to CE, and BE to BD, that is of the fines d I hs | 
rely and coſines inverſely. QED. This «M.: Em 
monſtration is Dr. Smitb's in his optics. ny arc 


56. 0 


Pran FRIGONOMETRY. 59 


50. CoroL. 1. Hence the tangents of any 
two angles are to one another in a compound ra- 
tio of the fines and ſecants. 


57. CoRoL. 2. Hence the fines of any twa 
angles are directly as the tangents, and inverſely 
as the ſecants, 2 ne | 

For inſtance, let there be two angles whoſe 
tangents are to one another as 2 to 1; as is the 


caſe with the angles of incidence and refraction 


in the primary rainbow: and let the tangent of 
the greater be T, and conſequently that of the 


leſſer 7 The radius being 1, the ſecants will be 


JR EE 


Tri, and ( r=) 95 11. 


be: 4 4 
d, . Hence the ratio of the fines is 
1 T 2 
" 7 7 * 
T | — 4 — 


TTT or of /TT+4 to YT TPC. 
58. CoRoL. 3. The Secants are directly as the 
tangents and reciprocally as the Sines. $27 


TR OF. 1 
509. The chord AB of any arc AB (Fig. 30.) 


1s 2 mean proportional between the verſed fine 

of that arc, and the Diameter; the Sine BD of 

ay arc AB is a mean proportional between the 
erſed fine of that arc and the verſed fine of it's 
omplement to a ſemicircle; and the tangent * 
| 1 2 Eo © 


1 — 
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of any arc is a mean proportional between the ſum 
CP and difference AP of the radius and ſecant 

Draw the chord BC, and the radius BO. The 
angle CBA ſituated in the ſemicircle is a rich 
angle. Therefore (El. 6. 8.) the triangles CBA, 
C D, DBA, are fimilar. Whence we have CA 

AB : : AB : DA; which is the firſt Pact of 
the propoſition : and CD: BD :: BD: Da; 
which is the ſecond part. 

Draw the tangent AE meeting BP in E. The 
angle EAB will = EBA, becauſe ABO, BAO, 
are equal, as being at the baſe of the ifolcele 
triangle OBA ; and OAE, OBE, are right angles 
But EAB is — DBA (El. 1. 29.) and therefore to 
BCP. Therefore PBA = BCP ; and the angle 
at P is common to both the triangles BCP, BAP; 
which are conſequently equiangular and ſimilar 


Therefore CP: BP :: BP: AP. — 


Note. The laſt part of the propoſition is proved 
by Euclid, in El. 3. 36. as indeed is the ſecond 
part in El. 6. 13. though not in the form of a 
theorem, 

But as theſe properties of the fine, chord, Ul 
tangent, bear. a great reſemblance to each other, 
it was thought not improper to mention them 
here all together, and for variety's fake to give 

another proof of the latter. 


60. CoRoL. 1. The chord of any arc biſects the 
angle contained between the Sine and the tan- 
gent. For it appeared in the demonſtration, that 
EAB = EBA; and DBA = EAB. Whence 
DBA = — EBA. 


61. Cokoll, 
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61. CoRoL. 2. The verſed fines of any two 
arcs are proportional to the ſquares of the chords 
of thoſe arcs. VE TT" x pane 1 

For they are equal to the ſquares of the chords 
applied to the diameter, which (by El. 6. 1.) 
are proportional to the ſquares of the chords. 


62, CokolL. 3. The verſed fines of any two 
arcs are proportional to the ſquares of the ſines 
of half thoſe arcs; by Art. 5. 15. and El. 5. 

Galileo, in his excellent mechanical dialogues, 
makes uſe of this propoſition to ſhew that 
no ſtring, or chain, how flender ſoever, can be 
perfectly ſtretched into a right line by any force 
however great. See Dial. 4. towards the end. 


'PROP. 1g. 


63. The rectangles under the tangent and 
cotangent, the cofine and ſecant, and the fine 
and coſecant of any angle, are all equal to each 
other. 

For each of them is equal to the ſquare 
of the radius, by P. 2. Coroll. 2. and 3. QED. 


64. Cox ol. Hence the tangents of two angles, 
ae to each other reciprocally as the cotangents. 
For the rectangle under the tangent and cotan- 
gent of each of the angles being equal to the 
quare of the radius, they mult be equal to one 
another. Whence the tangent of the firſt angle 
b to the tangent of the ſecond, as the cotangent 
of the ſecond to the cotangent of the firſt. 


PROP. 
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65. The difference ED (Fig. 31.) between the 
diameter AD of a circle, and the chord AB of 
any Arc in it; the chord FD of half the ſupple. 
ment of that arc to a ſemicircle ; and the Radiug 
FC; are continual proportionals. N 

For drawing AF, and EF, the triangles ABF, 
AEF, will be every way equal and alike ; becauſe 

AF, AB, are reſpectively equal to AF, AE, and 
the angle BAF to the angle EAF, the arches 
BF, FD, being equal. Therefore EF is — FB, 
and conſequently to FD. Therefore (EI. 1. 5.) 
FED is an iſoſceles triangle. And becauſe CDF 
is common to both the iſoſceles triangles CDF, 
FED, it follows that they are equiangular, and 
therefore ſimilar (EI. 6. 4.) Whence ED: 
Fc. QED. 


CC 3 M09 
66. If one of the angles, as ABC (Fig. 32.) 


of a triangle ABC be biſected by a right line BE 
meeting the baſe in E; the ſquare of BE will be 


equal to the difference of the rectangles under | 


the ſides AB, BC, and the ſegments AE, EC, 
of the baſe. 

Deſcribe a circle round the given triangle ; and 
producing BE till it cuts the circumference in D, 
draw the chord DC. 

The triangles ABE, BDC, are fimilar ; becauſe 
the angles BAC, BDC ſtand upon the ſame arch 
BC, and conſequently are equal ; and the angles 
ABD, DBC, are equal by the hypotheſis. Therc- 


fore 
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fore AB: BE:: DB: BC, whence AB x 
BC — DB X BE = (Ek. 2. 3 8 
x BEg. But (by El. 3. 35.) DE x EB — 
AE x EC. Therefore AB x BC — AE x 
EC x BEq, and BEHA — AB x BC — AE 
x EC. QED. 270 
This is one of thoſe propoſitions Sir Jſaac Neu- 
un mentions as of exceeding great uſe in the ap- 
plication of Algebra to Geometry. See Arith. 
Univerſ. P. 104. Edit. 2d. 


PROF. 


67. The ſine of the ſum of any two angles is 
to the ſine of their difference as the ſum of their 
tangents to the difference of their tangents. 
Let the angles be ACF, ACB, (Fig. 33.) and 
their tangents AF, AB. Take AD — AB, BF, 
and DF will be the ſum and difference of the 
tangents ; and DCF the difference of the angles. 

Draw DE parallel to BC, meeting CF in E. 
Then becauſe BCF, DEF are ſimilar triangles, 
we ſhall have BF: DF ;; Be: DE, rt 
as DC : DE ; becauſe (by EI. 1. 4.) BC, DC are 
equal. But DC: DE:: $, DEC - v9, HR 
8, DEF or BCF : S, DCF. Therefore BF: 
DF: : 8 8, DCF. QED. | 


FRN 


68. The ratios; of the ſum of the ſecant and 
tangent of a circular arch to the radius; of the 
lum of the radius and fine to the coſine; of the 
radius to the difference of the ſecant and tan gent; 
of the coſine to the difference of the radius and 

ſine; 
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fine; and of the radius to the tangent * Ju 
the complement. of the given * to a quadrant 
are all equal to each other. 


Let L rR (Fig. 34) be a ſemicircle, whoſe Co 
diameter is LR, and center C; in the quadrant Ne h. 
Rr take any arch RA, and draw AD, RP, and ; Cr 
CP it's fine, tangent, and ſecant ; from r dray = 
r the tangent of the arch rA; and biſecting ra Nane 
in E, let rF and CF be the tangent and ſecant of f ha 
rE. We are to prove the ratios; of CP + RP 
to CR; of CA ＋ AD to CD; of CR to CP 
RP; of CD to CA — AD; and of Cr to F; 
are all equal to cach other. | bg. 

With Pas a center, and PR as a radius, draw Mirches 
the circular arch RM cutting CP in M; and with adius 
A as a center, and AD as a "radius, draw the cir- en 
cular arch Dm cutting CP in m; and (by El. 3 = 
36. we ſhall have CRq -= CM xX CP * N wo 
CP— RP X Cb 8 and CDg — — Cm * f the 
CERAD — CA— - AD x CA X "AD: There- Frot 
fore CP. + RP: CR : CR : CP — RP, and EKD, 
CA + AD : CD: CD; CA — AD. But WED. 
becauſe the. triangles CPR, CAD are ſimilar, we 70. 
have Sp: RP :: CA: AD, and componend , B' 
e:: £4 * AD : AD; and we vo leſ 
have likewiſe RP: CR :: AD: CD; there- Ne tw. 
fore ex #guo, CP + RP: CR :: CA - AD res 0 

: CD, and conſequently the ratios of CP + RP {Whiicrer 
” CR, of CA -+ AD to CD, of CR to CP —. For 
RP, and of CD to CA — AD, are all equal to T. or 

each other. Laſtly, from the ſimilarity of the K; t 
| me” CPR, CGr, we have CP RP: CR Lo tt 

CG + Cr : Gr; but (by E/. 6. 3.) CG iis Ta 


to Cr as GF to Fr; ; therefore companendo, CG + 
Cr: Cr :: Gr : Fr; and permutando, hs * 


Cr : Gr:: Cr: Fr; er r Fr; 


Conor. Since 5 the-foregaing pre ions 
we have CR: CP = RP (:: CEA RFC) 
Cr or CR: 1F, it follows that CP — RP is 
= rF, or that the difference of the ſecant and 
ungent of a circular arch is equal to the tangent 
of half the E eue to a r ure 


PROP. 24. AR 
12 
69. T he chard of the difference of. any two 
krches is to the difference of their ſines, as the 
radius to the coſine of an arithinetica mean be- 
ween the two arches.” 90 2 { 
Let the arches be BE, BF (Fig. 3 [> Y: ey the. 
ithmetical mean betwceri them BD. PE is the 
hord of their difference ; and F G the difference, 
f their fines EL, FI. 
From the ſimilarity of the rriangles. F OE. 
KD, it een that, ofa F G3 wes; CK. 
70. Conkok. 1. Hence if eie be * Waden 
8, BV, BE, BF, and the difference SV of the 
Wo leſſer arches be equal to the difference FE of 
Pe two greater arches ; the difference PV of the 
nes of the leſſer will be greater than FG the 
erence of the ſines of the greater arches. 
For CN being greater than CK, the -radius 
T, or CD is to > CN Nin a leſs proportion than to 
k; therefore the chord VS is to VP in a leis. 
atio than the chord FE is to FG. And theſe 
lords are equal, becauſe the arches they ſubtend 
fe ſo; therefore VP is 1 than FG. . 


K | 71. CoRoL. 
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CP oy RP : CR. b. HE [3 PAI ES; 7 8 4 
1 SS bk 7 34+ . . 
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71. Conor; 2. Hence the: ratio, of FE to El. 
is leſs than that of VM to 80. For take a part 
Iy in the line FI (produced if need be) tha Wl 
ſhall'be to EL as VM to 80; I ſay, Iy will be WM BY 
2 than IF, or the point y will fall above F. che 
For fince Iy: EL: : VM : 8, it follows div. I 
dendo,” that yG : EL :: VP ; SO; and ' alter. Wl of. 
nately, yG: VP:: EL: SO. But EL is greater Wl «if 
than 80; therefore yG' is greater than VP, and Wl gre 
conſequently than FG; therefore y] is greater than ] 
FI. Therefore the ratio of FI to EL is leſs than be 
that of yI to EL, or of VM to SQ. QED. to « 


72. Conor. 3. If there be four arches AF, the 
AE, AV, AS, and the difference FE of the two I 
leſſer be equal to the difference VS of the tuo ci 
greater, the ratio of the ſecants of AV, 48, the 
two greater arches will be greater than the rau Sni 

of the ſecants of AF, AE, the two leſſer arches, MI 
For Sec, A8: Sec, AV : : VM : SO; and 7 
Sec, AE: Sec, AF :: FI: EL. (by P. 16) | 
Note. This is not always true of the tangents: ef t 


with what limitations it may be affirmed of them F 
likeyiſe, will be ſhewn in P. 30. Coral; 9. yt 
| e | cal 

73. CoroL. 4. The difference of the ſecant 10 © 
of the arcs AV, AS, bears a greater proportion form 
to thoſe ſecants, than the difteretice of the fe. Seat 
cants of AF, AE, does to the fecants of Af, beca 
AE, themſelves. For fince VM, 80, ate les WI muſt 
than FI; EL ; VP would bear a greater propot-l 62 
tion to them than FG does to Fl; EL. if VP Laue 
FG wete equal. Therefore a fortiori, finte V ſecan 
is greater than FG, it muſt be in a greater pro- cant 


portion to VM or SO, than FG is to FI or E. 
74 Cokol. 


Pans TRIGONOMBTRY, % 


574. CooL. 5. If chere be four arches | BS, 
BY, BE, BZ, of which -the two-latter are greater 
than the-two former z and the ratio of the fines 
VM, Os of the two leſſer be equal to the ratio 
of the ſines ZX, EL, of the to greater: the 
difference EZ of theawo greater arches will be 
greater than VS, the difference of the two leſſer. 
For ſince ZX : (EL, : :- M: 80, N muſt 
be to EL, in a greater roportion than that of FI 
to EL (by -Corol. 2.) Therefore ZX js greater 
than Fl. Therefore the arch ZE is greater than 
the arch FE; that is, than the arch vs. 
Hence it is that the difference of the angles of 
incidence and refraction continually tnoriaſeh at 
the ſame time as thoſe angles themſelves increaſe, 
Smith's Optics. Art. 176. | 


75. CoRoL.-6.- The ſecant of BZ, is to the 
nn of BE, in a greater proportion than-that 
of the ſecant of BV, to the ſecant of BS. 

For what was proved in Corel. 3. concerning 
the ſecants of AF, AE, AV. A8, is true of the 
fecants of BS, BV, BE, BF, which are related 
to each other in exactly t the ſame manner as the 
former. Therefore. Sec, BF, is to Sec, BE i in a 
greater proportion than Sec, BV to Sec, BS. But 
becauſe EZ is greater than FE (by, Carol. 5.) BZ 
555 be 1 BF; FS therefore the ſecant of 
Z is greater than the ſecant of BF, and of con- 
FAS bears a much greater proportion to the 
ſcant of BE, e e, of * to * ſe- 


cant of BS, 
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; 76. Cool. 7. The difference of the ſecantz 
of BZ, BE is to each of thoſe ſecants themſęlves 


in a greater proportion than the difference of the 76 
ſecants of BV, BS is to each of the ſecants of gente 
BV, BS, reſpectively. I WWercat 
For let the ſecants be Cp, c, C0, cd, (Fis, of tt 
36.) and fince cꝙ is to c in a greater proportion d,! 
than co to co, take in cy produced a line 3 Fo 
of ſuch a length, that c@ ſhall be to it as cd tv of Bt 
cd. Then dividendo, cÞ — ca : O :: = By 
co : ch; but ch — cr is greater than ch - ca: 0% 


therefore c — : c in a greater proportion 
than co — cog to co. ee 
Again, Since c: ce :: cd: co, it follows 
dividendo, that c — cc: ca:: c — cò : c 
But c@ cx is greater than c — cæ; and ca b 
greater than cx : therefore on a double account 
c - c: Cx in a greater proportion than ch 


- 


cd to c. 


77. CooL. 8. The tangent Bo is to the tan- 
gent By in a greater proportion than that of the 
tangent BY to the tangent Bg. | 0 
For (by P. 17. Corol. I.) BS: B:: c A 

: CY x EL; but by the hypotheſis, zx: EL :: 
VM: SO. Therefore Bp: B:: c x' VM: 
c Xx SO. But P: B:: cd X VM: c K 80. 
And (by Corol. 6.) the ratio of c@ to c is greater 
than that of ch to cd. Conſequently the ratio of c 
* VM to c X SO, (which is equal to the ſum 

of the ratios of c to cx and VM to SO) miſt 
be greater than the ratio of cd x VM to cd x 80. 
{which is equal to the tum of the ratios of c ! 
c 


a 
* 
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cd and VM to 80); N at is, i the ratio of Bp. ; 
By is greater than that of B, BG 1 


— 
I » * 
* 


* F 4 
wt 5 x 


78. CoROL., 9. The difference ꝙ of the tan- 
rents BP, Bæ, is to each of thoſe tangents in a 
greater proportion than that of the difference 9g 
cr the tangents B9, B, to each of the tangents 
For ſince Bo * 2 in a greater ratio than that 
of BY to Bd, take By af ſuch a length that Be 
By:: BY 2 Bd. Then dividendo,  Þy.z Bo 
: (9 : BV. But 7 is greater than S. There- 
fore n: Bo in a greater ratio than d to By, 
Again, fince BS: By:: BY : Bd. It follows 
videndo that Oy . By.:: 08 : Bg. | Therefore TO 
By in a greater ratio than gd to BJ. But Bæ is 
eſs than By; therefore a fortiori : Bæ in a 

reater ratio than 09 to Bd. 1 

79. I hope I ſhall be excufed if I take the li- 
erty of explaining by the help of this corollary 

paſſage in Dr. Smith's Optics, which to me ap- 

cared to be ſomewhat difficult, and I imagine 

ill be thought ſo by ſuch others of the readers 
f that learned author, as are but moderately 

led in theſe ſciences. In his ſecond book, 

h. 9. P. 4. Corel, 4. Art. 420, he has theſe words; 
* hence it appears that while the angle of in- 
* cidence continually. increaſes, the focal diſtance 
If continually. decreaſes, Ic. It is proved in 

e propoſition that as the difference of the tan- 

ents of incidence and refraction is to the tangent 
f incidence, ſo is the coſine, of refraction BE to 

e focal diſtance Bf. Now when the angle of 

eidence increaſes, the proportion of the differ- 
ice of the tangents to the tangent of incidence 

TO increaſes 


- 
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evident when the angle of refraction is a'righ 


dence will be leſs than a right angle; therefqr 
it's tangent will be finite. But the tangent of g 


7 | E LEMEN TS of | 
increaſes likewiſe; therefore if BE were to g 
main the ſame, Bf muſt decreaſe. * But BE . 
creaſes ; therefore a fortiori BF muſt decreaſe 
And becauſe, when a ray of light paſſes ont af; 
denſer medium into à rarer, the angle of ref, 
tion is greater than the angle of incidence, % 


angle, or the greateſt poſſible, the angle of ind 


fraction will be infinite; conſequently it's excel 
above the tangent of incidence will be infinit 
likewiſe. Therefore the ratio of the differenc 
of the tangents to the tangent of incidence is that 
of a quantity jnfinitely great to a finite ot 
Therefore if BE were of a finite magnituds 
BF. would be equal to nothing; but BE (bein 
now the coſine of a right angle is itſelf equal 
nothing; therefore a fortiort, BF muſt be 1 
thing likewiſe. F 

When a ray of light paſſes out of a rarer m reate 
dium into a denſer, the angle of incidence 


greater than that of refraction; conſequę niet ir 
when the former becomes a right angle, or Mity t. 
greateſt poſſible, and it's tangent infinite, the l far 
ter will be leſs than _— angle, and have Wy t. 
finite tangent. The difference of the tangentities, 
therefore will be infinite, and it's laſt ratio to ray; 
tangent of incidence will be a ratio of equality But 
Therefore in this caſe the focal diſtance BF mur the 
be equal to the coſine of refraction BEE. he ve 

80. Note. If there be three quantities, as ts nca; 
numbers 2, 3, 4, of which the firſt is leſs than rd 
ſecond, and the ſecond than the third, the ſeconl n afh 


is uſually faid to be to the third in a greater , 


> £»* 


= 0s © 
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har the art to; pin thus 3. nn 
in 4 greater proportion than 2 to 45 aud ſuch 
kind of expreſſions have been-uſed in the pre- 
ceeding cotrollaries. Rut the more accurate e. 
eſſion would he, that the ratio of 3. to 4 is a leſs 
ratio ni nor is inqualitaris, or of minority, than the 
ratio of 2 to 4. For in ſtrictneſs the ratio of 2 to 4 
js greater than that of 3 to 45 and accordingly has a 
gteater logarithm, It is much the ſame kind oi im- 
propriety co ſay the ratio of 3 to is greater than 
that of 2 to 4, as to ſay that 12 is greater than 

16, (as im Saunderfon's Algebra, Art. 113.) 
whereas it is but three quarters of it. In both 
caſes the word greater is uſed in different. fenſes 3 


For when we fay the ratio of 2 to 4 is greater 


Beater more diſtant from a ratio of equality; 


and when we ſay, the ratio of 3 to 4 is greater 
han that of 2 to 4, e then eſtimate the greatmeſs 
ff the ratio by it's nearneſs to a ratio ef majoritye 
In the ſame manner when — 16 is ſaid to be 
greater than — 12, as for inſtance a velocity that 
ſhall carry a body uniformly at the rate of 16 
feet in a ſecond from Weſt to Eaſt, than # velo- 
ty that ſhall carry it through offly 12 feet in 
he ſame time froth WefF to Baoft, tegatd is had 
dnly to the nature and proportion of theſe velo- 
ities, without any relation to a velocity the cbn- 
rary way. i 12 0 2 e 
But when ==12 is faid to be greater than — 16. 
Ir the velocity of 12 feet | Edft=ward, than 
he velocity of 16 feet Eaſt-ward ; all that 
s meant is only, that the velocity of 12 feet Eaft- 
ard approaches nearer to, or differs. lefs from, 
n affirmative velocity, or velocity Weſt-ward, 
nen the velocity of 16 feet Zaſf-wdrd, In ta- 
# | t10S 


tios of majority, and in affirmative quantitis 


ſon's Diſcourſe on their Compoſition and Refolu- 
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theſe different ſenſes of the word greater alan 
go together; thus 4 is to 2 in a "greater propor. 
tion than to 3 in both ſenſes; and likewiſe 16 
is greater then 12 in both ſignifieations. It would 
certainly be better to uſe the former of theſe ex 
Yreffons, as Dr. Smith has done in Art. Go., ü 

lis Optics, where he calls the ratio of an infinite. 
eee quantity to a finite one, not an infinite) 
mall ratio, but an infinitely great ratio of mino. 
rity. But as this degree of accuracy is not to be 
found in moſt writers, but the other expreſſioni 
far the more common of the two; it is at leiſ 
very allowable: to make uſe of it; particulach 
as inaccuracies of this kind, when one is awar 
of them, cannot poſſibly occaſion any confuſion 
„ . 570500 ROO 
Concerning the nature of ratios ſee Saunder- 


portio 
RCO 
vhat ' 
10B, 
RD is 


ion, in his Algebra, Book 7, from Art. 292, u Ane 


1:30; - ur 2 
[687 V2 pb ag; corre 
Ihe tangent of the ſum of two angles is t 
the ſum of their tangents, as the ſquare of tie 
radius to the ſquare of the radius diminiſhed by 
the rectangle under the tangents : And the tat: 
ent of the difference of any two angles is to the 
difference of their tangents, as the ſquare of ti 
radius to the ſquare of the radius increaſed il 
the rectangle under the tangents. | 


P A R T. 1. 


Let RA, RB (Fig. 37.) be the tangents d 
any two angles ROA, ROB; I ſay, the tangell 
of the ſum of ROA, ROB is to AB, the * 


— A none 
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. the c tangents, as Ny: to ROg — 
RBx RA. x 5 
For as AB is to 40 the ſebant 25 either of 
the angles, ſo let AO. be to. Ac, to be. 
placed from A towards B. Again, as RC is to. 
RO, ſo let RO be to RD; and RD will be. the 
tangent of the ſum; For, Joining O; by the firſt 
of theſe proportions the triangles. AOB, AOC, 
have the ſides about their common angle at A 
oportional, and conſequently are ſimilar, EI. 
J 0. therefore AOB = ACO. And by the ſecond 
proportion, the triangles ROC, ROD have the 
des about the right angles CRO, DRO, 


portional, and conſequently are ſimilar ; 1 


RCO — ROD. But RCO or ACO — AOB, b 
chat was juſt now proyed ; therefore ROD is — 
\0B, the ſum of the angles ROA, ROB; and 
ID is the tangent of that ſum. > 407 


And ſince by the firſt Proportion, AC= * 


(by BL. 1. 47.) 7 it follows that 


RA +RO 
C (= AC—RA) BAR F 
0;—RB x RA 7 
56K A .  Whence RD (which by 61 


ROY _ ROgx x RBFRA 


AOg 
AB 


ff 3 
” A 


— RA — 
I, — 


cond proportion is =- RC = ROg—RBx1 RA 


i (multiplying 'by ROg—RB RA) we have 
Dx ROg—RB x RA = RO·AH x NK. ) 
hence RD : RB + RA, or AB: e 
251 RB x RA. QED. 


. bw? 5 PAR "i 


ROA, ROB. For by * firft proportion, (Fl 


of any number of given angles may be ” 
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Let RA, RB (Fig: 38.) be tangets, & before, 
of any two angles ROA ROB. I fay, the tans 
ent of the difference of ROA, ROB, is 9 

B the difference of their tangents, as RO, to 
ROg+RB RA. For here again, as AB to A0 
9 275 AO be to AC, to be placed from A'toward 
Again, as RC to RO, fo let RO be to RD; 

50 RD will be the tangent of the difference of 


6. 6.) the triangles AOB, ACO are equiangular; 
therefore AOB S ACO. And by the ſecond pro. 
portion, the triangles ROC, ROD, are equiangula, 
whence ROD—RCO, or 'ACO. Therefore ROD” 
= AOB the Serene: of the angles ROA , ROB; 


and RD is the tangent of that Mfrenes em. 
A0 . 
Now by the fcſt analogy, AC: == AB = I nomi. 
ROg-+RA . 
* BRA And by the ſecond analogy, RD 4 : 
40g War 1s, = W en 
RC AC+RA 
RO 2 _ „ 
ROS RA 2 * ON Rog REX RA NR 
— "RB-RA P!bere 
ROg x RB—RA 1 
R ORB . Whence (multiplying ſ = 
ROq+RB * RA) RD x RO ERB x RA—R0 = 


RB RA; and RD : RB—RA : : ROy: 
ROg +RB x RA. QED. 


$2. Coror. 1. Hence the tangent of the fun 


computed, Put RO = 7, RA = a, and RB 
then 


Pane TRIOONOMETRT. 5g 
then the tangent. of the ſum of the angles whoſe 


angents at are 4 and b, that i is, RD, is = =" 


ox . 
Call this 3 Xe hs for the fame . | 


the tangent of the ſum of this laſt angle, and a 


third angle whoſe tangent is c, will be . 
rr. 


x rr, or (by ſubſtituting the value of x in it's 
10 rr X a+b-+-c--abe 


Trr—ab—ac—bc” 
ſum of the three angles whoſe tangents are a, 6, 
e. And ſo on. 

The ſubſtitution. of the . of v is thus per- 
formed. Firſt find the value of the numerator 
e x rr, of the fraction, and then of the de- 


nominator. Now the numerator & -+£ x r 


brr-+arr hits 10 x r= ; 


tr—ab 


brr-+-arr err—abc | | | 
Ir 46 | 


— pt —abrr—berr—acrr. 
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S the tan gent of the 


: | 


— ä —U— 


/ 


Therefore _ 


Har 13 X rr 
r'—abrr — bcorr —acrr 
IX a+b-+c—abe 
abb ac. 
03, CoxoL. 2. And hence may the tangent of 


any multiple of a given angle be computed. 
or *tis only making a = bc; and for the 


3 
angent of 4 double angle We ſhall have (5 Te 
- "bo 3 
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* 77 =) — V rr. And for the ungen 


aa 


of a treble angle CD, And fo on. 
rr 


This propoſition and demonſtration is taken 
from Smith's Optics. The ſubſtance of it is de. 
monſtrated in another manner by Mr, Mac bin in 
a ſolution he has given of the following pro- 


C 
blem. 5 * 
PROBLEM. 
; the 
84. The tangents of two arcs hang given, 0 
find the tangent of their ſum. 45 
Let AB, GE (Fig. 39.) be the given tangents | tak 
AD i is the tangent ſough t. ; BY 
Put CA TT 1 
AB = a | "B55? 1 He 
GE _ b lefler. 
AD = c. Draw EL parallel to AD. The Bis 
triangles ABC, EFG, are fimilar to one another = 7 
each being fimilar to CFL. Therefore CA: CB Wlows : 
1 EG : EF, or I: /rr-+aa : 5: EF. Whence Mr 1: 
EF 0X . 77 
r » C—C 
\Again, CA: AB:: EG: F, or: i! 
5: GF. Therefore GF — 10 
But CF — CG — GP = r- —— 2 adit 
And from the ſimilarity of the triangles CBD, on 


—4 
CFE, CF : EF :: CB : BD; that is, 


5 rr "aa 


1 rr as: BD. Whence BY 


* 
— 
— 


S S 
2 
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rr—ab 


wee 4 


% 


Us 


CoroL. I. Hence may be deduced Dr. 
Snith's proportions for finding the tangents- of 
the ſum and difference. For firſt, FI X68 . 

| "a6 rr —ab 
tb :: rr: rr—ab, Which is the firſt 
part. And here, as before, if @=6, we ſhall 

have c — rr x @+þ EIS... 8 1 5 

rr } rr—42 

' Secondly, Let *c be the greater tangent, à the 
leſſer, and & the tangent ſought. Then ſince. c 


rv | h 5 | 
S abe = brr Ar arr, it fol- 


114 | 
lows that crr — arr = brr + bac, whence' 6 = 
Ir X C(—a | rr x- 
————, or r: rrtac :: , or 5 
| 17-+Ac - rr ac | 
7 (—&, 


Scholium. 


85. In the firſt part of Dr. Smith's propoſition 
a difficulty may perhaps ariſe with reſpect to the 
fourth term in the proportion, to wit, the ſquare 
of the radius diminiſhed by the rectangle under 
the tangents; which, it may be thought, may 
ſometimes be a negative quantity, namely, when 
the ſquare of the radius is leſs than the rectangle 
under the tangents. In anſwer to this we muſt 
FL Gb obſerve 


— 


46, BLEMENTTS gf :* 
obſerve that this can never happen while the fun 
of the angles does not exceed a right angle. Fo 
if the two angles are together exactly equal to 4] 
right angle, the radius will be a mean propor- 
tional between their two tangents (by P. 2, Cory 
3.) and of conſequence the ſquare of the radius 
will be equal to the rectangle contained under 
them. In this caſe therefore the fourth termis o; 
and ſo it ought to be, becauſe the tangent of the 
ſum, which is the firſt term, is the tangent of x 
right angle, and therefore infinite, and conſe. 
quently bears an infinitely great ratio of majority 
to the ſum of the tangents; therefore that the 
ſquare of the radius may bear the ſame . propor- 
tion to the fourth term, that term muſt be no- 
thing. Now: let one of theſe angles, whoſe fum 
is equal to a right angle, be diminiſhed; it's tan- 
gent will be diminiſhed likewiſe. Conſequently 
the rectangle under the tangents will be leſs than 
the ſquare of the radius. 25 
But Dr. Smith's conſtruction is general, and 
will {erve for determining the tangents of the 
ſum and difference of any two angles, when 
that ſum or difference exceeds a right angle; 4 
we now proceed to ſhew diſtinctly in the follow- 
ing manner. Firſt, let the angle AOB (Fig. 40. 
be greater than a right angle; it's tangent wil 
be the ſame with that of it's ſupplement to two 
right angles. Make AB: AO:: AO: AC, and 
RC: RO :: RO: RD. And we ſhall hav 
ACO=AOB ; and ROD —- RCO, that is, to the 
ſupplement of ACO, or AO; to two rightang(s: 
Therefore RD is the tangent of the ſum. AOBd 
the angles ROA, ROB. But RD — = x 
10 
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ka—AD; 3 RA—AOg —- mu 1 


M YG IEEE 
Ri—ROg—RAg = RB xRA—ROg = 
RB+RA RB+RA _ 
ROgx RB+RA Whence RD: RBTHRA :; 
RB XxX RA—ROg _. . 
ROg : RB RA —RQg; or the tangent of the 
ſum is to the ſum of the tangents as the ſquare 
of the radius to the rectangle under the tangents 

diminiſhed by the ſquare of the radius. 
Secondly, Let the ſum of the angles ROA, ROB, 
or ROG, ROK. (Fig. 41.) be greater than a right 
angle, but their difference AOB les than a right 
angle; the conſtruction of the figure den the 
ſame as before, RD will be the tangent of the 
difference, and is found in exactly the ſame man- 
ner, and by the ſame proportion as When the 
ſum of the angles is leſs than a right angle, as 
in Part 2d. of the demonſtration, Fig. 33. i 
Thirdly, Let not only the ſum of the angles 
ROG, ROK, but likewiſe their difference BOK. 
(Fig. 42.) be greater than a right angle. RA 
is the tangent of ROK ; and the tangent of BOK 
is the ſame with that of AOB. The rectangle 
under RB, RA is leſs than the ſquare of the ra- 
dius, becauſe AOB is leſs than a right angle. This 
caſe therefore falls under Part 1, of the demon- 
ſtration, Fig. 32, and is determined by ſaying, 
a the ſquare of the radius diminiſhed by the 
rectangle under the tangents is to the ſquare of 
the radius, ſo is the ſum of the tangents to the 
langent of the ſum of the leſſer of the two an- 


les, and the ſupplement of the greater to two 
| „„ LT CTOES right 


7 


7 —— - , N a 
—— % 2 2 = 
wy - a — — ; — 
” — — ͤ ( ù—1—Ẽ — —— k æ0tnꝛ—5s—.b————5«ð«rßêñ̃ — —U——ͤ ——ö 0 
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right an gles; or to the tangent of the a | | 
of the angles. N = 

86. If any one is defirous of ſeeing theſe a 4 


in the laſt equation for Fig. 40. VIZ. R = 


ROę x X RB-+RA - c 
RB x RA—RO7 we muſt ſubſtitute —RDJ in. E 


ſtead of RD, becauſe the angle AOB is obrulil ; 
therefore the other ſide of the equation mu 
made negative, by changing the figns f 
members of- the denominator z Nen the ae reſulting : 
equation will be RD — 13 Og —RB R 
whence — RD : 'RB+RA :: ROq': RUA 
RB x RA, agreeably to the words of the py , 
poſition. 
In like manner, in Fig. 42, RA is negative 
conſequently the rectangle under RB, RA ne. 
gative; and the proportion for determining the 
tangent of AOB, to wit, ROg RB x RA 
ROg : : RB+RA : RD will be expreſſed i 


RO7+RB xRA : ROG. RB-RA RD. -| 


it 1s in the propoſition. - =_ 
See Saunderfor's Algebra, Art. 319.  * 


87. Having in the ſecond corollary to al bo E 1 


propoſition ſhewn how, when the tangent of a 2 
circular arch, and the radius of the circle; ann 
given, the tangent of any multiple of that anal 


may be thence computed, it will not be ami A N 


do the ſame thing for the ſines and chords of the 

multiples of a given arch, or angle; particulal 

as this may be ſo eaſily performed by the appli 

sation of a few of the Propoſitions that 1 wy am 
| alres J IS 


made to come under the very words of the pro- 
poſition, it may be done by conſidering the tag 
gent of an obtuſe angle as negative. For the 
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ready demonſtrated in the foregoing p — 
Wheſe Rene, to wit, the 4th, the 6th; and 
ee :oth propoſitions, from which the following 

W.cthods of finding the fines and chords of the 
oltiples of a given angle, at are in a manner only 
Y xollarres. 


PROP, #6. mul 


5 38. The radius of a circle, and the fine of any 
Jcch in it, being given, to find the fine of any 
Siven multiple of that arch. 

Let LO, LM, LB, &c. (Fig. 43.) be a ſeries 
f arches in arithmetical proportion, of w 

. e greateſt arch LX is not greater than a qua- 
rant. Draw the radii CO, CM. CB, Sc. and 
e. fines OD, MR, BA, G and, putting the 
adius CL — 7, the fine OD= s, 2 x ſucceſ- 
vely equal to BA, SP, GF, Q, &c, the fines 
the odd multiples of the arc LO, we may 
ompute thoſe fines as follows. 


n the firſt place we have by P. 4, 1 CD 
20D: MR, or : „rr — :: : MR. 


herefore MR — ho x vrr — $5, 1 


„*r and conſequently CR Na My 


—— 


Ty — 
MRg) = rr — 2 X 77 — =: 


9 
—4 45 
rr 
* — 2 3 2 
wit, — and . 
: 1 
ich is affirmative in the preſent caſe, becauſe 


the 


—, which has two ſquare roots, 


„the former of 


: * . — | 8 1 L ; 
* J — 8 9 * - 
* | f N * 4 £ 
* 9 
* 


a 
« L My in int wand J þ "5, — . — K — 1 
= E : p ? * a a rr of 
n 1 4 , Aber 1 * a wok + AS 8 N 
n — — wa C — - * „ — 4 1 
5 0 . -— =. 
-- + 
. b _ _ ——_— « l 


ad Lo ———— foe pore 4 A 

— LY , To bl Ws „ . SEE U 
* : 7 3 = | 
8 = \ R Bow 


1 
8 


/ 
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the triple arc LB being leſs than a quadrant, c. 
fingle arc LO will be leſs than 30%, and conk. 
quently 7 will be greater than 2s, and a fortin 

1 — 2? 


rr than 2566. Therefore CR is = —— Iu | 


by Prop. 6, we have CL: 2CR :: OD: N 


21 ne 457 
— OD, orr : | . oo 23 $3: «- z; there. 


r 


LET a zrra— 453 | 
fore x - is — 5 — and x, or BA th 
— 


N . 
fine of the triple arc LB, is . 


Secondly, Since the arcs LO, LB, LS are a 
arithmetical progreſſion whereof the comma 
difference is OB, or LM, it follows, by Prop. Di. 
that CL : 2CA :: MR: SP—OD. Buth-Mrithm 

F 
cauſe BA has been found to be = F< ul | 7 
| 77 at L. 


2 5 2 4 6 | 
BAg will be — ll =_ : = and con as bee 
quently CA ( — CBq — BAg) S rr 
 —gris*'p24r'5+— 10655 | - 
TE: - ye . Huintuf 
15 — gr*s* + 2414 — 1655 5 — 
. | 71 | apes — 5 
1 — 8725? + 165+ 
_— 


A to 


X rr. —, the affirma 


- * þ * 7 —45* — —᷑ꝓ—±ũ—2— — i 
root of which is — X SIT —, becawf 
7 . 


the arc LS being ſuppoſed to be leſs than a 9 
drant, it's fifth part LO muſt be much leſs tis 
305, and conſequently r muſt be greater than 

r'— 


and rr than 4ss. Therefore CA is = —f 
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= x 21 — 835 
ir -i. But MR was before found to be 
25 | * 27* —_85 
= : 7 —is. Therefore 7 5 — ©: —— * 
= | rr 
: „ ä 
r :: X 4/rr -: X— 53 conſe- 


8 471 5 — 1655 . 
ventiy æ — 4 15 = —, N = 


47 — 201 $3 ＋ 16s? 


- —, and x, or SP the fine of 


51. 207 53 ＋165 3 
> _ 
8 Thirdly, Since the arcs LB, LS, LG, are an 
ithmetical progreſſion whereof the common 
Wiftcrence is BS, or LM, it follows, by Prop. 6, 


Whe quintuple arc LS, is = 


hat LC: 2CP :: MR: GF — BA. But MR 
as been ſhewn to be — -— vrr , and 


3 
WA to be . and in the caſe of the 


quintuple arc we found PS to be — 
* — 207 55 + 1655 
1 
R520 + 5607*5*—b6407*5s* +2 565" *; 
| | 7 5 

onſequently CPq ( = CSq — S9?) — 

gr +200765*=560r*5s* +6407?5*-2 56578 


therefore PSg is = 


| 178 
"<a 


rr -, the affirmative ſquare root of which 
rt — 12r*$* + 165+ 


17 


— 


wy —  , - be 
M 2 thug 


= S G o 8 Fl = = - . 9 Th. TG Wi =_ == 
r ou oo et Oh 


N 9 3 n E n 
e 
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thus demonſtrated. This quantity, tis evident, 
will be an affirmative quantity if it can be ſhewn 
that #* — 1276 + 165% is an affirmative quan- 
tity, or that 127*s* is leſs than 7+ ＋ 16“, or 


mr” 
8 

4 . 
than G —— $4, Now if 


31, as would be the caſe if 3 were greater than 
gr v3 


that 


3 4 210 
is leſs than 852 — 3 or 2 


57222 | 
4. Were leſs than 


the fine of 60®, the quantity 3 ＋ would a for 


tiori be leſs than 5* + 16 But becauſe the 


greateſt magnitude of the arch LO, of which 5i 
the fine, is in the preſent caſe the ſeventh part 


O 4 
of the quadr ant, Or yo 5 Or about 13% 517 2 55 


2 2 


'tis evident that J 
4 


will be greater than «, 


is greater than * yet it is leſs in the preſent 
1 
caſe than 36 + 4, 


4 | 
. By El. 8. 5, it appears that the 


= a 3 5 
thing, that — 2 is in the preſent caſe lefs 


4 
than 4 


© 323 ; oh; ! Ts” 
quantity i —$5+* will encreaſe continually 


from 


17 and conſequently s than _ x r, or than 


or, which is the fame 


conſe 
309 


* 
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from 0 to 57 while SS increaſes from 0 to 


5, a and will decreaſe a again continually from 


9 to o while 33 ine faither from =7F 
4 | 


to , the other while ss 1s of an intermediate 


magnitude 8 37 and Bra be equal (to 


* 


8 


ſequently) to 52 Therefore while 38 is leſs 


than the leſſer of theſe two values (as alſo after- 
wards when it is greater than the greater of theſe 


grr 


magnitude) the quantity — —$+ will be leſs 
e —5* 1s | = 


than #—. Now when 

04 04 
= the leſſer value of 6s is .095492 X 77, and 
conſequently the leſſer value of s muſt be 
zog xr 8, 182: For, ſubtracting both ſides 


72 2 4 
of the equation 3 —$* = nth; from 


74 „ 2 
64 we have 67 wy 


gre 


to 3, and. conſequently will at two different d 


| inſtants of time, the one before 5s being equal 


any given quantity that is leſs than 85 and con- 


two values, but leſs than which isit's greateſt 


1 


rns 
n n 


* - 


16% E E ME NT Ss „* 


conſequently (the leſſer value of 5 being Ie 7 
than ©) . — 4 = v5 rr, and ;;_ MF xt! 
$—/ WE 2 * da 
1 1 ö diſcc 
* 5 X rr — = 
a 2 X 77 — . 95492 X 77, and s — = 
zog x8, 18*, oo”. But in the preſent cal I be 
the arch LO can never be greater than 129, 5, the 
25”, and conſequently the fine OD, or 5, muſt arith 
be leſs than the leſſer of the two values of s in ditte 
2 37” $5 47 | h who! 
the equation — 5 — =? and OD; WF odd 
or 55, than the leſſer of the two values of « ng 
in that equation ; therefore the quantity 255 ner 
that 
— is in the preſent caſe leſs than * ar ſtanc 
. | =—_ mine 
—, and r+ — 12r* 5* + 165“ is an affirmatire — 
7 
quantity. Therefore CP is — ing f 
1. — 127*5* + 1684“ — ; the c 
— OT and 7 labor 
211 — 24r*$* + 225+ 2 : 
—.— — X cu: — X BA is 
— Zr. 1 = 
rr — S: x S — 3 Whence x 37 
— $4.57 145 — 487253 ＋ 0as) —— r 
25 2 45" — 4 oy _ An 4 rr y? wi 
4r*s — g2r* $3 + 1127.55 — 0457 and TA, 

— 1 8 Y” 76 — — 
x, or 


conſequently x, or GF, the fine of the ſeptupk 
gr *s—56r+5) +I12r* 3—0 (2 
— | 


arch LG, is = © 


QEl. 
| Fourthlp 


Fourthly, Since the arcs LS, LG, LQ are an 
arithmetical progreſſion, whereof the common 
difference is SG, or LM, tis evident we might 
diſcover Q by this- proportion, LC : 2CF ; + 
MR: QZ — SP; and in the ſame manner may 
the fine of the 11th, 13th, 15th, :7th, 19th, 
and of every following odd multiple of LO, 
| be diſcovered, to wit, by conſidering it and 
the two preceding odd multiples of LO as an 
arithmetical progreſſion whereof the common 
difference is LM or 2LO. But where the are 
whoſe fine is to be found nn to be an 
odd multiple of ſome other of the precedin 
odd multiples of LO as well as of LO itſelf, 
it's fine may be determined in an eafier man- 
ner by means of the equation belonging to 
that preceding arc : thus, in the preſent in- 
| ſtance, LQ being triple of LB, we may deter- 
mine QZ by the help of the equation BA — 
qrrs — 453 

rr 
ing ſomewhat eaſter than the former, in which 
the computation of the value of CF is prett) 
laborious, we ſhall here make uſe of it. Since 


— $ . * : 
Min. „ it follows that, if we put 
rr 


} = BA, we ſhall have QZ, or x, = 
. But y being equal to K 


\ 
J 


; and this method of finding it be- 


| rr 3 
will be equal to 
| 27769 5 1087153 —— FFT — 6.45? 


76 


: therefore 


x, or QZ, the ſine of the noncuple arc LQ, is 
(S = = QITS — 128” | 
"Os ) — 


rr 
— ] O8s 
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rr 


Dor! 12063 + 4327*5) — $7067 *s? _ 2 «6g 


that is, either double, or quadruple, or octuple, 


——— = N A EF * oY N * 1 of oath - n ; 
J a ai my — 1 | \ : 3 N FR PROT l = 
— .... ⏑ w * 4 
— * 9 —— — —— > - — — OP * * Deen * 5 be - K — K * 
— 8 : — - — hn 2 eos wn net io ao maegryton etal, > . 
” . 
I - 
.-” 


of LB the triple arc, it follows, by Prop. 4, that 


— 


* 


78 5 : | 


QEL . | i . l 3 EN 

89. In this manner may the fines of all the 
odd multiples of the arc LO be found. As to 
the even multiples, they, tis evident, are all of 
them double, either of the odd multiples, or 
of inferior even multiples, which are them. 
ſelves either double, or double of the double, 
or double of the double of the double, G. 


Sc. of the odd multiples; and conſequently their 
fines may be found from thoſe of the odd mul. 
tiples by Prop. 4, in the manner following. 

In the firſt place, the ſine MR of the double 
arc LM has been already found to be = > 


7 


* rr. * 
Secondly, Since LK the quadruple arc is double 
of LM, it follows, by Prop. 4, that LC: CR: 


2MR :.KN, that is, is, : «omen fy HR; 


| off SE - 
X vr: «; whence x, or NR, the fine of 
1 | 
the quadruple arc LK, is = 475 5 UP X 
_ I 


- 


Thirdly, Since LT the ſextuple arc is double 


LC: CA:: 2 BA: TV, that is, (becauſe BA has been 
already found to be equal to 5 — and CA 


rr male 
Fr — 458 Co 1 
rr | 71 reaſe 
| Ty 


"Ty 
Di:: 5; whence. , or, TV, 
Fre rr 


the fine of the Saale arc "Toby. i . 
brts — 327” TL e 
Py 


Fourthly, Since LH the ee are is double 


:: KN: HI. But it was juſt now ſhewn that 


„ — 855 
RN = © —_— X rr. — 773 -therefors 


875 's — 168? 


2KN 1 
16rts* — 6 —— 6. 12 . — 
1676 — 807458 ＋ er ae — Pg 
HOON oa Es 

£8 - Cp — KNg) = 


— 1675 25 3 het gs +648 
76 3 | The 


p ag 1 ch 


+ 87 NO 


73 


, AS may be thas demonſtrated 7 


HO Ber? —.— 
5 


atiye quantity if 8725* is leſs than r. $5+, or 


FS. 
5752 — 860 than TT or ri —< 56: than 


8 
ow it appears by El. 2. 5, that the quantity q 


Tis evident © will be an affice 


— 5* will increaſe ONTO from: o to FA 
1 1 
chile 55 increaſes from o to Keen and will de- 
5 5 7 + 8 
aſe again continually from _ to 0 while 5s 
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* 


— — X bs rrp e 38 


of LK, it follows, by Prop. 4, that LC: CN 


5 * . n = 


affirmative ſquare root of his quantity is 


& 
rr Ä—ͤ— — —— — ———— - 


N increaſes 
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TO 
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— $a 
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4 I Oo Y 
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90 e e ee 


Us <P TL. 2 = 
k 3's _ » an Mak. 
IS 
— — — S nes ee I 


before gs becomes equal to ms and. the other 


rr 
— 


is leſs than 75 and conſequently) to AF. Ther- 


5 


increaſes further from — to Fr, and conſequen: 


ly will 'at two different inſtants of time, the ons 


while as. is of an intermediate magnitude between 


444 and rr, be equal (to any given quantity that 


fore while ss is leſs than the leſſer of theſe two 
values (as alſo afterwards when it is greater 


than the greater of theſe two values, but le lest 


than rr, which is it's greateſt magnitude) the 


x + mati. 
quantity 775* — 5+ will be leſs than - 8 New , 
when r*s* — 5+ is — 2 the leſſer value of 9 
_ — :146446, N. and conſequently the leſſer . 
* of 's is = 3826 xr — S, 229%, 30“; fo * 
ſubtracting both ſides of the equation r*s* arc L 
2 ＋ from 2 we ſhall have — — 2 2 
7 7. „ | + the fi 
= and conſequently (be- the ar 
1 * leſſer value of 5s is leſs than N 90. 
45 | 22. folloy 
Fa. rr | -» = ws: "$i Fir 
= FF == 78 and 1 = 78 - We 
| 0 | 
rr n xr = 2.828425—2 X . 
"GR 2/8 2 2.828427 all! 
828427 a ; 
Z x rr = «146446 K rr, and conſe 
=5.656854 © * 9 57 


quent) 


l 


5 


leſs than ＋ and 


zuently 3826 * =, 22%, 30. But in 
the preſent caſe the arch LO, whereof | is the 
fine, can never be greater than the cighth part 


0 


* ' 
of a quadrant, or -— or 11 1 53 conſe- 


uently the fine OD, or s, muſt be leſs than the, 


Mer o of thy. * values of in the equation 


le 
pigh 4. . and o/ or 36, than the lefler 


of the two values of 5 in that equation; there- 
fore the quantity 7 2 —5* is in the preſent caſe 
I =, is an affir- 
2 quantity. Therefore CN is 
— $7*5* + 88“ 85% 
73 Bo 
gr. += B58: 8 16 5 2 
＋ ö 93 l X IF —SS 
: x; whence x, or HI, the ſine of the octuple 
bc LH ow 877 — 807485 . 228. 
PT La : 
1 And in the ſame manner may 
the ſines of all the following even multiples of 
the arc LO be computed. EI. 


— , . conſequently "I: 


_ — 
»— — 


90. CoRoL, 1. Hence we may deduce the 
following concluſions, to wit. | 
Firſt, That, fince, when x repreſents the ſine 


25 
of the double arc, "XA. S518 = &, we 


ſhall in that caſe have — X rr 2 ä and 


Ur — 48 * — 


N 2 Secondly, 


. 
i 
7 N — 1. _ 
» rr 
* nn. 2 * 
2 Aa 
++ <a OY Ag Co ore wag Sc. " — 
— - 44%. wth 1 


STE AE, 
wy hank 1 PR 9 = 
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eren That, ſince, when & repreſen the Ser 
f-the triple are, . is ine 

ſine 0 the trip e atc, 22 8 „ , 
ſhall in that caſe have zr 4 = ix. 3 
T hirdly ly, 35 hat, ſince, when repreſents the e 1 
4 . 122 
ſine of the quadruple arc, OM” * Ven + 16334 
is — ** we ſhall in that 4 have 3 
8 + | bec36r 
10745" 8. 8 Ho © — 1 or 28 
| 10 6 
642 — 454 6 2 4h a3 ht ot 3 
167 $* 80 r 2 1287575 5 _— 2 24] b5 
| Ane 

1675 $f — Bors + 1287 gs — 645* Yu. Ine f. 
Fourthly, That, ſince, when * repreſents the - 
472 whe 3 5 

fine of the quintuple arc, — . — — Lok 8 
30 e ſhe 
is = &, we ſhall in that caſe have 37.8 — 201 „ 
* 122 = r. The 
Fifthly, That, ſince, hint * repreſents the ons © 
6 4 on 3 $ 
ſine of the ſextuple arc, nl nn 327 5 + 32 i, q 
PR) 778 oncuj 
+ WT 55 is — x, we ſhall in that caſe have , 11; 
36755 eee 8 2 For 
14 ” For 

XN 77 — 5s, or For 
y6- "2 — 4207*i+ 4-1792r%;0 — 2456r4;8 + 2. o — 1024 ; 28r 2 
yy 710 — For 
*, and 367 . — 42051 + 17927566 — 345, 10 
64 + 3072789 — 1024 . For 
9:xthly, That, ſince, when x repreſents the W792: * 
ſine. of the ſeptuple arch; * 
rs — 567 => 1127 8 4. is = x, ve by 
5 _ 

For 


ſhall in that caſe have _— 5 56755 + Tri 
— — 645” = ning er. 
Seventhh, 


fine of the octuple arch, it is equal to 


— IE . — X rr =, 


E 

we ſhall in that caſe 3 Coty hs 
12,2 — 12807 1 %$4 + 94727 *5 . eden 497 527235 

+ 1633467 + . be 40 1 4 0 


— 


* rr — , or 
2 432 — 13447 2 e 0,6 — —— 12784 o eig 4 
6563675 2—163843* 0 : | 714 


þ = ax, and. 647 47 —13447 . + 10752 


655367 —163845*5 16. 


Ihe fine of the noncuple arc, it is y 
pr's —1207 $3 + = 432755 50h" $7 + 2567 


5 — 57677 + 2565? _—— 


ions of the fines of the double, triple, quadru- 

le, quintuple, ſextuple, ſeptuple, octuple, and 

oncuple arcs, to che fine of the — arc, are 

s follows. | 

For the double arc, 47 ith 4. * 

For the triple arc, 3r*s —48* x. 

For the quadruple arc, 1675 — 807 + 

128796 — 648˙ — x5 # | 

For the quintuple arc, 57 4%— 201 61 * 165 

. | 

For the ſextuple arc; 36144 — 4207 9 ＋ 

79 5s —3 4567 + 307 278 — 10245 

ps ** 

ae ſeptuple are, Ae 567 +57 + 1127“ 

— 437 — Pee 76 x 

For the octuple arc, 6411 — 13447 54 
a 
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geventhly, That, ſince, when repreſents the 


— 2 
- YO» 3 
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> mmm 
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AT oo r ne accommmeceratatonants MA ay 
_ Jer x 0 a 9 
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OE LL aces i Re 
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_=_ nn " 
= N — „ 3 : \ 


1036 422407 *$* + 9011274 106496 * 
And Eigbtbly, That, fince, when . repreſents 

48 „ 3 
e ſhall in that caſe have 075 bo pF +432 | 


Therefore the equations expreſſing the rela- 
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* > rr — 


= , OI n os 
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| "04% © & IE 
Z — 74 
ij. £25"; SIN 
= 1 11 9 
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wh, 8 1 


N 
= 1 CE hd = 
= 94 OCT PSY 3 7; 4 
3 1 +, IS ' — i = + KY 
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＋ lor — 42240 + go 112755 
1064967 +655367*5**—163845*5, , 
And for the noncuple arc, gr*s — 120 
432rts* — 576“ + 25659 rx. vio 


91. CoRoL. 2. Hence tis evident if the ſine 
& of any circular arch that is not greater than a 
quadrant,” and the radius of the circle, be given, 
the ſine 5 of the half, third, fourth, fifth, or any 
other given part of that arch may be found by 
the reſolution of one of the foregoing equations, 
47 * — 45% , 27*5 455 A rs, Oc, 
obtained in the laſt corollary. But of theſe equs- 
tions, 'tis evident, thoſe that relate to the fines 
of the even multiples of the arch LO riſe to 
a higher number of dimenſions than thoſe that 
relate to the odd multiples of the ſame arch; 
the number of dimenſions to which the latter e- 
quations riſe being always equal to the number 
of parts into which the arc is to be'divided, 
whereas the number of dimenſions to which the 
former equations riſe is always double the num- 
ber of parts into which the arc is to be divided. 
And hence it is, as I imagine, that Sir Iſaac Neu- 
ton in the 29th problem of his Algebra choſe to 
determine the multiples and parts of a given an- 
gle, or circular arch, by their coſines and the 
chords of their complements, rather than by 
their fines and chords, becauſe (as ſhall preſenti 
be ſhewn) the number of dimenſions to which 
the equations that determine thoſe lines riſe, l 
never greater than, but always equal to, the 
number of parts into which the arc is to be d- 
vided. 


92. Cool. 


22 


ſor the ſake of W the conformity between 
theſe determinations of the ſines of multiple 
arcs and thoſe which may be obtained by means 
of an infinite ſeries hereafter to be delivered, to 
{t down the values of the fines of the even mul- 


rational quantity r — , in infinite ſerieſes of 
fimple terms, as follows. If we extract the 
ſquare root of rr. — g. in the manner deſcribed 
by Dr. Saunderſon in his Algebra, ore. 19, we 


call find it to 


87 7677 12877 
—75 


XS &c. ad — It follows therefore 


in the firſt place that the ſine of the double 


| 25 | 
arc (being =— * rr — $8) is = 28 
—55 —55 —57 — 55. — 75 


— 7+." Ja &c. ad inhinitum. 


— 053 


(being = 4— 77 X Vrr—s) is = 45 


103 25 KLE 1.189 1365 
. I ps 7 475 1 32 * 6470 
— 2 | 
Thirdly, That the fine of the ſextuple arc 


y A 
eee x. r= 
5 

1 = 18955 —9957 5 55 — 

14 15 47 * 6675 


— 1176 
1287. * Ge. 
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92. CoRoL. 3 - It will be worth aur be 


tiples which all of them involve in them the ir- 


Secondly, T hat the ſine of the quadruple are 


Fr SCI — Th 5 . 2 2 A 
Ie EL : 21 5 —— \ on \ - CSE = o 0 l = ; 
- 2 — 8 — = = 2 
: _ 5 A P 1 1 
1 1 3 "Is. 1 1 rt 1418 1 
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5 by 1 3 
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Z 
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And Fourthly, That the fine of the octuple ap 


= gr — 80 r + 192r*S5 — 128, 
(being F ; A ITY ET TY 2 EY 


* 


— . — 8453 +2318 | 

X rr —5S) is = 85 — . 41 8 Ho 
—42997 +715 +2210 ., * 
— ; ̃ j — 5 Go © le is 
27 8307 3% 24 RAS 0 
93. CoRor. 4. Hitherto we have ſuppoſed Me 4 
the greateſt, or multiple, arc not to exceed 1 tl 
quadrant : But before we quit this ſubject, it wil oline 
be proper to examine how far theſe equation 3 | 
are true, and what alterations they undergo, e > 
when the greateſt arc exceeds a quadrant," and is 90 
of any magnitude leſs than the whole circle, ere 
Theſe caſes we ſhall find are determined in the 3 
following manner: When the greater arc i; Te 
* greater than a quadrant, but leſs than a ſemi- * 
« circle, the value of is expreſtby the very fame Meme 
« equations as when it is Jeſs than a quadrant; f T 
« and when it is greater than a ſemicircle, but 7, 4 
« leſs than a whole circle, by the ſame equation Wi dich 
« with the figns of the terms on their left hand Wi... 
« ſidesevery where changed: Or, in other words Wen 2 
« the value of x is equal to the difference of the NOM. 
t ſame terms in both cafes; but thoſe terms CN 
c which in the former caſe were negative, ,0 *. 
« which were leſs than the others, and therefore angles 
ce ſubtracted from them, do in the latter caſè Wh M, : 
« become the greater, ſo that the others mull WW. ti 
e now be ſubtracted from them, and marked EL, v 
« with the negative ſign.” . iamet 
94. In order to prove this it will be neceſſary ic on 


to conſider farther the fourth and fixth propoſ- 


tions, which have hitherto been ſuppoſed 2 * 
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ate only to caſes wherein the greateſt arc does 
ot exceed a quadrant, and to inquire how far 
Whey are true when that reſtriction is taken away. 
95. The firſt of theſe propoſitions is true uni- 
rerſally, whatever be the magnitude of the 
Preateſt arc; to wit, that as the radius of a cir- | 
le is to the coſine of any arc, ſo is twice the 

e of that arc to the ſine of it's. double. 

This will appear by the inſpection of Fig. 25 p 
4, 45, 40; in all which BL is the ſingle arc, | ® 
| 


— — — on 

22 = — 4 * — —— £ 
— a"; ”* Wo ) * A — a _ T 4 4 e W > os 
CT TD 8 r the ot ES 


BD the double arc, BM and CM the fine and 
oſine of BL, and DE the fine of BD. For 
rom the ſimilarity of the triangles CBM, BDE, 
e have CB : CM :: DB 2BM: DE. 
96. The ſecond of theſe propoſitions is true 
whenever the three arcs in arithmetical proportion 
re either all leſs or all greater than a ſemicircle. 
But when the greateſt exceeds, and the leaſt arc 
falls ſhort of a ſemicircle, it diſcovers the ſum, 
nſtead of the difference, of the fines of the ex- 
eme arcs. 18 85 3 
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b This will appear by the inſpection of Fig. 4. 
. 48, 49, 50, 81, 52, 53, 54, 55 3 in all 
1 hich BE, BD, BF are the three arcs in arith- 

etical proportion; EL, DK, FI, their fines ; 
Nba radius biſecting the chord EF in O; and 
u. EG, lines drawn parallel to the diameter 
N, meeting FI (produced, if need be) in 
land G. For from the fimilarity of the tri- 
les CDK, FOM, we have CD : CK :: Fo: 
FM, and CD: 2CK :: FO: 2FM — FG; 
nd tis evident, FG is the difference of FI and 


EL, when F and E lie on the ſame fide of the 
meter BON, and their ſum, when F and E 
e on the different ſides of that diameter. 


9 97. By 


— 


98 26 E NT % 


97. By theſe propoſitions we will firſt tal 
ſtrate the affernicn 3 in Arr. 93, in the cafes of f 
triple, quintuple, and ſeptuple arcs, ſeparatch 
and afterwards endeavour to point out a' genen 
reaſon why it muſt be true in all other" eit 
whatſoever. 

98. Firſt then, J ſay, that if the triple Py! 
not greater than a ſemicircle, the relation betweali 
4 and 5 will be expreſt by this equation, x 


. or a = rrx; if it be great 
by this equation, x — 2 i hob 4 


= IITxX 

"The greateſt magnitude of the fimple arc, a 
that which it has when the triple are is equal) 
a whole circle, being 120% and conſequeal 
leſs than a ſemicircle, it follows by the laſt a 
cle that when the triple arc is greater than a f 
micircle, bur leſs than a whole circle, the pr 
portion of Prop.” 6; will diſeover the ſum, af 
not the difference, of the fines of the ſimple a Nl 
triple arcs. F urther, becauſe by Art. 19, H 


fine of the double utc i is always = = 7 


3 7“ 

and conſequently. 115 Kquare to 2 8 

it follows that the coſine of the double art is i 

ways equal to the tquare root of the quanti 
— — 1 + 4. 1 — > 25. , 

117 1 : But ——— is the qui 


root of this quantity as . as * is leſs than 
25 — 


or the ſimple arch 1 is leſs than 45”, ng 


7 


. 3 
= I __ 74 \ - » 
"4 


$it's {quare root when 25" is greater than or, -.» i 
greater than the fine of 45*, and therefore as 
ong a8 the ſimple: arc is of any magnitude leſs 
ian 135* 3 therefore when the ſimple arc is leſs. 
an 45*, of the triple are than 135, the coſine 


: a * . 24 2 ö by Ree” 
f the double arc is = yy and when the 


Wimple arc is greater than 45e but leſs than 12005 
r the triple arc is greater than 1355, but leſs | 
han the whole circle, the coſine of the double i 


g 234 * — ** ji n : 
rc is = But at the inſtant 257 be- 
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2 . 
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zins to be greater than 7*, or the coſine. of the 
| 3 e 
ouble arc begins to be — ————, the ſine x 


f the triple arc begins to be leſs than s the fine 0 == 
f the ſimple are; becauſe at that inſtant -the | 11 
riple arc, being equal to 1355, exceeds a qua- = 
Wrant by exactly the ſame quantity as the ſimple =_ 
rc, which is 4.5%, falls ſhort of it, and conſequent- = 
che fines of the triple and imple arc are equal; 1 
Wicrefore when the triple arc is of any magnitude 1 
teater than 13 5, but leſs than a ſemircle, (and 9 
onſequently it's fine is leſs than the fine of 13 5% = 
nd the fine of the fimple arc, which will now 
e nearer to a quadrant than before, is greater 
an the fine of 45) the fine of the e arc 
ill be leſs than the ſine of the ſimple arc, 
x will be leſs than s. The proceſſes there- 
dre are as follows. TI | 
When the triple are is leſs than 1355, we 
we 1: OT, 
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When the triple arc is between 13 5 and 180 


46 — 21 | 1 5 
we have r: ———— :: 5: 5 —# therefor 
05 = WT. 315 =4p 
is = ==>, and = £——£ 


rr 17 
as before. | > (5612513; 2817: 16 
_ Laſtly, when the triple are is greater than 
ſemicircle, but leſs than a whole circle; we hay 


2 2 ; "© 
— 27 gen | 
Tet 42 3 s + x; therefore 14. 
$89 — 27 487%. —2r's > 
rr Hf 


99. Secondly, If the quintuple arc be nj 


eater than a ſemicircle, the relation of * and 
will be expreſt by this equation, x = 
57 — 20 © $3 + TOs 5 % a 
8 — „ or 55 — 207 $3.+101 
— 7x; and if the quintuple arc is greater tha 
a ſemicircle, but leſs than a whole circle, by thi 
20 8 — gr*s — 1055 = 
equation, x ==" — 2 —, or 20 
1 31 — 575 — 1655 2 14x. K | 
For the ſingle, triple, and quintuple arcs att 
an arithmetical progreſſion, of which the com. 


mon difference is the double arc, whoſe ſine ul 


25 
7 
the ſimple arc, or that which it has when the 
quintuple arc is equal to a whole circle, beim 
only the fifth part of the circle, is much les 
than a ſemicircle : Conſequently by Art. 9b, when 
the quintuple arc is greater than a ſemicircle, bil 
leſs than a whole circle, the proportion of Fri} 
6, will diſcover the ſum, and not the differences 


of the ines of the ſimple and quintuple arcs 
| Furthe, 


"I Sf rr 6. And the greateſt magnitude 


when 
oreate 


or the 
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Further, the ſine of the mean, or triple, are 
bas been ſhewn to be either ACS e or 


4 : 4 — & 7 


4 = 5 37 74 
= 
greater than a ſemicircle; therefore in either 
caſe the ſquare of the ſine of the mean arc is —: 
9. — 247 *5* + 1655 
+ 
ſquare of the coline of the mean are (being 
[equal to the exceſs of rr, or the ſquare of the 
radius, above the ſquare of the line) is — 


„and conſequently the 
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«tf 


74 | ee 
— 875 165+ g A — — 
— — 9 of which 


p+ 


7 
when the ſin gle arc does not 3 300 and 


2 2 


Coy rr = us when the ſingle arc is of 
r 

any magnitude between zo, and 150; there 

fore when the quintuple arc is leſs than 150% or 


the ſimple arc than 39's the coſine of the triple, 


cr mean, arc 10 — 2 X Vt n, and 
when the N arc is of any magnitude 
greater than 1 50e, but leſs than the whole circle, 


60 
than 300, but leſs than 2 or 72, the coſine 
2 A 5 4. = f 
of the mean, or triple, arc = ——— 
r 


Vr. Moreover, when the quintuple arc 
ls 


2 


n accordin g as the triple arc is leſs or 


15 — gr +s" + 247 $3. nin 165% . i 5 


wud 


oe Sans ' 
ap, -i * Tre =55 is the affirmative root 
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5s def thin 1 59*, or the ſingle arc thats 300 dhe 
. fine x is greater than £; but afterwards a 


OT ws 


X Fr. = 


fore x + is = "hs — 


an 


the quintuple arc is between 1 80 and 1 9% 0 a 
fine x is leſs than . 
'"The ptoceſſes therefore ate as follows. 


When the quintuple are is under 180 me 
en: EE X vi = M51 * 


— 4— 16 1 
* ri: u; therefore *—1 is ; 


geren. 1655 2143 
a . 32 ee 15 
— 45 PP: 1645 


— — — e 
17 * 


When the quintuple arc lies between I 150 


853 — 27 
and 1809, we have : 3 5 90 V N 


X* Seu x; dee — 5 


pn We 5s  ——_— 7 


. „ 
gr*s — 20 + - 169, 3 


— J___ 


a 
| Laſtly, When the quintuple arc is of any mi 
nitude greater than a ſemicircle, but leſs than 
Mow — 2r* 


whole circle, we have 7 pK 


Lndea-sd: 26:0 ;  Emanaplenets! co Ho 
„ X rr —Ss : x + 5; there 


1 3 
20 3 — 47 — 105 and? 


20 r 31 — gr *s — 16 ĩ?7b 00 


+ * 
£44 a wn 1 . | 0 ; 


— — 8 * ; & 2 
* 7 Pork | 3 
100. g, If the ſeptuple are be leſs chan 

a ſemicircle, | | 2 

preſt by this equation, a = +. 
| 4 | at i} „ 

_—_ — 3 5 


561 ＋ 12h $5. — 64 = rf e tho 
ſeptuple arc is greater than a ſemicircle, but leſs 
than a whole circle, by this equation, z = 


6457 — 1127 *55 E 507333 wn 1 ,“ „ 
645 — 2 .- WE 6457 | 


- 


1 3 Ss 


SE” a ; 


u2r%s* + Seri Ire = 

For the triple, quintuple, and ſeptuple ares 
are an arithmetical progreſſion, of which the 
common difference is the double arc, whoſe fine 


0 $ r Mkt. 24 2 2 . 7 
is — * y/rr—s. And the triple arc muſt 


in this caſe be neceſlarily leſs than a. ſemicircle, 
becauſe it's greateſt magnitude, or that which it 
has when the ſeptuple arc is equal to a whole cir- 
cle, is only three ſevenths of the whole cirele. 
Therefore, when the ſeptuple arc is greater than 
a ſemicircle, but leſs than a whole circle, it fol- 
bs by Art. 96, that the proportion of Prop. 6, 

will diſcover the ſum, ind not the difference, of 
the fines of the triple and ſeptuple arcs: Alio 


2 


the triple arc) the fine of the triple arc will be = 

— Ty 

rp | Mes 

of the quintuple, or mean, arc, being equal to 
the (quare of the radius diminiſhed by the 

quare of it's ſine, will be = rr — the 29285 
| 0 


1 
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(by what has been already ſhewn in the caſe. of 


Further, the ſquare of the cofine. 
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* 714 — 20 * F 
of * a + or of | 0 12 


| . ba OE 
20P*53 — pr *5 — 165 „ „„ os 36 
—— — , (for both thoſe. quant, Mf 


ties have the ſame ſquare), that is, to 


be e | 
r**-25r*5*4+2007*%s*-560r*55* + 640r*5*-25611 3 
n n 8 E x Ns A 2 CN I. 
86 8 | | ES Ire to 
no 24705 +1767+5+ — 38475*-4-2 illb 
23 „ ö he 


XN TIF — J, of which — 3 


© 1 


oo — s is the affirmative root as long as the 


Angle arc (as may eafily be deduced from te. 2 
fame article) is leſs than 185, (as was ſhewn un 7 
55 58505 I2f*5* — 7 — 16 

Art. 7.) and afterwards —— 5 
Jrr—5, when the ſingle arc is between 18" a1 
54% Therefore as long as the ſimple arc is les 

than 182, or the ſeptuple arc than 126, the c 
fine of the quintuple, or mean, arc is = 
1 — 127*s* + 16s* „„ 2 —_ 
a pt — ct and-when the i 
ſimple arc is greater than 18*, but leſs than 55 Wh 

25', 42”, or the ſeptuple arc is greater than 120% Nut le 
but leſs than a whole circle, the coſine of te- 


2.2 4 
mean arc is —.— _ * * Vun, bi 
Moreover, when the ſeptuple arc is leſs that 
126*, or the ſimple arc than 18*, the fine x of 
the ſeptuple arc will be greater than the ſine of 
the triple arc, and when the ſeptuple arc 1s greats 
than 126*, but leſs than a ſemicircle, the ii 


x of the ſeptuple arc will be leſs than the fine dl 


the triple arc; for at the inſtant the ſeptuple p ence 


/ 


i equal to 126*, the quintuple arc is. equal; to 
*, or a quadrant, and therefore the triple and 
ſeptuple arcs differ equally from a quadrant, 
whence tis evident their ſines will at that time 
be equal, and conſequently, as the ſeptuple arc 


c to a quadrant, the fine of the ſeptuple arc 
ill become leſs than the fine of the triple arc. 
he proceſſes therefore are as follows. 2 


When the ſeptuple arc is leſs chan 126, we 
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When the ſeptuple arc is greater than 126“ 

ut leſs than a ſemicircle, we have 1 + 
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as before. „„ 1+ 0 
Lafily, When the ſeptuple arc is greater thy 
a ſemicircle, but leſs x a whole 'citcle, will 
| 247 $5" — 27+ — 325+ Bs x 19% . 
e — X irn 
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rr — SS —= 
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6457 —1127*58 +3 ale 
whence x is = 22 ris? + gOrts? re 
berg | Fs ower 
101. After an attentive conſideration of Heath 
three preceding caſes, it will, I imagine, be fa = 
ow 


ficiently evident to every one, that the reaſon d 
this regular change in. the value of x depend 
upon this obſervation ; “ that at the very ſan 
« inſtant of time that the coſine of the mean a 
© changes, the fine of the greater extreme ht 


Vhen 
om tl 
re ſh: 


vrolla! 


« comes leſs than the fine of the leſſer extrem me 
« and that, in all the foregoing inſtances, wit il far 
* once the coſine of the mean arc is change Ste 
« it continues ſo ever after, ſo long as the al" t 
« treme are is of any magnitude leſs than ! du 
«© whole circle.“ This has been already prov deco 
concerning each of the foregoing equations f ere 
parately: We will therefore now endeayour ns 
give a general reaſon why this muſt be nal © 
in all of them, and afterwards, ſhew that a ER 
milar reaſon will produce the ſame change 5 0 
the ſigns of the terms in all other caſes waffe 
ſoever. | | 7 Secom 
102. And firſt; the fine of the greater E is ck 
treme begins to be leſs than the ene of ego 


1c 


gat that inſtant equally from a quadrant, their 


e mean arc is greater than a- quadrant, and 
he greater extreme, though ſtill leſs than a ſemi- 
cle, approaches nearer to it than it did before, 


owers and multiples of r and s) which were 


thers, and therefore ſubtracted from them, are 
ow by the increaſe of s made to equal them : 
hence it follows (as might be demonſtrated 


e ſhall ſhew in a ſimilar inſtance in the gth 
prollary of this propoſition, Art. 133.) that if 


e greater, and the others muſt be ſubtracted 
om them. This is ſometimes expreſt thus; 
a quantity that continually decreaſes till it 
becomes equal to nothing, and afterwards 


a negative quantity, or will have paſt from 
afirmation through nothing into negation.” 
but as expreſſions of this kind have ſomewhat 
f an obſcure myſterious air in them, we have 


Secondly, When once the coſine of the mean 
fe is changed, it remains ſo ever after in all the 
regoing inſtances, as long as the greater ex- 

F 23 ons 
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er extreme at the inſtant the mean arc is equal 
2 quadrant; becauſe, the extreme ares differ- 


nes will be exactly equal. Afterwards, wien 


z fine will be leſs than the ſine of the leſſer 
xtreme. And the coſine of the mean are 
hanges likewiſe at the inſtant the mean arc. is 
qual to a quadrant; becauſe at that time it is 
reciſely equal to nothing, or thoſe parts of it's 
aue (which, tis evident is aiways expreſt.,un. 


egative, or which before were leſs than the 


om the nature of the increaſe of the terms, as 


e mean arc be greater than a quadrant, or s be - 
ll farther increaſed, thoſe parts will become 


increaſes again, becomes after ſuch increaſe - 


ndeavoured as much as poſſible to avoid them. 
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or 3. or 2 of the whole circumference. 


8 


treme arc is of any magnitude leſs than the wd 


8 1 
circle, For as 3 increaſes or decr eaſes continu; ſept 
ally, or by infinitely ſmall degrees, ſo as ne thre 
to paſs from one degree of magnitude to ano of 
without paſſing through all the intermediate 4.8 diff 
grees of magnitude thy lie between them, u non 
evident that the terms of which the value tud 
the coſine of the mean arc conſiſts, and wii wh 

involve the fine s in them, muſt vary alſo by in | 
finitely ſmall degrees: Conſequently when H * * 
negative terms, or thoſe which were at firſt H 
leſſer, become firſt equal to, and afterwayil cun 
greater than, the affirmative terms, they em the 
not again become leſs than the affirmative term and 
without firſt becoming a ſecond. time equal wiſh low 
them; that is, the negative terms cannot becom mil 
a ſecond time leſs than the affirmative terms be «..; 
fore the coſine of the mean arc vaniſhes, or def that 
comes equal to o, a ſecond time, and thereſoſ be 
not in any of the caſes that have hitherto ben 1, 
explained; for the coſine of an arc does not, a 4 
is evident, vaniſh a ſecond time till the are he of 
comes equal to three quadrants, and in the foi ext 
going inſtances. the mean arc can never be I Sh 
great as three quadrants, becauſe even in ti z; 
caſe of the ſeptuple arc (in which the mean at 14 
is greater than in any of the inferiour caſes) UM that 
greateſt magnitude of the mean arc, or tial mes 
which it has when the ſeptuple arc is equal . be! 
the whole circle, is T or 28. of the who bell 

r 28 is. circ] 
circumference, which is leſs than three quadrant 
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103. 
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ſeptuple arc, the mean are may be greater thai 


IE 


of the noncuple are; in which. the three, equi 
different ares are the - quintuple, ſeptuple, ; 
noncuple ares, tis evident the eateſt magni⸗ 


tude of the 16 ple; or mean, arc; or that 
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2 


| „ Step eee 
2 whole circle, is 55 or 36* of the whole cir- 
J. J 55 . S226. 02 Þ Bs. 


the whole circumference, or three quadrants; 
and ſince this is true in the noncuple arc, it fol- 


= S a & 
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multiples. But in all thefe caſes it muſt be ob- 
ſerved firſt, that hen the mean arc is greater 


= => 8X 


SW — 
= * 


be greater than a ſemicircle, and conſequently 
by Art. 96, the proportion of Prop. 6, will dif 
cover the difference, and not any more the ſum 


extreme arc being ſuppoſed” never to exceed a 
whole circle, it follows that when the mean arc 
is greater than three quadrants, the exceſs” of. 
the greater extreme arc above it muſt be leſs 
than a quadrant; therefore the exceſs of the 
mean arc above the leſſer extreme arc muſt alſo 
be leſs than a quadrant, and conſequently the 
lefſer extreme arc muſt be greater than a ſemi» 
circle, and by Art. 96, the proportion of Prop. 
6, will diſcover the difference, and not the ſum, 
of the ſines of the extreme arcs, '' Secondly, we 
muſt obſerve that at the inſtant the'mean arc be- 
comes equal to three quadrants, the fines of the 


| 103. In the following add mulgples aboye he 


tree quadrants: Thus, for inſtance, in be caſe 


which it has w « the noncuple arc is equal to 5 
r ore. oomefot moto | 

cumterence, Which is greater man — OL —=.. QT 
mference, which is greater than 36 5 4 1 


lows a fortiori that it will be true in all higher 


than three quadrants, the leſſer extreme arc muſt 


of the fines of the extreme arcs: For the greater 
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two: xtreme arcs will become equal to each c. 
ther, (becauſe at that inſtant the two. extreme 
arcs will differ equally from three , quadrants) 
and therefore, when the mean arc is greater 
than thr Se quadr ants, the ſine of 5 the gr eater ex. 

treme arc will be leſs than the ſine of the. leſſer 
extreme arc; but when the mean arc is leſs than 
three quadrants, and the leſſer extreme arc. is 
greater than a ſemicircle, the fine of the greater 
extreme arc will be greater than the fine of the 
lefler extreme arc. Therdly, it muſt be obſeryed 
that the ſigns of the terms of the value of the 
fine of the quintuple arc, to wit, the quantity 

5 L — 85 „are contrary, when the 
quintuple arc is greater than a ſemicircle, but 
leſs than a whole circle, to'what they were when 
the quintuple arc was leſs. than a ſemicircle, as 
was demonſtrated in the caſe of the quintuple 
arc; that is, in the caſe of the noncuple arc, 
the ſigns of the terms that compoſe the value of 
the ſine of the leſſer extreme of the three equi 
different arcs (which are in this caſe the. quin- 
tuple, the ſeptuple, and the noncuple arcs), to 
wit, the quintuple arc become contrary, when 
the leſſer extreme, or quintuple arc is greater 
than a ſemicircle, to what they were when the 
lefler extreme, or quintuple arc was leſs than 
ſemicircle. Therefore in the caſe of the noncu- 
ple arc, the terms of the value of the fine of the 
lefler extreme arc change their ſigns at the ſame 
time that the fourth term of the proportion af 
Prop. 6, from being equal to the ſum of tie 
fines of the extreme arcs, becomes equal to. the 

_ exceſs of the fine of the greater extreme arc 
above the fine of the lefler extreme * the 
* - 
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three other terms of that proportion continuing 
the fame as before; and theſe two changes com- = 
penſate each other, and make the ſigns of the 1 
terms of the value of the ſine of the greater ex- =. 
treme, or noncuple are, the ſame as where the = 
leſſer extreme arc was leſs than a ſemicircle ; —_ 
And when the mean arc becomes greater than —_ 
three quadrants, - and the terms of it's coſine 1 
change their ſines, and conſequently the terms 
of the ſecond quantity of the proportion of Prop. 
6, (which is double of the coſine: of the mean = 
arc) change their ſines, the fourth term of that | "Wi 
proportion changes it's fines likewiſe, and from | {| 
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being equal to the, exceſs of the ſine of the 
greater extreme arc above the ſine of the leſſer 
extreme arc, becomes equal to the exceſs of the | 
fine of the leſſer extreme arc above the ſine Fl 
of the greater extreme arc, the firſt and third 
terms of that proportion continuing ſtill the 
fame as before; and theſe two changes com- 
penſate each other, and make the ſines of the 
terms of the ſine of the greater extreme 
ac the ſame as in the former caſe. There- 
fore when the noncuple arc is of any magni- 
tude between a ſemicircle: and a whole circle, 1 
the ſines of the terms of the value of it's ſine 
are contrary to what they are when that arc is 
leſs than a ſemicircle. And from the reaſon- 
ing contained in this proof tis evident that if 
the ſines of the terms that compoſe the value 
of the fines of multiple arcs change in the 
manner here deſcribed in one inſtance, they 
wil likewiſe change in the ſame manner in all 
higher inſtances: Conſequently ſince it has been 
ſewn that the ſigns of the terms that compoſe the 
"ave of the fine of the noncuple arc do change 
mn. 
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in ds manner, it follows that the * ok. 0 
terms that compoſe the values of the ſines df 
All higher er ares d _ (change in kr 
fame manner. * of 4. 7 59-13. 
104. The ,w aforin 
upon theſe changes of 4 the K 0 
bf expreſſed in Algebraic ws x Bos in the fal. 
towing manner. Put x for the ſine of the mul. 
tiple, or greater extreme” r tg ds. + 
the leſſer extreme arc, -» for the radius of the 
circle, s for the ſine of the ſimple arc, and a- 
for the cofine of ep Ge ee in power 


of r and 5; and let Z >: * Hen be put = 


Then will be 1 in the firſt place, tha 
when the greater extreme arc is leſs than a'ſeni- 
- Circle, and the mean arc is les than a quadrant 
* will be greater than y, and 'x—y Will be the 
fourth term in the proportion of Prop. 6; ali 
the coline of the mean arc, not having Ja 
changed it's ſigns, will be a—65. Therefore in 
this cafe che proportion of Prop. 6, will ben 


. 5 : 2 X Gb: 22 2 * . whente - 
is == Xa, af * = 


. When the greater thts arc is leß 
than a ſemicircle, and the mean arc is great 
than a quadrant, y will be 8 than *, - 
the fourth term in the proportion of Prop. b 
will be y—x; and in 3 5 e the cofine 0 
mean arc, having changed it's ſigns, l K be 

b—a. Therefore in this caſe we have 7: 2 


: J==s, whe 1 23 


3 


* ty x 


gd = = * ＋ . i 1 2 1 — 


Pe 


Thirdly, When the greater FR rar arc” is 
reater than a ſemicircle; but the leſler extreme 
rc is leſs than a ſemicircle. the fourth term in 
he proportion of Prop. 6, will ber +, 5270 
herefore we ſhall have : 2 8 r 


+): 3 is == * =. 4 


Farthh, When both the arkdier and th leer 
xtreme arcs are greater than a ſemicircle, but 
he mean arc is leſs than three quadrants, » will 
e greater than y, and the fourth term in the 
proportion of Prop. 6, will be x ; therefore 


this caſe we ſhall have 7 2 b — @cce: 


7. whence x — y is = = == X 5 —4. and 


== XJ 


rec quadrants, it's coſine will be changed a ſe- 
nd time, and will therefore-be a — 6 as at firſt, 
nd y will be greater than x, and conſequently 
e fourth term of the proportion of Prop. 6, 
l be y — x. Therefore 1 : 2 K 4 —6 ;: e 


* 


Now if a bh Fes to repreſent the 
due of y when expreſt in powers and multiples 
rand s, c being equal to the ſum of all the 
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Fi h, 5 the mean arc is greater than 


ae 
Ms whence * = Xx @ — IF 
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affirmative terms of that yalue when the le Tr 
extreme arc is * than a 158 El. af 
_ the ſum of all, ae terns, Lk 
and it be ſhewn. in 18 E 
arc (as it a 1 th 
| triple, and quintupl El 
extreme, arc is greater t due eMigarc $ the fem 
of the terms tat. compo 12 1 s fine are contrary 
to what they are when that, afc is leſa chan a ſe 
micircle, tis evident that, when that arc is Sreate 
than a ſemicircle, 4 will be greatgr than e, an 
y will be = d c. Therefore in the three fu 
of the foregoing caſes: y will! be = c Au 
in the two laſt to 4 Co 7 Suhſtitute thereſut | 
c— d inſtead of y in the three. firſt values af 
and 4 — c inſtead:of y in the ROD * hs. o 
x, and we ſhall have 2 


In the Ti plage, x = _ * pgs 45 


2 2 
„ T4 VE 


* a= 5 cd. . . 


20 * 
Secondly, * =, — * a=} + +3, = = x 
pt ard ** —4. 81 


a + meat; K * 
. Thirdy, *. ＋ N e FE - 


Fa — ed. D e i. 
Hurti, * = x, b=a +3 = 


15 Tore 75 — 0 


3— 4 — C . d. And. 1 
8 1 That! is. in "the two 1 957 
in which the greater extreme, or mu tiple, 1 


2 


Py rens IT. 115 
b iels than A warden RY fine & win be equal! 


e guad ty =: x 21 4 725 =o, and m 
che three ute des in which the greater ex- 


treme, or multiple arc 18 greater than a ſemi- „ 


dle, but 18% an 4 whole arcle, its fine x 


\ 0974 % 9439100-.00 VE 


al equal to he quantity, x * 3 4 — | 
£4, WHICH con 2 PER ile” fermis | as the 1 


1 ed. 
1 100 Th 22 0 T0 i ae * 1 Mak likes 
Mis: latest to even 0 zulti ples of- a ivr. arc as 
wal as to odd. © Ones, nher their fines may be 
found by Prop. 8, well 1 the es of the 6dd 
mottiples; ; to Mit, by makibg. the two 1 
eyen 3 les A e. mple arc the fir and ſe- 
nd terns of 3 rf aciehrne metical 1 prog greffion, of 
which the tuiſtip 118 arc whoſe fine is to be inveſ- 
ligated is the hf fer term, and the double arc the 
common. difference. 18 

106. If any one is 1 of ſeeing the two 
determinations of the value of «x E 93. re: f 


Den 
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— For . wy 4 2 0 111 
n the equation Exhibiting the ſecond value of x, 2 
and changing the figus of the terms of that va- _— 
ur to make it negative; it will be converted into wo 
the ame quantity 45 the former value: Thus, 1111 


BE 
*% 3.5 — walked ri = 1 2 
f i in the equation * = 2 — 9 — which de- 111 


Tr ; | 
termines the value of * when the triple are is 1 
fate than a "Trigcircle, we ſubſtitute —x in- = 1 
ad of x, and make the- other fide of the equa- | _- 
tion =} NRﬀR 


1 
— 
33 
15 A 
e 
on f | 
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tion, negative by changing the fines of 5 tema 
we ſhall have, ou Eng 2 Lewe . 
tity. ag When the nn are was leſs than .a. fem; A 
„ 2 
. will got act * . bei ** 
put an end to this corollary, to obſerve in 1 
three inſtances taken from the equation for the 
triple arc, how perfectly the values of s dal 
| mined by it coincide , with thoſe before found f 
in the fame caſes in Part firſt. 1 
When the ſimple arc is half a quadrat mn 
fine is equal to the ſine of the triple arc, and 
equation 3775 -% = rs becomes 3ers = 
i, or arr. — 4 — 0; whence ral 
as: It ought to be by e becauſe ab thai 
time the ſuie and cofine are equal, | 3 
When the limple arc is 60*, the triple arc b 
ſeinieit cle, and «0. Therefore the equalial 3 
beg COMES in this caſe zrrs —4 = ©: "ll TI 
Tr; 4 Ag 4 6 3 2 1 : 3 20 * : 


A. 1 8 ; 8 » als 0 | ' i 
as in in Prop. ** un een 


"Abe the fmpla arc is; e _ 
become each of them equal to the radius; ul 
the equation 46 — 3778. = 71s. becomes 4 
wa 72, which proves itſelf. -. |. - -/-, 1 

When the ſimple arc is 120% the 5nd 
is equal to the Whole cirele, and it's) ſine 
Therefore the on, 45" — rs = rr bel 
comes In Jorg cafe "45? — SPS == =O hen 
2 5 : * Far ought 10 be, )ecau 
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equal, to the fins of 60* v x 5 1 £88) 2 0 1 
4 | 5 108. Cond : 
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105. Corot. z. The-colines ef the ule les 


=. given Arc, or their relations to the 4 of 
ee given arc itſelf, may be determmed by the 
J lp of Corll. 4» and their values, 0 the 


15 than three quadrants, will be expreſt by the. 


rant, or greater than three quadrants; only the 
1 Of Ae muſt eve ery where be changed. 
For let x be the cofine 

of the multiple. arc.” * will 3x = 2 
d 2 

And | for the Able arc we ſhall 3 72 = 
249 * 1 — —.— 2XX  _ . 2xx — ri as 


oy: as the + doabls A* is leſs am a as 
Ind alſo when it is 3 than three que 


* ts. A — — — + "yy 


25S ———F f — 


"when the double arc. is greater Fe 


— 
7 
Ec - but leſs than three quadrants. 


ant, or greater than three quadrants, we heve 


| "FE. — 4s” "Ty Ng FP — arr + 4 xx 
2 Fr * 2 — — — 
3 * th rr 


E, 5 


* 


adrant, bat tis than three quadrants, = = 


— r 


r — n 


rr s rr 
For the quadruple. arc; 9 is equal to the 
ure root of the difference of rr and the ſquare 


e arc is greater than one quadra nt, but 


e quantities as when it is leſs than one qua- 


the fimple arc, and 


For the triple arc, when either leſs than one qua- 


3 "when: greater than one 


= Wa mb FE OO 


of 
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' | For the quintople arc 
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Fabre is eiter leb thin one quia, be) 12 


185 'S 
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:; WRT it l; eier Md 
than one quadrant, or greater, than three. qu 


A en 12 * een . — 
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TD . rhe 1 i 1ud 3 ah 


ws * on 1 


2 
2 + 167 — 322 —— 


bend 1555 1112 HA 1 22212 5 Auel 


2232 = I 
tut 


x = £8 20 — 162. 


e X35 


than os een 1 leſs than Rm quac Irants 
280 3.6 Fart EH e 7 " _ _— - 
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The ſame, tis evident, muſt be true in all 


my N e ra two changes th 
en the are 
"i - aut, and th eee en the are becomes 
i fot e.quad ra 
aloe. * . ea 
a0 . the, thr ne 

epreſt in powers and! mu uljiples of 4; nt 
he ſubſtitution-of. an 


mange 2. 


1 the ſenſe above ex plained- in Art. 102, do 


Pote to what, they were; before, or paſb aver to 
luc oppolite ſides gern diameęters to Reha 


3, 44, 45, 40x: the lines f all arches: beginning 


that when thoſe arches become greater than the 
ſemicircle BHN they, walk ie; an; the other fide 


luppoſed. to bs drawn, perpendicular: ta; the/dia- 
neter HCK, tis evident when the arches exceed 


mat diamete. | | 


Afterwards, when hacks become! greater 
han three quadrants, the cofines paſs over again 


ndergo a ſecgnd change; and become the ſame 
they Were when the axehes were leſs than a 


110 anmalen. fs 


* 


whatſoever : becguſe b 4. 
equal to ene „ 
ene 58 ie ank e 
beg, ac th OO $f 
— other latter rim the room = 
1 eee in dhe ge) TE this 
— 


109. It may here be jut eva that fines 
ad coſines at the: inſtant; they became negative. 


likewiſe change; their Fe” ae become op- 
re drawn perpendicular. For inſtance in, Hig. ; Wa 
it B, ack as BD, being ſuppoſed to be — ö : 
perpendicular to the diameter BN. tis evident 


if the diameter BCN. And the cgſines being 


Lquadrant, they mill be 2 ON te appobiie: ſaga. of 


bo. the. ficſt ſide; of; the.diameter; HE; and at 
te fame. times the, Algebraic;exprefliong for them 


Nuadrant, or P86 ee uind nothing | 
wy — 


„„ — — 


Ga one N or greater "in the "qu | 
drants, theſe that follow, to Wit. 
- For the double arc, 20 , 49 
Por the triple arc, 4 — 37 rrq,\; 
For the quadruple ne, 8 — 87 * 22 | | 
77 | {; "2 OE 3G -_— 
And for the quintuple are, 162% _ 2 
+ gr; =. = 
And when the multiple: arc, e 7 is the : 
coſine, is greater than one quadrant, Bu 


than three quadrants, the e a the 00- 'x - 


ns are theſe, to wit. 
For the double arc, rr — 2x8 rg. ba 
For the triple arc, 377% — . =rr0, ll 
For the quadruple are, WIY — . = 1 
— g3 7. 7 5 4 
And for the quintupls are agr. — - 16 1 
Fr 
And by the reſolution of one of Sele equi 1 
tions, tis evident, we may find the cofine x one 
half, third, fourth, or th part, of any c 
arch whatſoever whoſe coline g, together with I 
the radius r of — carte, is 8 1 1 
111. CoRoL. = As to Sir Tac — 
thod of finding theſe equations, it may 5 
plained as follows. Let the given ange 
whoſe multiples we are to find the ſines, h FAG =p 
(Fig. 56.) Inſeribe in this angle the lines A 


BC, cb, DE, Sc. of any given n . = 
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ever, fo that they ſhall all be equal to each 
cher. Then tis evident that as the triangles 
3c, BCD, CDE, EDF, Se. are iſoſceles, the 
Wnglcs at the baſe of each of them will be equal. 
rherefore CBD — - A+ ACB = 2A; DCE — 
1 ADC = A.+ CBD zA; EDF = AA 
AED = A DCE =4A; Ind FEG — A + 
WE = A+EDF = 5A and ſo on: Whetes. 
Wore, drawing BK, CL, DM, EN, Sc. perpen- 
acalar to AC, BD; CE, DE, Sc: reſpectively, 
tis evident AK, BL, CM, DN ci will be 
the coſines, and BK, CL, DM, EN, Sc. the 
lines, of the angles A, 2A, 3A, 4A, Sc. in 
cles whoſe radii are the equal lines AB, BO, 
D, DE, Sc. Put AB r, and AK (che co- 
ne of che given angle) — x; and from the ſi- 
llarity of the triangles Ak, ACL, ADM, 
EN, Sc. we ſhall have the following propor- 
Ions. 
In the firſt place we . AB : AK :: AC: :: 
AL, or r: & :: 2x ; AL; hence AL is 
== and conſequently . the coſine of twice 


* 2 
e WR LT ao Feet ol Ro” BRL SE.» = 
„„ ner re 
, oro SE ——_— r 


; _ — — * 

6 —— — b 
— wo 4 = 

N — _ — —— 2 ' 4 = * 5 «lf 

"A r eat 9 0 Fu : oy Mg TR 2 x 2 re 8 I” = * ws = 
6.4 4a" . e y — N 4 = 
* 2. 5 = 
- - 1 d 0 9 5 i __ 9 = 
= _ 


Ss ton 


— — 

* * 2 

A wa dt 
* l 


W 1 — 


he given angle, is = AL — Mt — pr nee 


7 


BXN — 40 
„ 


Secondly, We have AB: Ak AD: AM, 
Ir (becauſe AD is — AL + LD — AL + LB 
2AL"— AB) AB: AK :: 2AL — AB : 


XX 
WM; that is, : * = — r: AM; there- 


"Tre AM ; iS = 1 x, and CM, the colipe 
rr 


i three times the given angle, is (= AN 


AC 


1 
N 
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AN; therefore AN is 3 and 


DN, the cofine of four times the given angle, i 


* 


AC = AM —-2AK) = _ — Zæx, or 
. — | 115 Wat 
r f | E e : 
' Thirdly, We have AB : AK :: AE (S 240 


a : * 


| ER . 3 FRY ©. 
— AC) : AN; chat is, : * it . 4 


* 


„ 


i 4 8 | 
(=AN —AD = Le“ aer A= 3 
8x* —8x* 2 85 8 * — gr 4 7+ 
tes Hig» 3 : — —. 
4 FTW 
. Fourthly, We have AB : AK :: AF 
„ WET OE * e F bl 
2AN — AD) A0; that 18, & 5 ws 
. „„ 1 at: 

. OO . 1035 — 3 2 
AO; therefore AO is — — 12x + x, Aer 
| 7 4 


EO, the coſine of five times the given angle, | 

a 6 3 ; 

(= AO — AE — 16x dw 2 * 

„ rr 
160x* —20;7 


= — —— — ＋ Fx, or Or 
* F 5 OM. 5 
1645 — 20 r 14 
- ED In the ſame mann! 


we may find the coſines of greater multiples. 
112. Hence 'tis evident that if 9 be put ſuc 

ceſſively for the coſines of the double, triple 

quadruple, and quintuple arcs, the equation 


expreſſing the relations of theſe coſines to lll Fo 


Coſint 


ane x of the firaple - arc FAG, will be theſe 

at follow, to Wit, 

For the double arc, 2 * — Ir — ra, 

For the triple arc, 4 — = gr = — 46 (IH 

For the quadruple AG 85. — 87. ** 135 74 
— rg, * 

And for the quintuple are, 16 — 20r* x 

+ 57*x = r*q, which are, exactly the, 

_ equations as - thoſe obtained. in Co- 

rol. 6. 

113, Theſe equations, tis evident, are true as 

og as the coſine ꝙ has any magnitude, or as long 

the arc ſubtending the given multiple angle is 

any magnitude leſs than a quadrant; for ſo 

long the radii DE, EF, FG, Gc. will be greater 

an the coſines DM, EN, F O, Sc. which are 

; perpendicular, or leaſt, diſtances of the lines 

F, AG, that contain the angle FAG; and 

refore ſo long may thoſe radu be inſcribed in 

angle, and the conſtruction of Fig. 56, and 


me: Which agrees with the determinations | in 
rol, 5, and 6. 


le, octuple, and noncuple arcs, the equations 
Ir the oy of which have been already found 


ter of the toregoing methods, but moſt eafily 
ac Newton's method contained in this Corot- 
% find them to be as follows; to wit, 
ſen the multiple arc is either leſs than one 


hall have 


— 
. 


R 2 
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e reaſonings founded upon it will - remain the 


114, If any one is defirous of knowing: aig; 
quations for the coſines of the ſextuple, ſeptu- 


1 Corol. 1, he will by computing them by ei- 


Radrant, or greater than three quadrants, - ve 


For the ſextuple arc, Ja- —4$r*x+4-18r* * 


r • .. ⁵˙—ꝗ— EEE 
— — a a — — — * 


14 FEN RN 4, 
For the ſeptuple Arc, 64⁴ ＋ 11275 1 
Fer f = r%q, © 3 
For the octuple arc, 128% — 25674 ot 

160 U . — 32r*x* ＋ #* g, 
And for the noncuple arc, 2569 — 57675 
243274 — 1201 + 9r*x =. 
And conſequently, when .the multiple arc is 
greater than one quadrant, but leſs than three 
| Quadrants, we ſhall have 
For the fextuple arc, 75 — 1870. * 4870 
— 22 — 7 5, 
For the ſeptuple arc, 77 * — 567 + 
II & — 64x7 = 757, z 
For the octuple arc, 2 Sede 5 wer! x 
1284 — 160 — 7? — =t'9, 


or — 12858 + 256r*x* ) 

160r*x+ + 327 * —7 = 1 The 

And for the noncuple arc, 576 +1207" = 8; 
— 255er — 432r*x5 — gr *x g, þ 

or — 256, 1 570 * 

— 43 r + 1207 7 * . he 

ltug 

11 5. Coro). 8. Sir Iſaac Newton in the Laverne dan 

tioned Problem of his Algebra, does not actually ä 

compute. the coſines of the double, triple, o WI” 

any following multiple of the given angle FAC, 5 

but only ſhews how they may be computed by Wciuſ 

the method deſcribed in. the laſt Corollary : In- — 
ſtead of the cofines he has there-choſe rather to 

compute the chords of the complements of the * 
multiples of that angle (which he ſuppoſes to be 

fituated in the circumference, not at the center Wl" = 

of a circle) to a right angle, which is performed, 

in the ſollowing manner, tute 

if AB (Fig. 56 ) be made the diameter ot 4 Linh 


circle inſtead of it's ra W BK and AK wall not 


| 8 


® 
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be the fine and coſine of _the'angle A, or the 
ines of the angles KAB, ABR, in that circle, 
hut they will be the chords of the arches that 
ſobtend thoſe angles, which will now be ſituated 
n the circumference of the circle, becauſe, the 
angle AKB being a right angle, the circle will 
ml through the point K. In like manner BL, 


end the angles BCM, CDM, DEN, EFO, Se. 


ſituated in t ie circumferences of their reſpective 
drcles ; that is, BL, CM, DN, EO, &c. will 


2A, 3A, 4A, 5A, &c. ſituated in the circum- 


ugle. 

Now let AK x, as before, and put A 27. 
The proceſſes will be as follows. 

Firſt, AB: AK :: AC : AL 


2: AL; therefore AL is = =, and BL, 


e chord that ſubtends the complement of 2A, 
ltuated in the circumference of a circle whoſe 
lameter is BC, to a right angle, is — AL—AB 
xx Xx —2rr ; 
* — — 20} UC =; 
Secondly, AB : AK 22 AD: : AM, or Rog 
auſe AD is — AL + LD — AL + LB = 2AL 
—AB) AB: AK :: 2AL — AB: AM}; that 


2 


7 — — 272: AM; therefore AN 


: or 2r : x 


2 22 
| *1\ 
x. 3 


. and conſequently. CM,, or the. 
Fr 


Word that ſubtende the. complement. of 3A, ſi- 
ted in the circumference of the 8 to a 


Jia angle. is (= AM.— AC = AN — 2 K 


2 — 47 


Pr 


9 
— 
- — ———— — 


CM, DN, EO, &c. will be the chords that fab- a 


he the chord that fabreas the complements of 


ferences of their 3 circles, to a right 


4 
— — iz V1) 
3 — 


—— — 


. 


- T 5 oy 8 — 
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. . 
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1 .. 

n 
=> 

l = GY - 1 
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DN, the chord 


a 
1 FVV ch 
+. Thirdly, AB: AK :: AE (= 2AM 0 


c BAX SE Rd 
fore AN is — ln and conſequent 
that ſubtends the complement d 
4A, ſituated in the circumference of the circl; 


| "a Ke | | ps 10 
ps right angle, is (= AN 3 ee 
| | f Whore 
REC 2 2 4 
Ho . 3 45 f 
Fourthly, AB : AK :: AF (= 2AN—AD 
2 AQ; that is, 22 : x 2 ( — — 4x" 
| | . N 
— 2Xx & ar — UU . ] 
„ — + 227 
r 4 ) out” 7 15 
= 7 E . 
AO. Therefore AO is — 5 A 
conſequently EO, the chord that ſubtends th 116 
complement of 5A, fituated in the circumferen . 
of the circle, to a right angle, is = AO -e di 
K* — 2x7 — 2x 1 
74 Tr. Lins „ ange 
— 5x? „* gr rx? „ 4 
—.— ＋ 5x, Or 2 8 RS ole 
7 5 5 
b 5 lt 
116. Therefore if q be put ſucceſſively forth t 


chord that ſubtends. the complement of th 
double, triple, quadruple, and quintuple, of ti 
given angle A, or FAG, to a right angle, th 


equations expreſſing the relations of thoſe chord 
LU f 
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\ the chord AK, or x, that ſubtends the com- 


aht angle, will be as follows. 
For the double angle, xx — 211 i., 
For the triple angle, x — 37rrx = rrq, 
For the. quadruple angle, x* — 4r*x* 
+ 27* = £7061. 5 2 
And for the quintuple angle, x5 — 5r*x* 
„3233 . 


; ute the chords of the complements. of the ſex- 
=": ſeptuple, octuple, and noncuple, of the 


ren angle A, to a right angle, we ſhall find 
xc equations expreſſing their relations to the 


) a right angle, to be as follows. 
For the ſextuple angle, x5 —6r*x* +9r*x* 
— 2 Sig. „ : 
For the ſeptuple angle, x7 —7r*x5, + 
IAI 5 od ER [ni 
For the octuple angle, x* — 87*x5 
+ 2074x* — I07*x* +275 rg, 
And for the noncuple angle, x9 — gr 4+- 
27r*x5 —gorix? + grix — rig. 
118, If the diameter AB be called d inſtead 
27, or if the chords g and x be referred to 


e diameter AB inſtead of the radius = er 


 endent the equations expreſſing the relations 
and x to each other will be exactly like 
ole obtained in Corol. 7, for the coſines of 
ultiple arcs, only that 4 muſt every where be 
blituted inſtead of 7 : For the proceſſes for 
ing the values of the chords 9 will be in 
ey reſpect the ſame with thoſe in Corel. 7 for 
ling the coſines of the multiple arcs, except- 


108 


lement ABK of the ſimple angle FAG to a 


117. If by the foregoing method we com- 


hord x of the complement of the ſimple arc A 


- 
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ing only this the letter 4 will every 1 : 
made als of inſtead of the letter 7. There 
if A be any angle ſituated in the circumſerene 
of a circle whoſe diameter is d, and & be th 
chord that ſubtends the complement of thal 
angle, fituated likewiſe in the circumference 
the ſame circle, to a right angle, and g be put 
ſucceſſively for the chord that ſubtends the com 
plement of the double, triple, quadruple, af 
other following multiples, of that angle, fituzt 
ed likewiſe in the circumference of the ſame cir 
cle, to a right angle, the relations between x 
and 9 will be expreſt by the following <9 
tions, to wit. 
For the double angle, 2xx — df = ag, 
For the triple angle. 4x? — 3ddx — dag, 
For the quadruple angle, 8x* — 84*x* + þ 
— 4 7. 
For the quintuple angle, 165 — 200% 4 
zd — dig, 
For the ſextuple angle, 32 ad + 
18d*%* — 4 — 45, 
For the ſeptuple angle, 64x7 — 1120s + 
56d — 7d*x — —=* 
For the. octuple angle, 1284 — 2 56420 + 
160d — 324%x* ＋ d* = dg, 
And for the noncuple angle, 256x9 — 576% 
* + 432d. — 1204*x3 + gd*s d. 
119. Tis evident theſe latter equations | 
which the diameter AB is put == d are much 
leſs fimple than thoſe obtained in the laſt artick 


by putting AB ar, or 25 2 r; and this 


imagine, is the reaſon why Sir Iſaac Newt 
has thought fit to expreſs the relations of 9 ands 
to each other by the i former equations in * 


— - a. * 


o 
Ps 


* 
* . f - 
4 ' 


meter d, or AB, to which latter line itis moſt 


1 hes. 


ling articles may, if we ger be eaſily re- 
red to angles ſituated at t d not 
the circumference, of a circle, in the follow- 
g manner. If AB be, as before, the diameter 
2 circle, tis evident the lines BK and AK will 


r of the cirele two angles that are reſpectively 


«Sg 


6. Inlike manner the chords BL, CM, DN, EO, 
ic, will ſubtend at the centers of the ſeveral circles 


. (which are all equal to AB) angles (that 
e reſpectively double of the angles BOM, CDM. 
JEN, EFO, &g or of the complements of 2 A, 
A, 44, 5A, Sc, to a right angle, or) that are 
pectively equal to the complents of 4A, 64, 
v 10A, Gc. to two right angles. Therefore 
be — 2A, end conſequently 2B = 4A, 


e chords AK, BL, CM, DN, EO, Sc. wil 
end at the centers of their ſeveral circles the 
mplements of B, 2B, 3B, 4B, 5B, Sc. to 
ſo right angles. Therefore if x be put for the 
rd that fabtends at the center of a circle 
we radius is 7, and diameter d, the comple- 
1 e 


0 


; * 
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ib = 27, rather than by the latter equations 
which AB is = d, or to refer the chords 7 - 


88 5 „ AB | | 2 N | 
eee, 


ual, and would otherwiſe perhaps be more 
menient, to compare the chords of circular 


120. The equations obtained in the two pre- 


e center, and not 


the chords of arches that ſubtend at the cen- - 


ble of KA B and ABK, or which are equal to 
A, and (twice the complement of A to a right” 
pple, or) the complement of 2A to two right an< 


ſtoſe diameters are the lines BC, CD, DE, EF, 


| — 6A, 4B = 8A, 5B = 10h, e, 
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ve. Lrefer them to the radius, or make the dial 


Sc. as in Art. 116, and 117. 


mention of the angles, which is in genera 


ſupplement of the double, triple, quadr 1 15 


ling the relations of q and x, to each other wil 


the diameter equal to ar, be as follows;; 3 to W 


3 
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ment of any. propoſed angle B to two right ane 
andig be put ſucceſſively for the chord that i 
tends at the center of the ſame circle the wy 
plements of the double, triple, quadruple; qu 
tuple, and other following multiples, of the g 
gle 1 to two right angles, the equations Exprd 
ling the relations of the chords q and x will} 


ter $50 to ar, be as follows, to wit, 
For the double angle, * — Ar = , 
For the triple angle, x — = = 11 


And if we refer the chords 9 and > x to thedi 
meter, or make the diameter equal to d the eq 
tions expreſſing therelations 0 theſe chord ji | 
be as follows, to wit, 

For the double angle, 23x —dd= 4% 
PF'or the triple angle, PO eas dds — = 
Sc. as in 41 118. , ? i, 
121. But theſe different ſuppoſitions of angle 
the center, and angles. in the circumference, 
a circle, may.be ay roided by referring the che of 
to the arches they ſubtend without _making 4 


more convenient method of conſidering the 
than with relation to the angles. Now f 


be done, twill be evident that if x be the chil Et 
of the ſupplement of any propoſed are ton! 


micircle in a circle whoſe radius is F and att 
ter d. and q be put ſucceſſively for the chordoft 


tuple, and other following multipſes of the pl 
poſed arc, to a ſemicircle, the equations expte 


we refer them to the radius of the eircle, 0 Þ 


For the double arc, *X 2＋＋ = . 


| F 


For the triple arc, »* 3 . 
. as in Art. 116, and 117. 
And if we refer che chords and # to wm ha 
er of the circle, or put the diameter 4, 
e equations expreſſing the relations of 7 and x 
\ each other will be as follows; to wit, 


EY c. as in Art. 1 18. 2g Se 
7 122. Theſe equations,” tis cad are true as 
be ng as the chord 4 of the complement of the 
" ; witiple arc to a ſemicircle has any dg 55 


as long as the multiple arc is of any magni⸗- 


eu ee leſs than a ſemicircle ; for ſo long the dia- 
rs erer DE, EF, FG, Ge. will be greater than 
e chords EN, FO, PG, &c. which” are the 
1s, Wpendicalar, © or leaſt, * diſtances of the lines 
, , AG, that contain the angle FAG; and 
1 Nnefore ſo long may [thoſe dlameters be in- 
12 bed in that angle, and the conſtruRion of 


L. 56, and the reaſonings found upon it will 
ntinue the ſame. © Afterwards when the mul- 
ple arc is greater than a ſemicirele, but leſs than 


ich before were the leſſer and therefore were 

bed from the others, Will become ths 
ater, and Seh the others muſt now 

ſubtracted from them; that is, in other words, 

le ſigns of all the terms on the firſt, or left-hand, 0 


Fiess of the equations müſt every where b 
195 aged, In this caſe therefore, if the dame. 
bo 1 r be put — 27, we ſhall have, 

wy i * the double are, 2 — le 2 0 
015 For the triple arc, 3irx - ="Frq,- 
10 U For the quadruple : arg, * . 27 54 
"vj Tor the quintupſe are, 5 n I. 


d of the following equations: : 
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For the double arc, 2xx'— ad = a, © 1 K 25 
For the triple are, 4 — rr — 47 8 


whole circle, thoſe term of the equations 


2 And 


on 
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And, if the diameter be put — we ll 
""- the double arc, 4 an 2xXx = 2 47. 

or the triple arc, — 4 —= da 
Fer che quadruple arc, 8d &. — | 
For the quintuple arc, e — = Uſa 


54*x = dig, 

and ſo of the following e W 

The demonſtration of this 7 KY I 
theſe equations will be given in the latter part of, 
the HEX ne Art. 133; a and ** 6 
123. Corol. g. From the chords of the ** 7 
plements of the ſeveral multiple arcs to a ſea 3 
cirale we may derive the chords of the ſcei © 
N multiple arcs themſelves in the following mann 
Let-y be the chord of the ſimple arc, and |= 
þ ſtand ſucceſſively for the chord of the don 
triple, quadruple, quintuple, and other fo 
ing multiple arcs : Then 'tis. evident that n bo 
de equal to 5 we? ( and alſo to yy + x, a” 
conſequently op 77 will dy — PP. xx to ad N F | 
** to W— yy} or 4. — 2d y ＋ *, at F 
H—y' od* — dy + 365+ — 5%, x hi, 
44% — yy\* of 4— — 44 7 — aff = 

and x** to 4 or d** — gd*y* + 


—yy 1 
25. — 10d*y* + 54.) — 5, Er. 1 
in the firſt place, fer 2xx— di is = 4% a 
conſcquently 4x* — 44*>* + d. dig 3 
follow by f ſubſtituting the values of x and q, td 


— 44. * d., is N ad x þþ, or 
i and conſequently 44 1 = 
mew Since 4x? — 3ddx is = 


* hae I? —244* 5+ + 9%“ = 


, 


j—pp, or 164 — 484% + 484% — 16% 
6 

7775 ' or d — 94*y* +246" 5% = 1095 = 

„ and gay — 244 * 
and conſequently 3ddy — 45 
75740 Since 8x — 84*x* 45 mY io = 49. 
we ſhall have 641% — 1284, + 644*%x* + 
100% “ — 16d%*x* + 4*, Str” 
+ bodix? — 16d*x* +4", 
bi'x 4 7 * 2 ED”; Þy = 
1284 X 4* — 3 1 ee od. ＋ oa 
x —20'5* +3* — 164. „ % + d. 
= 4 x dd — fp, or 64d — 2864 + 38. 
4% — 256d + 645 — 1284“ + 38449 
384d. + 12847 + 804 — 1609 + 
god)! — 164 + 1847 11 30 eh., 
25 — 164% + 804, — 128g*y* + 644? 
= i =p", an conſequently 8 FR 
„ + 1284* ys = „ 
= Fourthly, "Since why FS es + 3d x1 is — 

by, we ſhall have 256. — 6404*,* + 400d* 
＋ 1604*x5 — 48 2 ” Al | 
It 256x'®" — 640d*x* + 560d*x* — 204% x+ 
+ 254*x* — dig, that is, 250. * 2 — 349" 


— — — „ ttt. 


+ 10d%y* —10d*%* + 5d*y* = bed. 


4 4e 34/7 - — 20086 + 


— pp, or 2564. — 18] + 2560d%+ 
= 25604*y* + 12804 5 — 256y 
+ 250604®y* — 384047 + 25604 % — 640 


1 — 2008” ' + qood*y* 200 + eg» 
| — 25 


1 "TRIGONOMETRY. 133 
tat is, 16 x dy a =—y* — 24d* 
A +5 ＋ 9d. x —y* d K 


+ 48d%y* — 24% + 9 — 94. * 


7 
. ͤ Ben nn eee nb - 


—="1284*x* 
= 4%, that is, 


—= ES, 


f — 4d*y* 6497 = 447 +7 we ig of 
(2H ET? + 254 „ de. ) = 1 | 
1 — 640 
wo '+ 560 ES 16804957 ＋ 16804 n 
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For the quadr uple arc, 16d oF — 8od'y* 


tions have been computed, may the equation 


caſes in which the multiple arc is not great 


+ 


— 258y* d d, or d.. — 28% 


d — d*p*, whente 25d*y* — 2οπjjẽẼ 
d*y* — 6404*y* ＋ 256% **— d*p*, and con 
quently 5d.y —204*y* ＋ 160 τ df 
124. Therefore if y be the chord of any. 
in a circle whoſe diameter is d, and p be pi 
ſucceſſively for the chord of the double, triple 
quadruple, and quintuple of that are, the'rdy 
tions between the chords y and p will be epd 
ſed by the following equations; to wit, 
| e double arc we ſhall have 4d 5 — jy 
For the triple arc, 34dy — 4 = dd,, 

6 * 2 
{226097 = Pap” = Of" > cy 
And for the quintuple arc, 5d*y — 20d'y' - 
d © oe 
125. And in the ſame manner that theſe equa 


for the chords of all the following multiple ag 
be derived from thoſe found in the laſt Corolla 
for the chords of the complements of thoſe mu 
tiples to a ſemicircle. But it 'muſt be obſerve 
that the equations ſo obtained cannot by this me 
thod be concluded to extend further than to tho 


than a ſemicircle (although in truth they exten 
likewiſe to the other caſe in which the multi 
arc is greater than a ſemicircle, but leſs than 
whole circle, as will preſently be ſhewn), be 
cauſe the method by which we obtained, 
means of Fig. 56, the equations for the chords 
the complements extends only to thoſe caſes | 
which the multiple arc does not exceed a ſem 
Circle, : 8 COS es. 

| *"'B 
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e put for the ſine of the double, triple, qua- 
ruple, or any other multiple of the arc A cal- 


, and y be put for the chord of. 2A,-and: p. 


ouble of 7, y of s, and p of a, and conſe- 
wently 4, y, and p will be related to each other 
the ſame manner as , , and Or the rela- 
ons of 4 y, and p to each other will be expreſ- 
d by an equation involving the ame, combina- 
jons of the lines &, y, and p one With another 
; the lines 2, 5, and x undergo reſpectively in 


eq nd conſequently mB — ' 216A, the relations of 
aten e chord y of the ſimple are B to the chords p 
e the ſeveral ſucce ſſive multiples of the arc B 


noted by nB, will be as folown.s} to wit, we 
ie ſhall harte | . 
For the double arc, 4% — 3 — , wo? 
For the triple arc, g day — 4 75 dp, FR 
For the quadruple: AIC, 164% 2 e 4 
| 128d*9% —bag®) de 51s 

For oy quintuple are, 5d aedy — 10 
iin io 


e — 348045 bie 1 20 


d, vn . ,1024y** = de, 
ordöe Fo or the pat arc, 7d*y— e 12d.) 
l | 0497 =; 4 b. „ 


© the octuple arc; 644% — 4 
$ ge een bete 
210 


ub. But the equations for the chords of multiple 
ics may be derived immediately from the qua- 


Ons for their ſines 1 In. the following mann er. | 1 f 
be the fine of any circular are called A, an 24 


d n A, in a circle whoſe radius is f and diame- 
r the chord of 2m, tis evident that 4 will be, : 


* e equation that expreſſes their mutual relations 
each other. Therefore if we put B = 2A, 


For the ſextupſe- are, 364 e 4297 "+ 8 


* 
5 * 


wes. . 


6 


: 
1 
1 
4 
d 
N 
A 


— on Loa * SY 1 e 
1 
CC LE - 


EF e 3 
KT WES TIT 


A | 
1 


i 5 l 1 
f I © x | ? - 
2 - * - 1 7 . * N * 25 . "EY 1 2 ; 25 — ; 1 ix 5 , 4 
| 136 ELE ENTS of : 


r 40 f 
= d* 7. x 

And for the no le ate, 909 Heere 
43ιο - 5760* 9" + 25699 = dp, © 


127. If we refer the chords to the radius, « 
ſubſtitute 2 inſtead of d in all the terms of th 
foregoing equations, they will be thereby reh. 


dered ſomewhat ſimpler, and will be as follow 


to wit, we ſhall have 
For the double arc, 4 -. , 


For the triple arc, 3r y — 5 —= 
For the quadrup ple arc, 16r* * 207 
- 87 ry = rp, I 


For the quintuple arc, 5gr*y—5r*y3 4. 48:27 

For the ſextu arc, 367 N 0 0 

* — ＋ 5 127 Up 19 wor. 

: p11” 5 | 

For the ſeptuple arc, 7r* L V 

112 
For the oduple arc, 647 "ty 653 2 
672r — 660r*%y*® ＋ 3527 1 — 104 
N 171 ＋167 fy nm —5 . 
And for the noncuple arc, gr 22 .gors 3 
2nr'y' —gr e, = p. 

128. And here it muſt be obſerved that, be 
cauſe the equations for the ſines s and x from 
which the foregoing equations for the chords 
and p are derived are true (by Corol, 4.) as long 
as the multiple arc mA js of any magnitude el 


than a ſemicircle, that is, as long as the arc mb 


is of any magnitude leſs than the whole circle 
and alſo the quantities d, y, and þ continue tt 
be reſpectively double of 7, s, and x as long 4 

the arc mB is of any magnitude leſs than the 


whole circle, it follows that the foregoing equa 


tions for the chords of the multiple arcs (as wel 


when thoſe chords are reſerred to the _— al 
\ W N 


chen they are referred to the diameter, or as 
cell when the diameter is put - 27 as when it 
put — d; for tis evident this difference of no- 
on cannot make any change in the ſigns of 
terms of theſe equations :) muſt be true as 
ho 33 B, or the multiple are, is of any mag- 
tude leſs than the whole circle, agreeably to 
i . 
Hitherto we have determined the equa- 
ons 1 57 the chords of multiple arcs by deriving 


cir complements, to a ſemicircle, or from the 
e equations of the fines of multiple arcs. But 
we would determine them in a more immedi- 
kt manner without any regard to the fines, or 
ke chords of the complements to a ſemicircle, 
t may obtain them by the help of 7 4 and 
o, in the following manner. 

In Fig. ꝙ, let the diameter AM of the circle 
BC, whoſe center is O, be put d, the chord 
the ſimple arc AB = , and the chords AC, 
D, AE, AF, Se. of the double, triple, qua- 
ple, quintuple, and other following multiple 
cs, be ſucceſſively repreſented by p. Draw the 
bord BM, and from the center O draw OQp er- 
adicular to the chord AB, and meeting 1 in 
int O. Then tis evident the triangles ABM, 
0 will be ſimilar, and conſequently AM will 
0 BM as AO to OQ, and AM: 2BM :: AO 


AB: AC, becauſe 00 is the coſine of halt 
e are AB; therefore AM: 2BM :: act 
. Therefore. 1 


n the firſt-place we have 4: 2 —Jy * 


AC; conſequently AC, or the chord of . 
T double 


, 


Prank TR IGONOMETR Y. 137 


bem either from the equations of the chords of 


200. But, by Prop. 4. Corol. 1, AO: 20 


135 na 
double arc AC, is = I3 ws — » 


Secondly, By Prop. 10, we * AB : 40 
AC; AB + AD, and Wor Va AM: 21 
: AC : AB + AD, that is 4: 2 dd —y y 


1 22 3 AD; 3 therefore y-+ 


2 Wes 2 and AD or the chord of t 


an *; 
triple arc AD, is = £9 77 4 1 
4% . —d< 4 —4!. 

dd 88 Ad . 


Thirdly, By Prop. 10, we have AB : AC 
* AC-+ AE, and conſequently AM: 25 


"21: AC that is, 4: 24/4d- 


3 — x 

„ Ws 2 N = + ar; w)llf 

fore AE —— de ; e 7 

7 232322 WW and 5 7 B's of the « : 
druple arc AE, is (= — 1 y? A | 


x Ep . WW, 


— 24 4. 2 
. 2 2 DG dd — >) = = - . 
Jad — 3y. 
Fourthly, By Prop. ro, we have AB: 
: AE: AD + AF, and eee N A 
281: AE: AD + AF, that is, 4: 24/4 


425 — 3d - . 
F * Vd — yy * ad 


1 
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Ar; therefore 37 — 7 + AF 19 22 


an 


2 x Dy Jy = 
1 —24⁴ꝑ — — and AF, or the chord 


d. 
the quite arc AF, is ( = 


5 — 2449? + 169” —34 + 457 
| 4* gs ad 
1 — 24d*y*+ 1695 — 34*y + 403 ; 
4 7 20 == 


0 — 20d y + 1695 
| 7 * gs 

Fifthly, ' By Prop. 10, we have, AB : AC :: 
F : AE I AG, and conſequently AM 7 
M:: AF: AE + AG; that is, 4: 2dd — yy 
jd*y— 204*y3 + 16y5 ; 4d*'y 8. 

—- wo ny con” 

N 2 

1 yy + AG; therefore AG | 
Y, and AG, or the chord of the ſex- 


ple are AG, is (= 7 7 El A A. 


3 


— 2 7 | 
Vid — yy — 4 — 2 Xx dd —yy = 
My 4 Ng 2 APR: 
Ca W 


Wy*+ 8d*y* 
Wh. 32 1 Ep 
1 Sristbiy, 


—— — 


— — r 
rn 8 2 = 
[EP Ine 


r 


5 95 
= . oh 
Ul nM og TLC 1 222 N | £4 ug „ er 
7 . 13 l 
COT: 288 . 
* m_ * fi \ = 


1 


<= rw _ — 
5 * — e 
„enn X 4 a = 
5 8 N 2 inf — af AS! 1 
J 0 ' a Ty = 
bt ry SJ % * an RY 
no 


Ka ig n= SMT 


27d y 564.5 + 1124.5 — 64 


E 

Sixthly, By Prop. 10, we have AB: AC; 
AG : AF + AP, and conſequently AM: 2} 
: AG: AF + AP; chat is, 4: 2 A=. 


6d*y — 32d * 32 8 


gd*y — 2 2E ＋ AP; therefore Al : 
+ 5d'y 20d 169%, _ 
24 7 AY X 


7 L, and [Al 
or the chord of the ſeptuple arc AP, is 


12d % — 76d*y* + 128d*y* — 649” gs 
| 4* * | 0 — 


1 
= 124% —76d*y* + 128d" y* — 645 
| Js 


— 5d"y + 20d*y* — 16d*y* 
ns 


_ 


Seventhly, By Prop. 10, we have AB : 4 
:: AP : AG + AR, and conſequently AM 


2BM :: AP: AG ＋ AR; that is, 4 N. 2 
„3 "ORE; 245 — 64 

—> -. 147 56d*y * — bf 6 
6d*y — 22d" y* 25 e | 
| — 42 = Xx Add —1y +* 
therefore AR + — 320, TIF; ix) 


v ( 
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ac i, is = 
— 14 Py — 11240 + 224d y. — 


=: „ : = 


uple arc AR, is 
e A (= 14d*y — TEES 2244 y* — — 1285 * * 
V gy — 3 . 


x ad — yy = 
ud'y — 1120) ES — 22 0 
60 + 324% — AE 
— Th X 228 
Wy — Sod*y + 1924. * 12895 
7 X d-. 
Eirhthly, By Prop. 10, we have AB ; AC 
: AR : AP + AT, and conſequently 2 AM : 
M: AR: AP + AT; that is, 4: 2 dd -= 7 
94 _ god y- + 224. 5 — 12877 
a7 
Li —#5 
1 — 64+ + 112d*y5 — 6 
gogty? -> # * 4 
berefore AT + 
My — 5bd*y3 + 1124") — 2 
1 =! 
6d'y. _ J:— 1604*y? + 384% ys holes e 
4 88 
X dd — y yy 4 
0 — — 176d*y + $444* — ＋ 2567. 
4 
Wind conſequently AT, or the chord of the non- 
cuple 


= 


nd conſequently AR, or the chord of the 0c- 


. ay —_ 
l G c 7 _ = 
\ : Y N t LS 4 —Fal 
R 1 1 8 = 
\ we \ 
wer 42 6 vo» ,M 
o ho j * 1 > : 3 
- i 7 5 * "i 7 
U = 6 _— * _ _ A 
7 In TI PT « A LETS 3 
* 1 FR L = "TA = 
Ar — 0 _ 7 
- rr BY . þ * —Y — — — 1 G 8 5 r 
. — red * 1 * * a a rat. 4 *, 4 
* | — . ' ae ; A» 
- — bay! . g Y A 4 1 
7 — — — 2 4 — > =, 
: : * NN A ——— — — rr enn 0 — = — TRY 
N * - . — 2 — - =; - = 1 Nv y 3 4 k -. hon 
. — — = _ - = * a t 
5 IT — - . 2 
. N — — tn. Ix: — Cm 
— * 5 p C 
0% 
1 5wY 
. : f 
* OR 


7 | ö 
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—7d'y + 56d. — 1124. 5 5 + 6497 _ 


— diy + 564 — 112d + 64d*y7 
4 


cuple arc AT, is ( 85 
16d'y— 1204 + 5449 — 640425 2255 
4 


16d*y 176d goes s — 0404" 1+ 25 
ads 


— 
— 


"mea, 


þ 


gay 1204*y* + 22. — 576d'y" + + 2800 


In the ſame manner may be found the chords | 
of the arcs AZ and AX, and of all the follow 
ing multiples of the arc AB. 

130. Henee tis evident that the equations fo 
the chords of the multiple arcs AC, AD, AB, 
Sc. as far as the noncuple arc AT, are as fo 
lows, to wit, 

For the double arc, 2y * /dd — jy — = dh, . 

or, 4d'y* — 49* = dip, Ml! 

For the triple arc, 3% — 45 — dp, a 

For aug quadruple arc, 340 — TH * air (0 

3 5 | / 

F or, 164% — Sogty* ＋ 1284% 

— 64y* dp tl 

For the quintuple arc, 5d* * 20d*y* + 101 » 
—= dtp, W 
For the ſextuple arc, 6d*y — 32d Is 320 
dd — yy = 4 1 
1 2 + + 179249 * 
345% + 3o72d'y'* 10 ff * 
For * ſeptuple __ 7d — 504. 8544 31 p 
d*y 3 * — 4p, | tic 


Fi 
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For the octuple arc, „ 
D —80d*y* ij, 0³ 12897 dg, 
9 or, 644 ) — 13444 ＋ 105d % 
42 õ e + 901 124% » — 106496 
7 ** 6553647 — 16384) = 
hs ; £ | , | Bt 
And for the noncuple arc, 94*y — 7 20d*y3 
+ 4324*y* — 576d*y” + 25699 = dp; 
ill which equations are the ſame with thoſe 


. - = 
— — = * * _ — — — — — 
— — K — 
y 
2 8 
— — 1 jon bk 
e * n — 00mg, — 
r tau cows FIN ** * 2 2 F 5 fi 
—  _ _————— — ˖ ˖—— RT . r — A 
a , ** 9 RECITED * +8 4 We Le Is pk T0” 9 * — 7 
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1 ” i _ = = rs N pe . 1 aL 
COTA LS nenn een _— 
bo 5 : 1- =—— 7 "5 * ES by TT - 1 - _ 1 
= by 2 - 0 19 = o . _ M 
- p yy _—_— N © , a- 7) 7. 5 2 —_ \ a g 
* wp 4 = 4 & i = N _ s = = _ = — i = _ Ee . WF = \ \ 
\ f = 1 * 10 183 0 l ya. 1 . ®s "A —_— 
* irn Pl WS. 2 Ot = as he = 


bond by other methods in Art. 124, and 126. 1 

2800 431. And here we muſt obſerve that becauſe 1 
the 4th and roth Propoſitions and the iſt Co- | | 
:hords rollary to the 4th Propoſition, by the help of 1 j 2 
low which the foregoing equations have been juſt | i 
| now obtained, are true as long as the multiple 1 
ns foſſ arc is of any magnitude whatſoever leſs than the 1 
, ALI whole circle, it follows that the foregoing equa- i 


— 
— 


s fol tions are true as well when the multiple arc is 

| greater than a ſemicircle, but leſs than a whole 
Ip, circle, as when it is leſs than a ſemicircle, or as 
long as the multiple arc is of any magnitude 
whatſoever leſs than the whole circle, agreeably 
to what was proved in Art. 128, and aſſerted in 
Art. 12 | | 
132. From this laſt method of obtaining of : 
the equations of the chords of multiple arcs, W 


. — ge — — 
N 
= * — — 
_ the ad 1 4 2 MAS 1 7 CE 
3 1 * 2 n — TS. 2” OO Ps 
- 3 4 Srv 6 W o \ 4 r 
8 a ls, 4 1 Abi, A _ FO. Fe WS 


10% which is certainly the moſt genuine and natural i 
way of obtaining them, it 1s eaſy to perceive by 8 
what means it comes to paſs that the equations [ 

for the chords of the even multiples of a given .' 

js ac riſe to a greater number of * than 1 

” thoſe for the chords of it's odd multiples. For 13 


tis evident that, as the chords of all the multi- 
ple ares are obtained by making uſe of a propor- "8 
tion in which d and 2,/4d— yy are the firſt and W || 2 
lecond terms, and the chord of the next leſſer 3 

N multiple q 


tional quantity dad — yy ; and conſequently thy . 


the multiple arc is of any magnitude leſs tha 


75 
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multiple arc is the third term, there will alwy 
be in the computing of every ne chord a mu 
tiplication of the preceding chord by the im 


value of the chord of the double arc will be jr 


rational; that of the chord of the triple arc, 9 | | 
account of the ſecond multiplication by = 1 
which upon the whole produces a multiplication n 
by the. rational quantity 44 — 3y, will be ration 


that of the chord of the quadruple arc, on ac 
count of the third multiplication. by dd - 
which upon the whole produces a multiplication 
by the irrational quantity dd — yy X ad — 
will be irrational; and for the fame reaſon. the 
values of the chords of the quintuple, ſextuple 
ſeptuple, and all the following multiple ares, will 
be alternately rational and irrational. Conſe 
quently if we would take away the irrationality 
of the values of theſe chords oi the even mult! 
ples, and expreſs their relations to the chord of 
the ſimple arc by equations conſiſting of a fimit 
number of rational terms, we mutt ſquare the 
expreſſions of their values, and thereby raiſe 
the dimenſions of the ſeveral terms, to double 
of what they were before, or to double the 
number of times the multiple arc contains the 
fimple one. | pigeons; 1 

133. Having thus found the equations 0 
the chords of multiple arcs by two different me 
thods both independent of the equations for the 
chords of their ſupplements to a ſemicircle, and 
having ſhewn that theſe equations undergo 0 
change, but continue to be the ſame as long 98 


the whole circle, we may now derive the equa 


tions for the chords of their ſupplements to a {© 
| micircle 


ws aſſerted in art. 122, concerning the change 


becomes greater than a ſemicircle; in the 


lowing Manner. . S013 


Let d be put for the diameter of the circle; 
fr the chord of the ſupplement of the fimple 
Kto a ſemicitcle, and q for the chord of the 
plement of the multiple are to a ſemicircle; 
ad it is evident, we hall have dd =. u, and 
d likewiſe 4% = pp K 99,” and conſequently 
=d—gg, and = , eg, dd a8 
0%, — 2d. EA, * = dd xx|! | : 
zd a — 4, Y = ad = A. — 44*x* 
* — 4d +x5,9*5 =:dd—xx! —=d** —= 
Fi + 10% = 1od*x5 +ogd* x? — K*, Cc. 
krefors, 1! „ 10 192 nifngut 5g 1.» hats 
I the firſt place, ſince 4d*y*—=49+ is dpi; 
will follow by ſubſtituting dd—9g for pp, and 
Lux for yy, that 4d x dd — xx—4 X dt - 2d 
% or 4d — 4d & — 4d*+8d*xx— ot 
ble — 4x*, is =d* x u¹ , or d — 49%; 
the conſequently 4 4d A is = d g*: 
; thefMicrefore the ſquare root of the quantity 4 
W'-'—+4+fis d: But the ſquare root of 4. 
x + 4x* is either 25 — d, or d*—2x*, ac- 
Ing as 2xx is greater or leſs than dd: 
terefore either 2* — dd, or dd —2xx is d 
Kording as 2xx is greater or leſs than dd. Now 
i 18 greater than dd as long as the double are 
Is than a ſemicircle, and leſs than ad when 


double arc is greater than  ſemmieircle; But 
than the whole circle, as may be thus demon- 
ed. Since the ſquare root of the quantity 
A Ax is either 257 — 4d, or dd — 2 
U : and 
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Cercle from the equations for the chords of the 
ultiple ares themſelves, and demonſttate what 


fthe ſigns of their ternis when the multiple 


d — 34*x* 


” 
1 
2 
=. 
7 1 
„ 
1 "a 
g 7 gy 
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and the quantity d— l 151 is Always ej 
tod* 4 and ener 1 ge root 18 of 
It follows, that en 4% ons : "that 1 is, wh | 
the 1 arc is 8 a ſemicircle en (fort 
that caſe 9, or the chor bf the ſupplemen 
the double arc to a nen is = 0, And col 
' 0 dane 49 is hene the two quantities 
"a and dd — 2 will be = - 0, and _conſequen 
ar will be — 15 eee while the douhte; 
is leſs than a ſemicircle; and coſeguentlyt thei 
of the ſimple arc is leſs, and the chord xo 
Lupplement of the fimple'arc. to a ſemicirde 
greater, than when the double are is equal ü 
femicircle, 2 Will be greater than dd; 
when the double arc ls greater than a ſenſe 
but leſs than the whole eirele, and conſequeit 
the chord y of the-ſimple arc is greater, and 
chord x of the ſupplement of the ſimple ate 
ſemicircle is leſs, than when the flouble at 
equal to a ſemichicle, Zz Will be leſs thin 
"Therefore as long as the double arc is 5 ] 
a ſemicircle, . we ſhall have 2%: — 4 = 
when the double arc is greater than a Na 
1 but leſs than the whole circle, we thall h 
l | 44 — 2%x — — | hs ; OE, 
_ © Secondly, Sine 34% — . 8 4. P A 
1 ſe quently dy- — 240% + 16575 is 2 4 
1 it will follow, by fubſtitiring 4d — ur far 
| and dd — 97 for pp, \that'g 4. X ad— xi ed 
= | X U ada =pxt + 
Is 16 * d* — gi*x* ＋ 3d a 8 1 
= | * — 24d + 48d*x* —244*% * ＋ 15 4 
| ASU + 48d. — 16, or d — 5 — gan 
24d4*x* — 16x65, is = 4* x d — 49, 
_ AR and conſequently Mh — 4d 
v4 SS: x5. An CA the 2 


: But the' ſquare root of gd*x* —244*x* + 
* is either 4x* — 3d, or qa*x — 4, ac 


de quantity 9d*x* — 24d * + 16x5 is = 


here ore either 4x3 — 34*x, of 34 * ; 4x? will 
= dig, according as 4x* is greater or leſs 
un 3d**. Now 4x" is greater than 3d. & ag 
"gas the triple are is leſs than a ſemicirele, and 
{5 than zadr when the triple are is greater than 
„ cmicircle, but leſs than the whole circle, as 
ebe thus demonſtrated, Since the ſquare root 
ebe quantity 94“ — 24d K 16 is ei- 
4 34 , OC 34 x=4x3, and the quan- 
9% & —- 2 16 is always equal to 
7, and conſequently its {quare root is dg, it 
lows, that when d*q is = o, that is, when 
« triple arc is equal to a ſemicircle, (for in. that 
ie g, or the chord of the ſupplement of the 
ple arc to a ſemicircle, is == 0, and confe- 
ently 49 is ) one of the two quantities * 
zd and 3d — 4, will be = a, and con- 
ently 4x? will be = 3d*x, and 4xx = 344. 
berefore while the triple arc is leſs than a ſe- 
circle, and conſequently the chord y of the 
Ile arc is leſs, and the chord x of the ſupple- 
at of the ſimple arc to a ſemicircle is greater, 
a when the triple arc is equal to a ſemicircle, 
k will be greater than 3d, and 4 than 34d: il 
d hen the triple arc is greater than a ſemicircle, 
leſs than the whole circle, and conſequently 
t chord y of the ſimple arc is greater, and the 
rd x of the ſupplement of the ſimple arc to a 
micircle is leſs, than when the triple arc is 
Jul to a ſemicircle, 4xx' will be leis than 34%, 
d 4x3 than 2d*x. Therefore as long as the 
De arc is leſs than a ſemicircle, we ſhall have 
„ 4* 
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* * 


ding as 4X? is greater of ſeſs than 3d * 
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4x3 —x= d*g, and when the triple TY 4 
greater than a ſemicircle, but leſs than the wh 
circle, we ſhall have 34**x— 4x*, — 49%. 
Thirdly, Since 16705 — Bog+y+ EY, 128% 
— 64% is = d*p*, it will follow by ſub 
ting dd — xx x for Y, and 4d — 97 for pp, th 


TR 


16 de X dd r — 80d. x df — 2d + of 
+ 1284* x d* = — 34+; 4. ga. — xs — 64x 
4. — 44 + bd — Ade +x*, or 10 
— 6 . 80 d + 160 dex: — 804. x4 
128d — '384d%* + 384d — 1284's 
644* + 256d ** — 30 % + + 256d K0 
64 or 16%. — 804+*x+ + 1284 = bir 
is — de ad — 9% or de — d*g*, and conſe 
quently 1 that s — 164*%x* +804d*x* — 1280's 
+ 64 * is = = &q*. Therefore the qu: 
root of the quantity 4 — 164% -+ god 
128d. * + 64x* is = dig. But the {qua 


root of 4* — 164 * ＋ "Ws — 128441: M7 
64x* is either 8æ ! — 8d*x* + di, or 8d'x*' MM" 
$8x+ — d, according as 8+ + 4 is great e 
or leſs than 84*x;*. Therefore either. 5 lat 

87*x* + d, or 84*x* — Bx* — d*; will be 
dig, according as 8 + d, is greater or k be 
than 84d *. Now 84* + 4, is greater E 
$4*x* as long as the quadruple arc is leſs than 4 
ſemicircle, and leſs than 84*»* when the qu * 1 
druple arc is greater than a ſemicircle, but k wh 
than the whole circle; as may be thus demol Ti 
ſtrated. Since the ſquare root of the quant . * 
a — 16d*x* + 8044*+* — 128476 + 60. or 
either 8&4 — 8d*x* + d*, or 940 x — 8x* ue 
at, and the quantity 4 — 16d%x* 4+ 50 4% I 


— 1284˙X + 64* 18 always equal to T0 ; Al 
and conſequently its ſquare root is = s 
follows that when d*q is = 0, that is, W 


* 2 


n * 3 


be quadrup le arc is equal to a ſemicircle (for 


whh in that caſe.q, or the chord of the ſupplement 
er the quadruple arc to a ſemicircle; is o, and 
c onſequently 4*g.is = o) one of the two quan- 


tties, 8x* — 84*x* + d* and 84*s* — 85. — 
/, will be = 6, and conſequently 8x* + d* 


il be = 84*x*. But when tne quadruple arc, 
- 648-4 <onſequently the fimple arc, is infinitely 
16% ball, the chord x of the ſupplement of the 


imple arc to a ſemicircle will be = 4, and con- 
ſequently 8x* will be = 84*, 8d*x* = 84*, 
ind 8x* + d* —= 94*; therefore in this caſe the 
quantity 8& + d will be greater than zd, 
and the exceſs will be = d“. Since therefore 
the quantity 8x* ＋ d* is greater than the quan- 
tity 84. when the quadruple arc is infinitely 
ſmall, and equal to it when the quadruple arc 


0 * z equal to a ſemicircle, it follows that the quan- 
5 lity 8:4 + 4, muſt have been greater than the 
> Wuantity 84*x* all the time the quadruple arc is 


nereaſing from o to a ſemicircle: For as durin 
that time x decreaſes continually (from being 


k i equal to the diameter of the circle till it becomes 
0 le lie chord of three half-quadrants) by infinite] 
t mall degrees, tis evident the quantities 8x*4-4 


ad 84*x* will decreaſe alſo at the ſame time 
y infinitely ſmall degrees, and therefore it is 
mpoſſible the quantity 8x* + d ſhould from 
ting greater, become leſs than the quantity 


emo 1 - | . | 2 4 
ii & before it firſt becomes equal to it, that is, 


before the quadruple arc becomes equal to a ſe- 
circle. Again, when the N arc is 
qual to a whole circle, the chord x becomes 
tie chord of a quadrant, and conſequently 
8d = 4d%, Bx* = 
20 


ww 


— 
* 4 * 
2 „ „ 1A $0 4&4 
Cz LS = N h:img*n ts . i 1 
— * go : _ 


. APs} wr : 
. ads TRI As 5 Ay rernogd, | 
a — x 5 ” 
F ow 
A : l = 1 8 
GT — YES 
es LY 1 2 . 


— . 
* i mary 
8 - 1 
. AE LES 9 * ad i 
; 7 3 r = * "I , 8 _— wn 3 8 28 9 % 14 4 a G 
T2 o My 0 * 1 N a. Lies by "I * D r 1 1 me 
. out 2» rote, oa CIA es 0 ens PPC En dd ̃ ˙ r — ES 
5 * L ® ys _— 4, 
— 4 7 hol bh * — _ a = M 
o \ = « - o A _ \ - 7 3 ul 
— i Lo —_— 3 FI "4, - — 
. on _ \ U ſh 1 9 4 
. os 3 8 of © N = 
l \ l 1 8 
60 K nn 
by - _— © 5 Hain l 


a 
* Lens al IDS 
l WR 
It * hat = 
1 Sr a. 
- * 1 = 
N 5 x 


* 


15S ELEMENTS of _ 
24%, and 8x4 + d. — 34+; therefore at g 
*: 76 2 2 - 6 WS. a T3 TTT\' AMY 
time 84*x* is, greater than 8x* + 4, and 
the exceſs is = d*. But it has been "bel 
_ thewn that when the quadruple arc is equal to 


ſemicircle, the quantity 8d * is — N + i" 


Therefore it follows that during all the time 
| the. increaſe of the quadruple arc from a. ſem 
circle to a whole, circle, or, if we ſuppoſe, (whic 
will amount to the ſame thing,) the quadruple aq 
to decreaſe from a whole circle to a ſemicircle, i 
will follow that during the whole time of thi 
decreaſe, the quantity 84*x* will be greater thi 
8x+ ＋ d. For as during the time of that de 
creaſe of the quadruple arc, the chord x increaſe 
continually (from being the chord of a quadrant 
till it becomes equal to the chord of three half 
quadrants) by infinitely fmall degrees, it is en 
dent the quantities 8x+ ＋ d and 8d'& will in 
creaſe alſo at the fame time by infinitely fm 
degrees, and therefore it will be impoſſible fo 
the quantity 8d from being greater to becom 
leſs than the quantity 3x* A before it fir 
becomes equal to it; that is, before the quadm 
ple arc becomes equal to a ſemicircle. Thee 
fore as long as the quadruple arc is leſs than 


_—_ ſemicircle, the equation expreſſing the relatio 
IJ 1 ; of x and 7 will be 8x * — 84d —— d* = aq 
| and when the quadruple arc is greater than a f 

| micircle, but des than the whole circle, thi 


equation will be 84*x* — 8x* — 4. . d 
| Fourthly, Since 5d*y — 20d* y! + 10% 6 
l g*p, and conſequently 25d*y* — 2004*9" + 
l 560d*y* — 6404*y* + 2569'? A p', it 
follow by ſubſtituting 4d xx for yy and dd. 
99 for pp, that 2 5d x dd — * — 200. 


6 MITT = . N 
— — — —— . 
* — — . ——— —— 
* — * — 
* * " * 


7 $. $36 h mh, # F# p% 
* * c 5 © — 7 : 5 1 Pr rern .# — 15 1 * $4 * 1 
al 0 nt — x — 640d x 
a; 3d K zd, -* — 04097 x 
= f 4 * F * 4 „ 
Ader + 09tx+ — 44*x | 


6 5 An 
b +2:5604***—38404*xk*þ,2560d*85— 


quently 254*x*+—'2000 6.4 + ＋ bo 4 * 62.98? | 
Fer E 2018 cs {quare 
not of the quantity 25d*x*:—:2008*x*% ++ g 
8 ey 4* — bod — 286 * 9 is equal to dig: - Bait 
the quare root of 250%* —+2008% . SO, 
%% 4+ 256 * is either 16 a x3 rite 
«x, or 20ĩ — 16 — 5 x, laeeonding as 
ihr gd is greater or ſeis an a. . 
Therefore either 161 — 20 544+ am er 
200% — 16K — pu, is equal ita, acchrd- 
ug as 16* ＋E $d*x, is greater or dee than 
0% rr. Now.] 16x5 ＋ 54d is greater than 
19d x3 as long as the quintuple arc is laſs than a 
{micircle, and leſs than 20d. π hen the: quin- 
ple arc is greater than a ſemicircle, but Jeſs 
than a whole circle; as may be thus demon- 
lated. Since the ſquare robot of the quantity 
td x* — 20045 ＋ 56044%* G 'x*.4- 
756x%*9 is either 16x5 — 204*x3* + gd, or 
wx? — 16x5 — dx, and this uare root is 
dways equal to d*g, it follows that when 4 1s 
=0, that is, when the quintuple arc is equal to 
aſemicircle, (for in that caſe 9, or the chord of 
© ſupplement of the quintuple arc to a ſemi- 
circle, 
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therefore the quantity 16 E gdx is gret 


continually (from being equal to the diamet 


it is evident the quantities 16x5 + 54*x and 


the quintuple arc becomes equal to a ſemicire 


circle, is — o, and conſequently dg is = 9). 
of the two quantities 16 — 20 A. ";j4 
and 20d*x* — 16x* — 5d*x will be =o 
conſequently 16x* ＋ 5d4*x will be = 20d 
But when the quintuple arc, and conſequent 
the ſimple arc, is infinitely ſmall, the chord: d 
the ſupplement of the ſimple are to a-ſemicirch 
will be = d, and conſequently 16x* will be 
T1645, 204*x* — 2045, dx = zd, and 16 
+ dx — 2145. Therefore in this - caſe. th 
quantity 16x*5 + 5d*x will be greater thy 
'20d*x*,, and the exceſs will be = 45: Jin 


ter than the quantity 204*x3.. when the qui 
tuple arc is infinitely ſmall, and equal to-it whe 
the quintuple arc is equal to a ſemicircle; it fd 
lows that the quantity 16x* + '5d4*x.:muſt hay 
been greater than the quantity 204*x3..all) th 
time the quintuple arc is increaſing from a to 
ſemicircle : For as x during that time decreal 


of the circle till it becomes the chord of fol 
fifths of a ſemicircle) by infinitely ſmall degree 


dex will decreaſe alſo at the ſame time by inh 
nitely ſmall degrees, and therefore it is impoſ 
fible the quantity 16* + 5d*x ſhould: fron be 
ing greater become leſs than the-quantity:2ed' 
before it firſt becomes equal to it, that is, . beto 


Again, when the quintuple arc is equal to 
whole circle, the chord x becomes the chord. 
three fifths of a ſemicircle, and is therefore equi 


ö 1 | | | | 9 
to _—_ X d. as may be ſhewn in the follog | 
ing manner, When the quintuple. arc is edi 
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\ ſemicircle, we have 16x5. — 20d*x3 ＋ zdex 
„ or 16x* +, Sd — gods, and conſe- 
ently 16* + 5% = 200*x?, and 20d — | 


d*x 44 : 
$ Ex WEE” £6 I and. (ſub- 


ting both es of the equation oat — 7 


"x" 4a | Q 
IF LS = + * Ke : Therefore one of 
4 * "=O 2 54 ITS 
e ſquare 'roots of the quantity 1 — 7 


%, that is, one of the two quinithics 


Tl" : and x — muſt be N 


e former of theſe quantities, to 8 *, 


8 
not be equal 1098 X d*, becauſe that would 


ä 


ff 54d, and 


- but 


2 En 4 5x d., which being leſs than 


*. 2 T 2 * g 

* = 1 = ©, or, g_? and 
Jurftors leſs than © cannot be the true value of 
becauſe x* in the preſent caſe is the chord 

four fifths of a ſemicircle or eight fifths' of aa 


rant, and therefore muſt be greater than the 


od of a quadrant, or than 1 Therefore x 


t is, the chord of the ſupplement of the fifth 


es 


4; conſe aent! by the equation for the 
. : * I chord 


t of a ſemicircle to a ſemicircle is = 
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1% ELEMENTS A 
chord of the ſupplement of a double are fou 
in the firſt caſe of this article, to wit, 2xx { 
= dg, or q _ _ — , it follows that t 
chord of the ſupplement of two fifth parts of 
ſemicircle, or one fifth part of a whole circle, t 


ſemicircle is VL d 4 A&H 
| 4 e 


2 = . VS xd. Therefore the value of 
when the quintuple arc is equal to a whole cir 


is * x d; therefore in this caſe x* is 


be * 4, * EE * di god 
e 4, 168% L x gs. 


16* ＋ 5d! — 7 ZX * 4.141 +] 
Me: 5 N 8 


xd*, which is leſs than L x di, bea 


the exceſs of 17 above 15, to wit, 2, is leſs tl 
the exceſs of 54/5 above 3/5, to wit, 2 
Therefore when the quintuple arc is equal tt 
whole circle, 204*x* is greater than 16x* + {| 
and conſequently 204*x* is greater than 16#' 

5d*x. But it has been before ſhewn that wi 
the quintuple arc is equal to a ſemicircle, | 
the quantity 20d. is — 16x5 4 dx: tit 
fore it follows that ducing all the time of the 
creaſe ot the quintuple arc from a ſemicircle 
whole circle, or, if we ſuppoſe the quintupl 
decreaſe from a whole circle to a ſemicirct 


will follow that during the whole time of this 
| ol 
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wreaſe the quantity 20d“ will be greater than 
16x% ＋ 5d x. For as, during the time of that 
&creaſe of the quintuple arc, the chord x in- 
creaſes continually (from being the chord of three 
ichs of a ſemicircle till it becomes equal to the 
chord of four fifths of a ſemicircle) by infinitely 
ſmall degrees, it is evident the quantities 16x# +- 
wx and 204*x* will increaſe alſo at the ſame 
tme by muß ſmall degrees; and therefore it 
will be impoſſible for the quantity 20d*x* from 
being greater to become leſs than the quantity 
16:5 + 5d*x before it firſt becomes equal to it, 
that is, before the quintuple arc becomes equal 
to a ſemicircle. Therefore as long as the quin- 
tuple arc is leſs than a ſemicircle, the equation 
expreſſing the relation of x and g will be 16x5 — 
200 x? + 5d*x = dig, and when the quintuple 
c is greater than a ſemicircle, but leſs than a 
whole circle, the equation will be 204* x* — 16x5: 

= zd — dg. 5 E 
134. It appears therefore, that in the equa- 
tons that expreſs the relations of the chord of 
the ſupplement of a ſingle arc to the chord of 
the ſupplement of its double; triple, quadruple, 
ad quintuple, the ſigns of the terms on the 
left-hand fides of the equations, or of the terms 
that involve the letter x, are oppoſite, when the 
multiple arc is greater than a ſemicircle, but leſs 
than a whole circle, to what they are when the 
multiple arc is leſs than a ſemicircle; and the 
ame may be ſhewn in all higher multiples. 
135. The general reaſon of this change is 
llat the increments or decrements of the affirma- 
te terms, or terms marked with the ſign =, 
0 not become equal to the contemporary incre- 
23 EW ments 


fou 


; ns 


16 ELEMENTS 
ments or decrements of the negative terms d 
terms marked with the ſign - 
ſtant of time that the affirmative, terms them. 
ſelves become equal to the negative terms, which 
they muſt neceſſarily do if the affirmative term 
after having become, from being greater than 
the negative terms, equal to them, become again 
immediately greater. Thus, for inſtance, in 
the equation 16%#5 — 20d. + 5d*x_— dig, 'ti 
evident that if the decrements of the quanity 
16x* + 54*x, which, during the whole time o 
the increaſe of the quintuple arc from o to a ſe. 


— 


2 


at; the ſame in 


micircle, muſt have been greater than the con; 
temporary decrements of the quantity 20d. 
(becauſe the quantity 16x5 + 5d*x1s at fir 
when the quintuple arc is infinitely ſmall, greater 
than the quantity 204*x* by an exceſs equal to 


ds, and, when the quintup'e arc is equal to a 


ſemicircle, is equal to 204*x*, ſo that, during 


the increaſe of the quintuple arc from o to a ſe- 
micircle, the exceſs of 16 + Fd abore 
 204*x3 will have decreaſed continually from d. 
to o, and conſequently the decrements of the 
quantity 16 * ＋ 54+; muſt during all that time 
have been greater than the contemporary decre- 
ments of the quantity 204 ,) I ſay, if the de- 
crements of 164 -+ 5d4*x continue ſtill to be 
greater than the contemporary decrements 0 
204*x3? after the quantity 16x*—+5q4*x is become 
equal to 204*x*, tis evident the quantity 16x* + 
d& will become leſs than 204*x3 ; that is, un- 
ecrement of 16x5 + 5d*x becomes 
equal to the contemporary decrement of 20d 
at the inſtant the quantities 16x5 ＋ Fd and 
20d themſelves become equal to each other, 
the quantity i6x* ＋ 5d*x will become leſs 


% 


1-6 the d 


— 


than 
20d 
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10/:x3 ; for if, immediately after the quantity 
16%* _ 5d*x becomes equal to 20d x3, the 


&crement of 16x* J 54*x, inſtead of con- 


inuing greater, becomes leſs than the con- 
temporary -decrement of 20d*x?, (as it muſt 
do to make 16* + gd*x, after having been 
equal, be again greater than 204*x3) it muſt, at 
he inſtant the quantity 16* ＋ Fd is equal to 
200 * „ be exactly equal to the decrement of 
10: „ becauſe till that inſtant it has been always 
greater than that decrement. Now that the 


contemporary decrements of the quantities 16x5 


dx and 20d*x*cannot become equal to each 
cher at the inſtant thoſe quantities themſelves 


become equal, may be ſhewn in the following 


manner, Put x (or the letter & with A point 
placed over it) for the decrement by which the 
bord x is diminiſhed in a very ſmall portion of 


me; and tis evident the decrement of 5d*x in 


tht time will be 5d+x, that of * in the ſame 
me will be (=-, or) nearly 
r, and that of x5 will be (= x* — —K „ 
r) nearly 5x*z; therefore the decrements of 
brand 204* x3 will be nearly equal to 5 X 16x*x 
nd 3 x 204*Xx2x,, and conſequently the decrement 
the ſum of the affirmative terms 16 and 5d*x 
$5 * 16 * 5dex. Now 5 * 16 =P ＋＋ & 
anot be equal to 3 X 20d α & at the ſame in- 
at of time that 16 + $54*x is equal to 
au, becauſe in that caſe it would follow that 
FX 1044 +. 54“ was equal to 3 X 204*x® at 


me time that 16:4 + zd“ is equal to 


ac, which is evidently impoſſible, becauſe 
[former of theſe equations, to wit, 5 x 164* 4 
e Xx 204*x*, is derived from the latter 
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EME 
of them, to wit, 16x* + 5d* = 204*x*, by nu 
tiplying its ſeveral terms not by the ſame num 
ber (which would be neceſſary to preſerve th 
equality of it's oppoſite ſides) but by the ſever 
indexes of the powers of x in the original quis 
tity 16x5 — 20d. ＋ 5d*x. And the ſame ra. 
ſonings, tis eaſy to perceive, may be applied i 
the equations for the chords of the ſupplement 
of all higher multiple arcs, as well as to thatd 


the quintuple arc. 
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4 | 136. Corel. 10. From the foregoing corollati 
\\'F in general, and particularly from the laſt article oi : 
4 the foregoing corollary, we may conclude tu ane 
whenever any quantity as 2, that becomes til del 
by a gradual decreaſe equal to o, and then Mort 
creaſes to a certain magnitude, then decrealſpol 
again to o, and afterwards increaſes a feconWcirc 
time, and fo on for any number of times, is mal 
all theſe variations of it's magnitude ſo related the 
two other quantities x and y that it may alwi reg. 
be deriv'd from them by the ſame conſtructiongMing 
and conſequently is always equal to a quant part 
conſiſting of the ſame number of terms invoi And 
ing in them the ſame powers and multiples of Wcircl 
and y, but only differently connected togetiaMcqu: 
by the ſigns + and —, I ſay, when this happen cum 
we may conclude that the ſigns of the terms fame 
the value of the quantity à are changed in mal: 
their contraries every time that quantity becom wou 
equal to o. And by the help of this rule wem O 
extend all the foregoing articles, concerning i fnd 
methods of finding the chords, fines, &c. Witte c 
multiple arches, to the caſes of arches greg the o 
than a whole circle, and equal to any Num maki 
of whole circles, and any part of a circle, wWand c 


{gel 
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| other in the proportion of eleven to one, and 


' fides circumſcribed about the circle. 
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the equation that reſults from that ſuppoſition, 
and the value of the chord y thereby obtained 
will, 'tis evident, be the length of a fide of ; 
regular .polygon of eleven ſides inſcribed in the 
circle. In like manner, if I would find the 
length of a ſide of a regular polygon of eleven 
fides circumſcribed about a circle, I muſt find the f8 
equation that expreſſes the relation of the tan. 
gents of two arcs whereof, the one is to the 


making the multiple arc equal ta a ſemicircle, 
and conſequently it's tangent , I muſt refolye 
the equation that reſults from that ſuppoſition, 
and the value of the tangent of the ſimple arc 
thereby obtained will, it is evident, be half the 
length of a fide of a regular polygon of eleyen 


— 


— 


128. In Fig. 57. the line CF exhibits all the ſe-· iin 
cants of the arcs in the progreſſion 10%, 20?, 30 ill 
&c. to ſeventy degrees, together with the ſecant 
of 75*; and is therefore call'd the line of ſecants 
for a like reaſon, CB is call'd the line of fines; A 
the line of chords, and AE the line of tangents. 

From the inſpection of this figure it appears umb 
that the difference of the fines of two arcs de- 
creaſes as thoſe arcs increaſe, provided their dif. de 
ference continues the ſame, as was demonſtrated min 
Prop. 23. Corol. 1. but that the difference of their ll 
tangents, and likewiſe of their ſecants increaſes ents 
at the ſame time; and that at laſt when the arc} 
are very large, as for inſtance 75 or 80 degre® 
theſe differences increaſe exceeding faſt; inſ0- 
much that an arc may be aſſigned, fo large, d 
ſo near to a right angle, that if it be increaſed 


by 


N 
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y any addition ever ſo ſmall, the increment of 
le ſcant or tangent ſhall exceed any propoſed 
length, ever ſo great. And thus we have a po- 
ular, but convincing, proof of ſeveral things 
it have been made out in a more methodical 
manner in the preceding propoſitions : for re- 
preſentations of this kind that enable us to form 
ear conceptions of the ſeveral poſitions, mag- 
nitudes, — variations of lines in our imagination, 
we frequently little inferior in evidence to the 
more regular and preciſe reaſonings that are ad- 
irefſed to the underſtanding, at leaſt they are 
cry fit to accompany and illuſtrate them; and they 
ye moreover this peculiar advantage, that they 
reatly aſſiſt the memory in recollecting the pro- 
vfitions that have before been demonſtrated 
oncerning them, whenever there is occafion. 
139. Hitherto we have ſuppoſed the fines, and 
agents, and other lines that relate to the mea 
ring of angles, to belong to the ſame circle, we 
jill therefore add one very eaſy propoſition con- 
ming the relation of the fines of different 
les when taken in different circles; which 
With a moſt curious and uſeful theorem of Ga- 
js concerning the locus of the vertices of any 
umber of «riangles conſtituted upon the fame 
de, and having their ſides in the ſame ratio, 
id a celebrated propoſition of Archimedes con- 
ming the magnitude of the area of a circle, 
all conclude this ſecond part of theſe ele- 
lents. . hs 


PROP. 27. A Theorem. 


40. The ratio of the ines of two different angles 1 
Kalured in different circles is compounded of bl 


- o F \ 
\ * 1111 
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compounded of the ratios of FC to BC, and 


R; and BC r. By Prop. 18, the fine Bl 
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the ratio of the ſemidiameters of the circtel in 
the ratio of the fines of the faite angles taken i 
eck. an orien wut.” 
Let BCA, BCD (Fg. 58.) be the two aig 
I fay, FE the fine of BCA in the circle F K Is to 
BD the fine of BCD in the circle BL in a rats 


BA. to BD. | 11302 11k & 5 | TR nt A 
. For fince FE, BA are (by the definition cf! 
fine) both perpendicular to CG they mult be pe. 
rallel to each other. Therefore the triangles FC, 
BCA muſt be fimilar, and FE: BA:: FC. 
BC. But FE is to BD in a ratio compounded of 
the ratios of FE to BA, and BA to BD. There 
fore the ratio of FE, BD is compounded of thi 
ratios of FC, BC, and BA, BD. QED. 


141. Corel. 1. Hence the ratio of the ſines BA 
BD, of the angles BCA, BCD, meaſured in th 
ſame circle, is compounded of the direct rati 
of FE, BD the fines of thoſe angles meaſure 
by unequal circles, and the inverſe ratio of FC 
BC, the radii of thoſe circle. 

Put the verſed fine DM — 2; EG = x, Fl 


is a mean proportional between DM. and 2 C 
DM; whence BDg — 2 CM x DM — DM 
= 273 — 22, For the ſame reaſon, FE. 
2Rx . And by this corollary, BA ; BU; 


TTT VaR. 
Fe: BC. therefore BA is to BD as R 


to —— —. Let the angle BCD "inſtead ( 
being leſs than BCA, be ſo much greater tþ 
it, that it's verſed fine DM ſhall equal EG a 
= velle 
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ierſed fine of BCA in the N circle, or chat 


will be changed 1 into v2 == and the ratio 
of BA to BD will be 25 ſame as that of 


e to V r - This caſe occurs in 
lam lectures 55 Natural ee 


10 lect. 9. 


142. Corol. 2. By this figure it appears that the 
Arches FG, BM, ſubtending different angles 
BCA, BCD at the center c of the unequal circles 
FK, BL, are in a compound ratio of the radii 
FC, BC, and of the Angles they ſubtend, or 
the Arches BO, BM in the ſame circle. For 


Sh, the ratio of F G to BM i 1s Me aal to the ratios of 
_ to BO, and BO to B that is, of FC to 
nn BC and BO to BM. % 


Hence the arches BO, BM, or the angles 
BCA, BCD, are to each ther | 12 the ratio of 


FG 


| BM 

Fl 

* 0 es ; that i is, if the angles are ſmall, as 
| bord FG hord B 

95 g FR : 0 M. each Or, if FG, 
EM be ſuppaſed to repreſent two Objects ſren 
BD ban eye at C, their apparent diameters (for ſo 


de angles they ſubtend at the eye are call'd) 
will be very nearly in a ratio compounded ef the 
rect ratio of the real diameters FG, BM, and 
Y inverſe ratio of their diſtances FC, BC from 
the eye, 


> 
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143. If a right line AB (Fig. 59 and 60) be d 
vided into two unequal ſegments AC, CB, where 
AC is the greater, that are to each other in ay 

ropoſed ratio whatſoever, and from the extre 
mities A, B, be drawn two lines, as AK, KB 
or AF, FB, in the ſame proportion as AC, BC 
meeting each other in K or F; the fevers] in. 
terſections K, F, and C will be ſituated in the 
circumference of a circle, whoſe ſemidiamete 
is determined by the following conſtruction, 


Conſtruction. 
Take CP — CB; and ſay as AP : CB :: C} 


| ] 
1 : BD; and D will be the center, and DC tha" 
ilk radius of the circle in which the points K, FW" Þ 
16 Sc. are ſituated, 75 circ 


Demonſtration. 


6 Firſt of all we will ſhew that the point E 
{it which is the laſt interſection of the lines draw 
"8 from A, B, when the angle at A is diminiſhe 
2 infinitum, lies in the circumference of thi 

_ | circle. Since AP: BC :: BC: BD, it follows cn 
1 ponendo that, AC : CB :: CD: BD. But 

—_ | the ſuppoſition, AE : BE:: AC: BC. Ther 
= in fore AE: BE:: CD: BD : and dividend 
14 AB: BE:: CB : BD and permutandb, All 
again dividendo, Ac: CB :: DE: BD. there 
fore DE: BD :: CD: BD. conſequent! 
DE — CD, and E is in the circumference" 
the circle, Now take any other point as R; ant 
producing 


— A — hs 
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producing RB till it meets the circle in 8, join 
SD, then we ſhall have AR: BR:; AC 2 
(B :: CD : BD :: SD.: BD. therefore {by 
El. 6, 7) ABR, SBD are fimilar triangles ; for 
AR is greater than BR, becauſe AC 1s greater 
than CB; therefore ang. ABR is greater than 
BAR, which of conſequence mult be acute; and 
360 is leſs than a right angle; becauſe it ſtands 
upon the line BD, which is leſs than the whole 
diameter CE. Therefore SB * BD :: AB : BR; 
whence SB W BR = AB Xx BD = CB x BE, 
becauſe BE: BD :: AB; CB by what was 
proyed before. Therefore (by the converſe of 
El.3. 35.) the point R is in the circumference of 
the circle. QED. p 


Note, The converſe of El. 3. 35 is almoſt ſelf- 
endent: however, to make every thing as clear 
5 poſſible, let R be ſuppoſed not to be in the 
carcumference of the circle; but let SB cut the 
arcle in T or V; then by this propoſition of Eu- 
ci, SB x BT, or SB x BV will be = CB «x BE, 
kat is, to AB x BD; but it has been proved 
that SB X BR — AB x BD; therefore SB x BR 
=0B x BT, or SB x BV, and BR = BT, ar 
IV, a greater to a leſs, or a leſs to a greater, 
which is impoſſible . fil. 576 EP 

Ty evident that what has been proved of the 
points E and R is equally true of all the other 
pants K, F, I, H, G, &c. 


144. Corol. 1. When the line AB is biſected, or 
nen the point C coincides with the middle 
pant O, the radius DC is infinite, and the cir- 
aference of the circle becomes a right line 
5 Perpen- 


7 
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perpendicular to Ag in O, as in Eg. 61. _— 
CB or CP being equal to AC, AP pecomes al 
and of conſequence BD the fourth term in 7 
proportion AP: CB:; CB: BD, An be inf. 
nite. Or it may be proved from this confſdg =p 
tion; AC: CB :: COD: BD, and A — 
therefore CD — BD. 'N ow the only. cal = 
which the ratio of CD to BD can be ag 4 
equality, is when they are both infinite, 3 che 
ratio of their difference CB to either of them iy 
an infinitely great ratio of minority. - D 
___ *Tis evident without conſidering the conſim Z 
_ tionof the circle, that CLK ought to be 
line perpendicular to AB, For tince AC 0 3 
it follows that AL = LB; AK — KB, A 21 2 
Therefore, joining MC the angles ACI, BG 0 
will be equal (by El. 1. 8.) and conſequently 75 * 
ones. For the ſame reaſons joining KC, A 
each of theſe lines will be perpendicular to 44 
in C. therefore IC, KC, LC, coincide; al wb: 
line joining the vertices L, K, I, is 4 e 1 
eee to AB in C. 1 


145. Corol. 2. If C be taken nearer rand nei 5 
B, the circle will continually grow leſs and Je 
and at laſt when C and B coincide will van 
tirely: for in this caſe CB decreaſes and 
creaſes; therefore the ratio of AP to Clin 
conſequently of CB to BD, increaſes; than_ 
| BD decreaſes as well as CB. conſequently an 
dius CD, or CB ＋ BD, decreaſes. Wil 1 
CB o, BD will So, and CD, and cone 5 
ly the circle of which it is dhe ra 8 


vaniſh. "= : 
® q + 
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% 


ay propoſed ratio whatſoever, and (taking 


| 


f 


cle be deſcribed with the center D, and radius 
c; the ratio of any two lines AK, KB, or AF, 
B, or AI, IB, drawn from any point K, F, or 
nn the circumference of the circle to A, B, the 
W::cmities of the given line, will be the ſame 
ich that of the ſegments of AC, CB. 


Previouſly to: the following propoſition, . it will 
e convenient to make the following obſerva- 
ons. | 


© 


05, r. The area; of a regular polygon; as 
WDFHKMOQB, (#g. 62.) circumſcribed about 


Wc is equal to the. perimeter of the polygon, 

nd altitude to the radius of the circle. For by 
wing the lines HR; KR, MR, &c. from the 
Feral angles of the polygon to the center of the 
cle, the polygon may be divided into the ſeveral 
angles HRK, KRM, Sc. which have the ſides 
| the polygon for their baſes, and the radius of 
de circle for their common perpendicular alti- 
e, and therefore (by El. 6. I.) it is equal to a 
W'ingle whoſe baſe is equal to the ſum, of all 
ee baſes, or of all the ſides of the polygon, 
Wl whoſe perpendicular altitude is equal to the 
lis of the Circle, or to a right-angled triangle 
hole baſe is the perimeter of the polygon, and 
eight the radius of the circle. ge 


y „ 5 „ SE. 
146. Corol. 3. If a right line AB is divided in- 
wo ſegments AC, CB, that are to each other” 


p — CB, and making AP: CB :: CB: BDjz 


circle, is equal to a right-angled triangle, whoſe | 
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Oz/. 2. The area of a regular 51 on, of 
| bdfbkmogb, (fig. 62.) inſcribed in a A «qui 
to a right-angled triangle whoſe: baſe is equal t 
the perimeter of the polygon, and. altitude to Rj 
or the coſine of half the arch &i ſubtended by ond 
of the ſides of the polygon. For the inſcribe 
polygon bdfhkmogb may be. divided into the | 
veral triangles þR#, Rm, &c. whoſe baſes at 
the ſides of the polygon, and their common alt 
- tude equal to Rr. > hk 1 


_ OB. 3. If a regular polygon be circumſcribel 
about a circle, the number of its ſides may be 
far increaſed that the area of the polygon (hill 
exceed the area of the circle by an excels that 
leſs than any aſſign'd area whatſoever. For i 
BDFHKMOQEB (Z. 62.) is a regular polygo 
circumſcribed about the circle-, RAEIN, and 
bafhkmogb a polygon ſimilar to the former in 
ſcribed in that circle, the proportion of the fu 
mer polygon to the latter will (by El. 6. 20.) bt 
equal to that of (KH to &, or Klq to #y, oo 
Rlz to R#g, or of the ſquare of the radius tot 
ſquare of the coſine of half the arch ſubtended by 
a fide of the inſcribed polygon, which proportion 
'tis evident, may, by increaſing the number oy 
ſides in the polygons, be made to approach a 
near as we pleaſe to a ratio of equality: there: 
fore by increaſing the number of ſides in the po; 
lygons the circumſcribed polygon may be mats 
to exceed the inſcribed polygon by as ſmall 
quantity as we pleaſe, and conſequently, 4 f 
fiori, it may be made to exceed the circle, lic 
is always greater than the inſcribed polygon; , 


% 
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excels that is leſs than any aſſigned area what- 
er. 120 Dee ee 
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u 148. The area of every circle is equal to a 
Wrht-lined triangle whoſe baſe is the circumfe- 
nce of the cirele, and altitude the radius. 
Let AEIN (Fg. 62.) be a circle whole center is 
| and radius AR; and STV (#g. 63.) a right- 
pled triangle whoſe baſe TV is equal to the 
rcumference of the circle AEIN, and altitude 


. 3 X i 1 5 S. \ S j =_ * » n 8 Nen 55 n 
r W FJ ⁰ P CRISS CORR n SA wt EE 
o n 9 OT =_ [WER bs 8 re . 


bes to the radius AR. I fay, the area of the 
ee AEIN is equal to the triangle STV. For 
US they are not equal, let us firſt ſuppoſe the tri- 
at 18 


ole to be the greater, and the difference to be 
qual to the ſpace X. About the circle AEIN 
reumſcribe the regular polygon BDFHE 
0QB, the number of whoſe. fides is fo great 
at the exceſs of it's area above the area of the 
cle AEIN ſhall be leſs than the ſpace X; which, 
0% 3. it is poſſible to do; and, it is evident, 
e circumſcribed polygon BDFHKEMOQB will 


ai 5 


the leſs than the triangle STV. But, by O % 1. the 
Icamccribed polygon is equal to a right-angled 


angle, whoſe baſe is equal to the perimeter.of 
e polygon, and altitude to the radius of the 
cle: therefore this triangle is leſs than the tri- 
oc 8 TV. But, becauſe by the lemma in Arr. 
, the perimeter of the circumſcribed polygon 
greater than the circumference of the circle, 
Id conſequently the baſe of the former triangle 
greater than the baſe of the latter triangle, and 
Kir altitudes are equal, it follows that the for- 
& triangle muſt be greater than the latter: but 

X \ | It 
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it has been been before ſhewn to be leſs than q 
latter triangle: therefore it is both greater az 
leſs than the latter triangle at the fame time, 
which is impoſſible z therefore the triangle ST 
is not greater than the circle AEIN. QED. 
| leſs than the circle AEIN, and let the difference he 
equal to X. Inſcribe in the circle AEIN the regula 
polygon 45d/hkmogb, the number of whoſe ſides is ſo 
great that the exceſs by which the circle AEIN 
exceeds its area ſhall be leſs than the ſpace N; 
which, it appears from El. 12. 2. is poſſible to be 
done: and it is evident the inſcribed polygon 
bafhkmogb will be greater than the triangle 8 T. 
But, by O6/ 2. the polygon bdfhimage is equal to 
a right-angled triangle whoſe baſe is equal-to the 
perimeter of the polygon, and its altitude to the 
eoſine Ri; therefore this triangle is greater than 
the triangle STV. But it is alſo evidently les 
than the triangle STV, becauſe its baſe, being 
equal to the perimeter of the inſcribed; polygon, is 
leſs than the baſe of the triangle STV, which is 
equal to the circumference of the circle, and its 
altitude Rz is alſo. leſs than the altitude of the 
triangle STM, or than the radius of the circle: 
therefore it is both leſs and greater than the tri 
angle STV, at the ſame'time; which is impoſ⸗- 
fible. Therefore the triangle 8T V is not leſs than 
the circle AEIN. But it was before ſhewn that 
it was not greater than that circle; therefore it 1s 
equal to it, QED. 


149. Note, If we make uſe of the conciſer, 
though leſs accurate, language of infinitely ſmall 
quantities, the demonſtration of the foregoing 


propvy 


number of the fides of a regular polygon circum- 
ne, {:ribed about a circle be increas'd, and conſe- 
IV quently, their magnitude diminiſh'd, ad inſinitum, 


the perimeter and areaof the polygon will coincide 


be with the circumference and area of the circle re- 
be pectively; and conſequently by O8/. 1. the area of 
dar the circle will be equal to a right-angled triangle, 
s (8 whoſe baſe is equal to the circumference, and its 
IN :ltitude to the radius, of the circle. A like de- 
X WM nonſtration of this propoſition might be deduced 


fom the con fideration of the inſcribed polygons, 
by the help of O4/ 2. 


150; Corol. 1. Hence tis evident that the area 


E 

the of a circle is equal to a rectangle contained under 
the its ſemicircumference and, radius or, ſemidia- 
han meter. | 

lels © 3818 | Mett 
eng 151. Corol. 2. Hence it appears likewiſe that 
ve ſquare the circle, or to find the proportion of 
hi area to the ſquare of the diameter in num- 
bits bers, it is neceſſary firſt to know the proportion 
the ef the diameter to the circumference; that is the 
cle hadrature of the circle, and the finding the pro- 
tri⸗ portion of the diameter to the circumference in 
po- numbers, are one and the ſame problem, or are 
than mutually dependant upon each other. Tis com- 
that monly ſaid that the diameter and circumference 
it ck a circle are incommenſurable to each other, 


a conſequently that an accurate quadrature of 


„ee circle is impoſſible : but this I have never ſeen 
iſer WWMicmonſtrated, though it ſeems probable from 
mal lis conſideration, ſuggeſted .by Dr. Barrow; to 
anger That the fides of regular polygons in- 
po (cribed in, and circumſcribed about, a circle 


Pant TRINDNOMETRY. 171 
propoſition may be reduced to this; that if the 
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e tities, or quantities incommenſurable to the 


2 4 
r 
EF PFs 
= — 


ference of a circle has been expreſſed in number, 


- itſelf, This he demonſtrates by ſhewing that th 


the 1 met 
the area of any regular polygon whoſe perimet 


about the circle, in the following manner. Te 
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e grow more and more involved with ſurd'quan; 


« diameter, as their number 18:1ncreaſed ; 
whence it ſeems reaſonable to conjecture that the 
circumference of the circle, which is the la 
value of the perimeters, or ſums of the ſides, of 
the circumſcrib'd and inſcrib'd polygons when 
the number of their ſides is infinite, ſhould: be 
infinitely involved with ſurd quantities, and there 
1 


fore be incommenſurable to the diameter. How: 
ever the proportion of the diameter to the circum: 


to a prodigious degree of exactneſs by ſeveral au, 
thors, and particularly by Mr. Euler, who in hi 
treatiſe of infinite ſerieſes, as has carried his number 
to upwards of an hundred and twenty places 0 
decimal figures. Some of the moſt convenien 
methods of computing theſe numbers will be 
ſhewn in Part 3. of theſe El. ments. 


152. Corol. 3. From this propoſition Galileo ha 
deduced the following curious property of the cir 
cle, to wit, that its area is greater than the are 
of any regular polygon of equal perimeter wit 


area of a circle is a mean proportional betwee 


is equal to its circumference, and the area of 
polygon ſimilar to the former, eircumſcribe 


P Fig. 64.) be any regular polygon whoſe peil 

meter 1s equal to the circumference of the Carcl 

AEIN (fg. 62.) and BDFHKMOQB be a pol 

on ſimilar to the polygon P circumſcribed abo 

that circle, Then, ſince the area of the 1 5 7 
fſelibe 


Ps 
7 
8" 

SAO. 
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{ribed polygon is equal to-a right- angled triangle, 
whoſe baſe is equal to it's perimeter and altitude 
tothe radius of the circle, and the area of the circle 
is equal to a right-angled triangle, . whoſe baſe is 


equal to its circumference and altitude to its ra- 


aus, it follows (by El. 6. 1.) that the area of the 
circumſcribed olygon is to the area of the cirele 
a the baſe of = former triangle is to the baſe of 
the latter triangle, that is, as the perimeter of the 
circumſcribed polygon is to the circumference of 
the circle, and therefore as the perimeter of the 
arcumſcribed polygon to the perimeter of the 
polygon P. But becauſe the polygon P is fimilar 
tothe circumſcribed polygon, their proportion to 
each other will be duplicate of the proportion of 
their perimeters. Therefore the proportion of 
the circumſcribed polygon to the polygon P is du- 
plicate of its proportion to the circle AEIN ; and 
conſequently that circle will be a mean propor- 


tonal between the polygon circumſcribed about it. 
and the polygon P. And therefore, as the cir- 


cumſcribed polygon is always greater than the 


 ciccle, whatever be the number of the ſides, it 


follows that the circle will always be greater than 
he polygon P, which is iſoperimetral to it, of 


153. Galileo demonſtrates further that of two 
regular polygons circumſcribed about a circle, 
hat which has the greater number of ſides is the 
fer; and from thence he deduces a proof, that 
of two regular polygons that are iſoperimetral to 
tach other, that which has the greater number 
cr fides is the greater. ne 


& 


154. The 


what number of ſides ſoever that polygpn conſiſts. 
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monſtrates in the following manner. Let xt 
be half the fide of any regular polygom circuy 


center is O, and AC half the fide of any oth 


in the latter polygon. Draw the ſecants 00 


and OD in E. Then 'tis evident that AC will 


eee * 8 
n 5 
* err * 


_ COA is the ſame with that of the ſum of ti 
ſector EOC and {pace CED to the triangle C04 


the proportion of the ſum of the ſector EOC, ti 


Col in the ſame proportion as the ſector FOG 
'- DCE + y is to the ſector COI as the ſei 


15 
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154. The former of theſe particulars he f 


ſcribed about the circle AO (. 65.) wh 


regular polygon conſiſting of a greater numb 
of ſides than the former, circumſcribed about i 
ſame circle, and let z be the number of fide} 
the former polygon, and m the number of ſid 


OD, cutting the circle AOF'in G and F; 20 
with O as a center and OC as a radius defctih 
the circular arch ICE cutting OA (produced) it 


be leſs than AD, and conſequently OC, ot 08 
than OD, and the triangle DOC will be = 
ſector EOC -+ the ſpace CED. therefore th 
proportion of the triangle DOC to the triang 


and therefore, as the ſector COI is greater th: 
the triangle COA, the proportion of the triang 
DOC to the triangle COA will be the fame wi 


ſpace CED, and ſome third quantity as Y, to ti 
ſector CAI ; that is, DOC is to COA as the ſed 
EOC increas'd by the quantity DCE -+ y to ti 
{ſector COI. But the ſector EOC is to the {edi 


to the ſector GOA; therefore the quantity EV 


FOG increas d by ſome quantity which call z,! 
the ſector GOA. therefore the triangle DOC 
to the triangle COA as FOG -+ 2 is to 60 
Therefore, componendo, we have DOA : q 


8 / 


PLANE TRIGONOMETRY. 17g 
FOA + 2 ; GOA; and, permutango, DA 
FOA + 2 :; COA: GOA. Therefore DOA 
0 FOA alone as COA increas d by ſome quan- 

5 which call v, to GOA, Therefore 27 times 

e triangle DOA, or the area of the whole po- 

gon of which AD is half a fide, is to an times 

e ſector FOA, or the area of the whole circle 

OF, as 2m times the quantity COA -+- v, that 
as 2m times the triangle COA increas d by 2m 

mes v, is to 2m times the ſector GOA, or the 

rea of the whole circle AOF. therefore the area 

fthe polygon of which AD is half a fide is equal - 
the area of the polygon of which AC is half a 

le increaſed by the quantity 2m x v, or is grea- 
than that polygon. QED. 


Mie, This property of the circumſcribed po- 
gons might alſo have been deduced from Art. 
7. Ob/. 3. as the reader will eaſily perceive. 


155. The ſecond of the foregoing particulars, 
wit, © that, if there be two regular polygons 
whoſe perimeters are equal to each other, that 
which has the greater number of fides will be 
greater than the other,” may be eafily deduced 
m the foregoing articles in the following man- 
$ | 
Let there be any two iſoperimetral polygons 
bich call A and B; and of theſe polygons let 
be that which has the greater number of ſides, 
are to ſhew that the polygon A is greater than 
Epolygon B. Let AOF ( fig. 65.) be a circle 
de circumference 1s equal to the perimeter of 
ber of theſe polygons, and AOC and AOD 
0 polygons, reſpectively ſimilar to the poly- 
gons 
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8 ELEMENTS 7 "2 
gons A and B, circumſcribed about the 
AOF. Then, fince by Art. 1 52, the cirelę 
is a mean proportional between the 
ſcribed polygon AOC and the polygon 
alſo between the circumſcribed polygon ane 
and the polygon B; and, by Art. 1 54, thewan 
cumſcribed polygon AOC is leſs than the cir 
ſcribed polygon AOD ; it follows the p 
A will be greater than the polygon'B. QEBR 
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» oo 64 the ate RL er the. ſemleircle 
RLC (A. 66) be conceived to 
be gen . the motion of a 
L point moving from R to L round 

| the center C with an uniform 
elocity, ſo as to deſcribe chil arches in equal 
mes. Draw the radius CF at right angles to 
ength; and the line MF equal to 


i dena 


. the diameter of the circle. And let the five 
nes Cr, RC, MF, RG, and KN, be all ſup- 
Pied to have begun to be generated at the ſame 


ſtant of time as the arch RL, by the motion of 


many points moving front C towards 13. from 


towards C, from M towards F, from R to- 
ards G, and from K towards N, Wick ſuch ve» 
cities that at every following” itiſtant of time the 
merated portion of Cr ſhall be equal to the ſine 
the are generated at that inſtant, the generated 
tion of RC to its verſed fine; "that of MF to 


chord, that of RG to its tangent, and thavof 
N Ie A v..-J. 34. IT "KN 


Coreerning 1 doe, 15 ae tangents, 2 gene, 


RS 


R; the age RG, and the line KN, each of 
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8. nary point ſhall have deſcribed RD its ver 


have deſcribed RP its tangent ; and the fifth po 
ſhall have deſeribed the line Ky equal to its en 


reſpectively equal to its ſine, verſed fine, chord 


$624 ISF+ Now ] it is evident tha the 15 being 


: nerated will not be uniform, hut continually" 1 


N "4 EL E N E N T8 po = 
EN to ihe” "fecant.” Thus when the point 4 1 
© deferibed the arch RA, the. firſt point ſhall har 
- deſcribed: the line CE equal to DA its line; the 


ſine; the third point ſhall have deſcribed: the ls 
| —— equal to RA its chord; the fourth point Ws 


CP: when the point R has deſcribed the ar 
Ra, the other points ſhall have deſcribed th 
lines Ca, RB; Mö, RT, and KA, Which ac 


tangent, and ſecant. Theſe lines, it muſt be 
obſerved, do not all continue to increaſe till thelf 
arch becomes a ſemicircle; but ſome. of them, vi 
wit, the ſine, tangent, and ſecant, arrive at their 
limit, or at cheir greateſt magnitude, is the 
arch RA becomes equal to a quadrant. 


duppeled to increaſe. with an uniform velocity, i 
*velocities with. which all the other lines ate ge 


iT: 
rying in every inſtant of tinge... Thus the tnc o: 
and ſecant flow with velocities that are continual bx 
- Increaſing, and the ſine with a velocity that por 
continually decreaſing. Conſequently the ehe me 
Cities of theſe ſeveral. lines at. ANY propoſed nan fror 
of time are not proportional to, the incfewen v 
chey receive in any finite time. whatloever 5 11 
ning at that inſtant. PN pro 
901 58. Nevertheleſs: by on aiminiin ant 
theſe increments we may make their - Propotuut bon 


neice 
this 
Will 


approach continualſy nearer and nearer-to tha a 
their velocities. in the firſt inſtant of. their gener | 
* for theſe * are . propui 


— 5 Wil 


= 
» r * 
: ; 


| | | — ———— 8 
 yPiaxe TRIOGONOMETRT. % 
borional to the lines that would he generated by © 

them in any given time, if the velpoitics had con- 


theſe increments are taken, the leſs will be the 
difference of tho velosities in each of them at-the 


456 "REPS 
„„ CRT al ard rc lore 
* ſow 2 LDR — — 
E = 


22 . 


— — 
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deſcribed; or the nearer; will they approgch to p- 
ing deſcrihed with unifor m velocities. And as 
this diminution of the increments may be en- 
tinued ad infinitum, and the difference of the,ye- | 
cities. in each inetement at the beginning. and 
end of the time of its; deſcription he thereby. di- 
miniſhed ad infinitum like wiſe, it follows that the 
proportion, - of theſe ſeyeral increments 40. each 
other may be made to approach infigitely near tp 
the ratio of the velocities at the beginning of the 
time of their deſcription, that is, fo, near; a to 
differ from it by leſs than any aſſigned proportion 
vhatſoever. o tei 00 im ers io) - 
159. Therefore the ratio of, the velocities f 
theſe ſeveral lines at any aſſigned inſtant of, time 
ö equal to the limit of the ratio cf the ont m- 
porary increments. that begin do be generated at 
that inſtant, or to that ratio to which their, pro- 
WT portion may by diminiſhing them continuallyabe 
W made to approach ſo near that its difference there- 
from ſhall be leſs than any aſſigned proportion 
whatſoever. This limit is frequently; call d the 
ultimate ratio of the intrements, becauſe it is the 
proportion they hear to each atlhiea in the 4% in- 
tant of their exiſtence; juſt as, by the diminu- 
wn aforeſaid, they art reduced to a iſtate of eva- 
neſcence, or ate paſſing into nothing; ... But as 
this conception is | fomewhat\.ſulktle, che reader 
Wl do well, as often as the phraſe; ullimate ratio 
daz iioch b ee 510000 
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occurs, to carry in His” rind the idea of lf 
Aut above defined. 5 
160. To Alete pet ür hers vin ſaid"<o 8 
cetnifg theſe increments in general, e WIII ch 
ider particularly the increments PT and % of 
the tangent and ſine. Now ' tis evident that 
PT and en may be diminiſh'd ad” infinitun, ti 
difference of the velocities in P and Ti And af 


Rt. 45 $1418 


that of the'velocities in & and a, may thereby ly « 
diminiſhed 2d inſinitum likewiſe,” and be made 
Bear to the velocities in P and e reſpectively a lc 

than any aſſigned proportion whatſoever; ſo thi 

theſe increments may be made to approach: 1 
as We pleaſe to being deſcribed with uniform Wet 
locities. Conſequently their ratio to each d the 
may be made to approach as near as we: pleaſe BY 
the ratio of thevelocities in P and e. Whence MA / 


evident that the ratio of the velocities in P uuf 
is equal to the limit of the ratio of the incremenl 
P and ca. For the ſame reaſon the ratio of i 
velocities in P and A, and that of the vel 
in & and A, are reſpectiyely equal to the limit d 
; the ratios of PT to Aa, and Cato A 
161. The fame is evidently true of any ode 
lines whatſoever, belonging to any "gther g 
beſides a circle; that are generated by the moi 
of Points in the manner above-deſcribed ; to wit iii 
-the proportion which the velocities of the pol 
that generate any two of them bear to each ot 
at any aſſigned inſtant of time ĩs equal to theſ 
mit of the ratio of the contemporary incremes 
ö chat begin to be generated at that s .- ix 

Quantities generated in this manner are ang 
: - monly: call'd'f#uents, that is, flowing or varulk 
quantities; and the velocities where wich tir 
flow are call'd their uxious. q 


15 
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To determine the proportions of theſe gur * 8 1s; 
ar yelocities, in all the lines, deſcribed in the pre- 


ca finite terms is the deſign. the; following'propo» 


A ſerved that by the velocities of the ſine, chord, 
nd ſecant, are meant the velocities; of the points 


ly ou * ö 5 he Toe 6 ud 4 2 enn 
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162. The Sri of the Grin 46 any aro is 
to the fluxion of the arc itſelf, as the ſquate of 
the ſecant of that are to the ſquare of the radius. 

The ratio of the velocities in the points P arid 
A (jig. 66.) of any tangent and arc: RP and RA 


to which the ratio of the contemporary inetę- 


are continually: diminiſh d. With the center C 
and radius CP deſcribe the circular are PV cut- 


nce the ratio of PT to Aa is always equal to the 
ſum of the ratios of PT to PV and PV to Ag 
during the whole time of the diminution of thoſe 
inerements, the limit of the rutio of PT to a muſt 
qual to the ſum of the limits of the other two 
ratios, Now by (diminiſhing. PT tis evident that 
the mixtilinear triangle TVP approaches t0 a ſtate 


angle formed by drawing a right line from P per- 
pendicular to CT; and as this diminution may 
de continued ad infuitum. this approach may be 
nel ad ihinitum likewiſe: daun, 

a | 9 


ding articles, and to ex expreſs. them in known 8 
tion; in ae to which it m be ob- 
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that generate the lines Cr, MF; ; W re ; 


is, as has been before obſerv'd, equal to the limit 


ments PT and Aa approaches as thoſe increments 


ing CT in V. Then it muſt be obſerv'd that 


of fimilitude and equality with a rectilinear trij- 
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102 Y LSM 2248 + 
the Hits vf the 2s of the ſides of 2 
triangle are equal to he Hmits of the v off 
le *eorteſponding 5 * f the. rectilinemt ti. 
ts or of the” triangle CRF. which 
iar to it; Ae bn of the in 
FT to PV/is equal to the dint of the may 
8 OT to CR ther is, to the rutio of CP 
RN. But the tio of PV to Aa is g 
2 to the ratio of CP to CR, they being 
fimilar arches of the circles deſcribed po. 
_ thoſe radu; thefetore its limit isgequal to the 
ſame. Conſequently, the. ſum of the limit 
of the ratios of PIT 1'to!PV\i:ard PV 10) A 
or the limit of the ratio of PT. to A, is equal 1 
twice the ratio of CP to CR that is, the witio-of 
the velocities in Pand A, or off the fluxions of the 
tatigent and arc, is equal to that of the ſquared 
the fecant CP 10. the N the radivs * 
3 AI. Jt; z'> 02.0 XTICT - 715 
his been may be expreſs 75 
daes, -though with leſs Anil in the jo 
Towing manner. 531121486; 40 W ls! 
The ratio of the cogent) af the tangent and 
11 is, by what has been befdre»obſerved; equal} 
to the ultimate ratio of the comtemporaty incte 
ments PT, As. Wich the center C, and radis 
Of deſeribe the circular arc PV cutting C Fin 
Novy tis evident that; when PT is inifinitely di 
miniſhed, CT [coincides with C P;othe: a 
| 5 — with its fine, or with a line dtauin fran 
P perpendicular to CT, and conſequbntly tlie i 
* TPV becomes a redtlinear andren 
ariangle-fimilar-to: CTR; therdforeP Þligto 
as CHT, or CP; to! CR. But PWiistlto A8 
to CR, they being ſimilar arches of mme ck 
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| PLAN TRIGONQMETRY. avg” 
Jectibed with "thoſe radii. ende aeg | 
PT: As: CHS CRV. QED. nin E GY 
By comparingtheſe Seide e 
or 2 55 theſe two” ways of .expreffirig the) m | 
{monſtration, together, and by/attentively con 4 
flering what Has been ſald in Art. 1 568, 18 an 3 
100, tis preſumeU' that the ſenſe in which: le 
phraſes, © ultimate ratio, ultimate coincidence 
b if a curve with" a right line; ultimate fortsli- 
« tude of U mixtilinear- 1% arreftilinear aran, au | 
« the like,” ate to be underſtood; will be ui. 
cently evident: for which reaſen Fthought it i 8 
neceffaty to obferye"the ſame caiition ' in\expreÞ- 8 
ling the demonſtrations of tlie llowing Gre T8 
riet, as in the Arſt demonſtration of the Pre- nl 
ceeding theorem, ahdaceordingly have exprefied | 
them in the ſameÞboſe manner as the latter of the 
foregoing demönſtratiens; apptehending that he 
long circumlocutiens heceſſary to expreſs them 
accurateh7 would *6nly tend to peiplex 2andiems 
barraſs the ſentences; and thereby rendes! the 
connexion - between che ſeveral- Rep bf. each de- 
monſtration leſs eaſily perceptible. Vo n DIGOW 
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Corel 1. Hener che tangent 6f 4 Un ee 

5 than the arc itſelf, as was before thowtiin 
rt, 32+... 

For tis evident that *the - velocity of the Þ 

that generates the tangent! equals at firſt and ever 

iter exceeds, thevglocity' of tur pont that gene 

rates the are. 4310 57 f "37, ee 5 SHE 160 

en TV"16 10 A & N 10 
"hg Cuba 2 Thie veto ity of the tre is vet 

velocity of 55 ſine; a8 dhe ſecant a8 to the ads, 

er the radius to the bofine. * S017 i 20, ff 2 
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wa CP: CR. :: CA: 2 CD. 
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* Corel. 3. The * of 8 . is to tle 


Auxion of the ſine as the cube of the ſecant 9 


the cube of the es For, n the propoſition 
and by Coral. 2 


PT: A on CP CR; 
Aa: ba :: CP: CR, therefore ex ue, 27 
be :: P.: CR... 

For inſtance, the Gait of 60% is ; dou . the 


radius: therefore the velocity of the point th 
nerates the tangent is to the velocity of that 


which generates the arc, at the inſtant that the 


arc of 60® is compleatly deſcrib'd, as 4 to 1; and 


to the velocity of the fine at that. inſtant as $ to 1; 
ſo; that, if theſe velocities - were all to continu 
uniform, the point that deſcribes the tangent 
would run over a ſpace of 8 inches, and the point 
that deſctibes the fine a ſpace of 1 inch, whit the 
point that lenden 908 ENS. b A 32 


inches long 26. 1919 1s 41; A 
16 8. Corol. 4 The ae; of FR PREY is 0 


the fluxion of the arc as the, rectangle, under the 


ſecant and tangent to the ſquare: of the radius 
For theſe fluxions are in the ultimate proportiab 
of y A to Aa, or of VT to Ag. Bat VTI 
to Aa in a compound ratio of VT to FI, +and} 
PT to Aa; that is, of RP to *: o& and CP; i 
CRy; that '! is, in the ratio of CPg. X RP fo. 00 
X CP, or of CP * RP to CRg. | 

166. Con 


proportion of theſe yelocities is: | : 
5 to the ultimate ratis of Ag to e or . 5 
de triangle A4 is ultimately ſimilar to CPM 
becauſe CRP, Aba, are right angles, and F 
(= CAb CA — aA = (KL 3. 180 A 
| angle — aAb) — (E.. 1.32, JA. therefa 


ts 4 * RIGO [OMETRY. "99, 
17 The fluxion of the tangent is to. the 
on of che ſecant as the ſecant is 10 the tan- 
. For F VF. CCF 3: RTS e 92 
: | 1314.97 FAR; 63 443.09 | 
al 1166, Coro 6. The fluation, of the. are is. 1 — 
oon of the verſed. fine as the ſedant tothe tan- 
nt, or as the tadius to the ſine. For when the 
e is of any magnitude as RA leſs than a qua- 
fat, the trianglen Ab is ultimately ſimilar to 
ERP, or CDA; and in like manner vchen the 
ois of any magnitude a RE . 66.) greater 
un 4 quadrant; the triangle Exe farin'd-by che 
ferences of the arch, aſine; and .yerfed hae, is 
imately ſimilar to the triangle C form'd bx 
je radius, tangent, and ſecant of Re, or to the 
ungle CES form d by the radius, fine; und co- 
ve of the ſame Arch e RAA : Ab: = 
3 : CP: RF H; and Ee U = 
1 Co 15 IP i CEA BS. that zii, by Art. 
0 the- rutis of tlie velotities of tho arch. And 
red fine is during the deſoription af therwhole: 
nicirele equal to: the ratio of nenen | 
agent, or en and inet . ae 1 26 . 
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107. Corel. = The Hurion af ithe its to the 
urion of the chord as the chord to the fine, ar 
the diameter to the chotd : of theſupplethent ta 
ſemicircle. In fg. 67, let the arches RA, RE, 
e former of which is leſs, and the lattet᷑ greater 
lan a quadrant, be increaſed by the differences 
a, Ee. Draw the ſines AD; Es; the chords 

A, Ra, RE, Re; and the chords AL, EL, of the 
pplements of: RA, RE, toaiſemicirdle; and ſup- 
de the increments Aa, Es, to be dimidifhed all. 
Winitum, "Tis evident that each of the triangles 
B b AR. 
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ARF,; ERg'becomes ultimately iſofoelts ; . 
when the angle AR/ vani ſhes, the angle A RU 
comes the complement of AR to two right angt 
and therefore equal to FAR which is itfelf a gf 
angle by El. 3. 31. And for the fame reap 
when the angle ERg vaniſhes, the angle Eg 
becomes equal to gER. therefore RA is ultimate 
equal to Ry, and RE to Rg; and a, ge, are ul 
timately equal to the differences of the chon 
A, Ra, and RE, Re, or to H, Pp, the diff 
rences of the lines MH, Mb, and MP, Mp, reſped 
tively equal to thoſe: chords. No- becauſe 
arches Aa, Ee: coincide. ultimately With * 
chords, the mixtilinear triangles Ma, and g 
will coincide: ultimately with the rectilineat t. 
angles formid by the lines Af; fa, ound the chu 
of aA, and Eg, ge, and the chord of Ee; an 
. therefore. become ultimately fimilarto:the triangl 
IV R, and LgR; in which the angles 17 R. ad 
LgR, are equal to Aa, Ege, becanſe, yeftic: 
to them, and the angles RIy, RIg are equi 
to Fa, geE, ee they ſtand upon if 
N 3 RA, RE. Thereſure + 
: fa = — Hh :: RL.: Lf, and 
77% 2 RL is 50r (becauſe LY is Sl 
mately equal to LA, and Lg — LE) A: Hi 
RL: LA, and Ee: Pp! r: RL.: LES that 
(by Art. 159.) the ratio of the velocities of dh 
arch and chord is during the deſcription of t 
whole ſemicircle equal to the ratio of the diamet 
to the chord of the ſupplement, or (becaule t 
triangles RLA, RDA, and likewiſe the triangle 
RLE, RSE, are Amilar whence RI, oY 
RA : AD, and RL : LE :: : RE: BS) to th 
"re of the chord to the fine, . 
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1 "68 Carol G. + oaks tis {ht Ko 5 ed fine 
to the fluxion of the chord as twice the chord'is 
tn the diameter. For the fluxion of the verſed fine . 
ing to that of the arc as the fine to the radius, and 
the fluxion of the are to that of the chord as the 
chord to the ſine, it follows that the fluxion of the 
rerſed ſine is to the fluxion of the chord as the 
retangle under the fine and chord to the rect- 
ngle under the radius and fine, or as the chord 
to the radius, ne the chord to the dia- 
meter. | | 
169. As the ful ene! is always a third pro- 
portional to the diameter and chord, this coroþ- 
luy is a demonſtration of the following theorem. 
If two variable lines begin to be generated 

from nothing at the ſame inſtant of time, and 
continue to increaſe together till the firſt of them 
becomes equal to a certain given line, and their 
relation during the whole time of their genera- 
ton be ſuch that the ſecond variable line is al- 
ways a third proportional to the foreſaid given 
ine, and the firſt variable line; the velocity of 
he point that generates the ſecond: variable line 
vil always be to the velocity of the point that f 
nerates = firſt. variable line as twice the . 
wiable line to the given line. . 

170. This theorem is true as well what A as Va- 
uble lines increaſe ad inſinitum, as when they ate 
lippoſed, to increaſe only till they become equal, 
agiven line, as may be ſhewn'. by the contem- 
= of a few very ſimple Properties of the 
Nrabola. 
Let DCc ( fe. 68. ) be a parabola, whoſe 15 
1 i B, vertex. D, and prinoipal parameter AB. 

wm any two points C, c, that are ſituated near to 
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"788 ELEMENTS 
each other in the perimeter of the parabola, dry 
the ordinates CP, cp to the axis BP; and fro 
C (the point neareſt to the vertex Dy draw 1 1 
rallel to the axis cutting p in e, and the 
CG cutting the axis in G. | Conceive: this kb 
bola to have been generated by the motion of off 
ordinate CP moving from the vertex D Parallel 
itſelf upon the axis DP, and at the fame tit 
increaſing i in length in fuck a manner that its en 
tremity C ſhall generate the parabolic eurve DC- 
and let CS be a line generated by the motion d 
the point S, and always equal to CP. Then 
evident the ordinate CP, ànd abſciſs DP, or th 
line CS, and the abſeiſs DP, will be two ful 
variable lines as were deſcribed in the theorem 
for they both begin to be generated from nothin 
at the fame inſtant of time, and the latter | 
(by Simſon's Conic Sections, B. 1. Prop. 12.) dl 
ways a third proportional to the parameter Al 
and the former of them. Now the velocity will 
which CP moves forwards parallel to itfelf, 
the velocity of the point P that generates the b 
ſciſs DP, is to the velocity with which the 1 nf 
CP increaſes in length, or to the veloeity of Þ 
point S that generates the line CS, which 'is al 
ways equal to CP, in the ultimate ratio of thi 
contemporary increments Pp, and Ss, ot Ce ani 
er; that is, {becauſe the triangle Cee becvine! 
ultimately fimilar to GCP) as GP to C, off 
(by Sion, B. 1. Prop. 10. j as 2 DP to CP, 0 
2 CP to AB. And this is equally true whethc 
CP-and PP be leſs, een thin AB. 
171. From this theorem it follows e auen 
that, whenever, by confideting the velocities 0 
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ted from nothing at the ſame inſtant of time, 
and afterwards - increaſe. together, we find that 
the velocity of the ſecond is to the velocity: of.  - 
the firſt during the whole time of their genera- 
tion as twice the firſt is to a certain gi given line 
we may conclude that the ſecond variable line 

a third proportional to the en line and 0 

firſt variable one. 

%. This conyerſe and the preceding — 
rem are ſa cloſely and ſo evidently connected, 
that when either of them has been demonſtrated 
it ſeems needleſs to demonſtrate the other. But 
ſme are of opinion that the more elegant me- 
thod would be to demonſtrate the converſe, and 
deduce the theorem from it; becauſe this is the 
order in which they naturally occur to us in the 
flution of ed. ker wnong it being 
pſually neceſſary for that then: i not from the 
knowledge of the relations of the quantities con- 
cerned in wo to determine the relations of their 
fuxions, but from the relations of the fluxions 
v determine thoſe of the quantities generated by 
them. Which of theſe methods of demonſtra- 
ton is the eaſier I will not pretend to determine; 
Wthough the former, to wit, that by which the 
rlations of the fluxions are determined from the 
relations of the quantities, ſeems to be ſo, und, 
pertaps for that reaſon, has generally been made 
il: of by moſt writers on fluxions : but it is certuin, 


lat both methods are equally acrutate and juſt. | 


73. N. B. Hitherto, as often ad we hve l 
cafion to conſider the velocity with irh a line 
creaſes when the line itſelf is continually vary- 
ly its poſition; as the chord, fine, * ſeeant 

in 
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in the cirele, and the ordinate to the axis int 


theſe lines have a complicated motion; we hatt 


ſame times; and we defined the velocities'with 


| igiinit um, as the arc increaſes or approaches to | 
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parabola, in which caſes the points that energy 


drawn lines given in poſition which we have ſup 
poſed to be generated by the motion of point 
moving with ſuch velocities that the portions ge 
nerated by them in any aſſigned times whatfoerer 
ſhall always be reſpectively equal to ſuch portion 
of the lines they repreſent as are generated in the 


which the lines that vary their poſition increaſ 
to be the velocities of the points that generate 
the lines reſpectively equal to them. In the fel. 
lowing propoſitions the ſame things are to be un- 
derſtood as before concerning the velocities o 
any lines that vary their, poſition while they ad 
increaſing in length, and the ſame lines are ſup- 
poſed to be drawn reſpectively equal to them 
but it is thought unneceflary actually to deſeribe 
ein £01 om on gs nt croton 


$ 2? 9 


Scbolium. 

174. From the preceding corallaries it miy 
not be amiſs, to deduce a few obſervations con- 
cerning the variations of the velocities of the 
points that generate the lines belonging to 
And irt, tis evident that the ratio of the ve: 
locities of the points that generate the tangent 
and arc is at the firſt inſtant of their generation 
a ratio of equality, and afterwards increaſes a0 


quadrant, ſo that if any ratio, how great ood 


1 17 
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Prany TRIGONOMETRY. x9; 
be aſſigned, thę arg, may be,taken, 10 near to. 4 
— that this ratio ſhall exceed it. n 
Secondly, The ratio of the. velocities, 1 e 
pints that Saen the a arc and. ine, is at firſt a 
ratio of equality, and a fierwards ancreaſes ada: 
futum, as the arg approaches nearer ne ;NEArer 
0 4. quadrant, ſo that if any ratig, bg, 5 8 
ſever be aſſigned, the Arc may Neat 1o near 
toa quadrant, that, this ratio ſhall "yy" 
Thirdly, The ratio of the 2 ny 5 | 


N inſtant of their generation an infinite! y gre 
atio of minorit tyꝛ and a . 4 9 (ES. e 
infnitum as the = [5 WE 0 A, to become & 
ratio of Sun. W. en zhe Hach has, attained a 


he. rectangle,under the ſecant an tangent 
be equal to the ſquare af the radius, which. wi 
found to be 385 . After t 871 Decomes,,. A 
ratio of the contrary kind, or a atio 0 1 majority, 
and increaſes ad infinitum 1 approggbes 


ratio, how great ſoever be > ng * NN arc ma) 
be taken 1a nene to. a quadrant that this 5 e 
ball exceed it. 

Fourthly, The 5 — of the velocities. {os the 


great ratio of majority, and afterwards decreaſe 
d infuitum as the | arc approaches; neareg ag 
eer to a quadrant, ſo as to become a rattg, 


tant; then it increaſes again as the arc; from 
king a quadrant. approaches Seu and neqgrex to 
ee and h. 


1 


10 LF 


kin, magnitude ; 10 Wit, u ch. 2 sue I 
de 


[points that generate the ſecant and arg is in the 


nearer and nearer to a quadrant: ſa that, Fg 


points hs generate the arc and verſed ſine i 18 18 | 
the firſt inſtant of their generation an infinitely 


quality when the arc becomes equal to a gr 


ecomes ag infnit ely 88 77 


10 ig K ” E N ＋ $ * 
te of majority when the arc is eg 5 
" Biftbly, The ratio of the ee of 5 
that generate the are and chord is in thi 
- inftant of their generation a ratio of equi) ity 
and afterwards inorcaſes ad infinitum as the ar 
\ and nearer to a ſemieitele, 10 
t, if any ratio, how great ſocver be aſſigned 
the arc! 5 be taken ſo near to a enen tht 
he rev of theſe obſirvitiths: wall by hi: 
dent by conlidering that the '#afios of the velo 
| ities mentioned in them are reſpeQively equal to 
the rarivs of, the ſquare of the ſecant to the ſquare 
of the radius, the ſecant to the radius; the rot 
angle under the tangent and ſecant to the ſquare 
o the radius, the radius to the ſine, and the 
diametet to the chord of the ſupplement of the 
arc. to a femicircle, by Art. 162, 164, 165, 160, 
167; which ratios vary in the manner Ace 0 
in theſe obſervations. 
175. From the preceding obleveailans it off 
| evident, that if the arc be ſuppoſed, bbs 
to be deſcribed with an uniform velocity, the 
velocities wherewith. the other lines are deſeride 
will vary in the following manne. 
Hi, The velocity of the tangent will be at 
 fcft e e a EY 
inſinitum as the arc. approaches to 
quadrant, ſo that if any velocity, how great fo 
ever be aſſigned, We are may be taken ſo near t 
a quadrant thar the velocity of the [tangents hn of 
exceed it. OF, 
' Secondly, The velocity of the fine will he 
firſt equal to „ arc, and my 


[ 


i WW: crcaſe 2 infinitum as the arc approaches to a 
adrant, fo that if any velocity, how ſmall ſo- 
tel er be aſſign'd, the arc may be taken ſo near to 
we quadrant, that the velocity of the ſine ſhall be 
u cceded by it. 700 Hen N 
birdy, The velocity of the ſecant will be at 
; Of: infinitely ſmall, or (to expreſs this more 
fed, utioufly) if any velocity, how ſmall ſoever, be 


fion'd, the arc may be taken fo ſmall that the 
elocity of the ſecant ſhall be exceeded by it; af- 
wards this velocity will increaſe ad inſinitum 


elo-Wſs the arc approaches to a quadrant, ſo that if any 
co Wclocity, how” great ſoever, be aſſign d, the ara 


hay be taken ſo near to a quadrant: that the ve- 


city of the ſecant ſhall exceed it. 
vari Fourthly, The velocity of the verſed ſine will 
the: at firſt infinitely ſmall; or, if any velocity, 


ow ſmall ſoever, be aſſign'd, the are may be 
len fo ſmall, that the velocity of the verſed ſine 


ee as the arc approaches to a quadrant, and 
t oy: exactly equal to the velocity of the are when 


be arc is become a quadrant ; then it decreaſes 
gain ad infinitum as the arc increaſes from no- 
bing to a ſemicircle, ſo that if any velocity; how 
hall ſoe ver be aſſigned, the arc may be taken ſo 
exr to a ſemicircle that the velocity of the verſed 
de ſhall be exceeded by ĩt. „ % in 


ft equal to that of the arc, ſine, or tangent, 
ad afterwards will decreaſe ad infinitum as the 
7 increaſes from nothing to a ſemicircle, ſo 
at it any velocity, how ſmall ſosver be a- 
ed, the are may be taken ſo near to a ſemi- 

i eie el N 2 i1 eircle, 
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ball be exceeded by it; atterwards:at will in- 


Filly, The velocity of the chord will be at 
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circle, that the velocity of the chord ſhall % * 
ceeded by it. N nn 1 + > {5 57 


176. Note, Although in the preceding prop 
ſition and corollaries the arc has been ſuppoſed 
have been generated by a point moving with; 
uniform velocity, yet this ſuppoſition; was by 
means neceſſary. For the proportions of thefluxia 
of the arcs, ſines, verſed ſines, chords, tangent 

and ſecants, will be juſt the ſame whether 
ſuppoſe the arch to have been generated with: 
uniform velocity or not; becauſe they ate | 
ſame with the ultimate ratios of the contemy( 
rary increments of thoſe lines, which ultima 
ratios cannot be at all affected by ſuch: a ſupp 
tion. But, as that ſuppoſition ſeem'd to bet 
moſt natural and convenient, and the fitteſt 
convey clear notions of the relative magnitud 
of thoſe ſeveral lines, it was therefore thong 
proper to make uſe of it. b 1 
177. The preceding articles afford a-good 0 
potunity of preventing a miſtake which Beginne 
ſometimes fall into concerning the limits of t 
ratios of variable quantities. They are 4 
to imagine that when two quantities eit 
Increaſe or decreaſe together ad inſinitum, ti 
limit to which their proportion approach 
muſt be a ratio of equality. Now, though ti 
be ſometimes the caſe, yet it is far from be 
generally true: For it often happens that i 
ratio of two quantities that increaſe or dec 
together ad infinitum, either increaſes ad 
nitum; or approaches to ſome fix'd rati, © 
ferent from a ratio of equality, as its limit; 


ſ 


\ I 


e continues always the ſame during all the va- 
tons of the quantities themſelves. Of ſome of 


ſord us proper inſtan ces. 

The ratio of the abſciſs of the axis of a para- 
ola to the ordinate to the axis (being equal to 
it of the ordinate to the parameter) increaſes 


arion infnitum, as the abſciſs and ordinate either in- 
gen eele or decreaſe ad inſinitum, as the abſciſs and 
aer li:dinate either increaſe or decreaſe ad inſinitum. 
th A The ratio of the tangents. of ſimilar arcs of 
re H ro concentric circles continues always equal to 
empfhe fame invariable ratio of the radii of thoſe 
imailes, as thoſe tangents eicher increaſe, or de- 
(uppMccaſe, d inſinitum, by increaſing the arc to a 


udrant, or diminiſhing it to nothing. i 
As to the ratio of the ſecant and tangent of a 
colar arc, it does indeed approach as the arc 
creaſes to a ratio of equality as its limit, as is 
ident by conſidering that it is always equal to 
he ratio of the radius and fine. But the reaſon 
f this is not that they both increaſe indefinitely 
b the arc approaches to a quadrant, but becauſe 
e tangent, which is the leſſer of the two, al- 
ys receives greater increments than the ſecant, 


Prop. 30. Corel. 5. In like manner the ratio 


im, I the tangent ani fine of a circular arc ap- 
roar roaches, as the arc decreaſes, to a ratio of e- 
gh Melt y as it's limit, not ſimply, becauſe the 

py la decreaſe, but becauſe during their decreaſe, - 


de tangent, which is the greater, loſes much, 
ater decrements than the fine: I ſay, much 
ater; becauſe if the decrements of the tan». 
at exceeded thoſe of the fine only in the pro- 
ion of the tangent to the ſine, the ratio of 
„ theſe 
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ee caſes the laſt propoſition and its corallaries , 
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theſe lines would continue the ſame during | 


_ tangent and fine themſelves, the latter ratio bein 


* 1 


. 15 1 2 
J 


whole tirae of their decreaſe. But this is not 
caſe; for the ſmall decrements of the tangent an 
ſine are to each other in the triplicate ratio of t 


equal to that of the ſecant to the radius, and 
former (by Prop. 30. Corol. 3.) to that of t 
cube of the ſecant to the cube of the radi 
And in general, the cauſe upon which the mag 


nitude of the ratio of two quantities that vn 
d infinitum, and of the limit of this ratio, de of 
pends, is not ſimply the indefinite increaſe or df cc 
creaſe of the quantities themſelves, but the pra of 
portion of their contemporary increments or d 

crements. eee Ns 
The uſual conciſe manner of expreſſing ti m 
foregoing inſtances is this: The abſciſs and od lik 
nate to the axis of a parabola become infinite 1 (to 
an infinite ratio of majority, and vanith in ali to 
infinite ratio of minority. The tangents of fin tha 
lar arcs of two concentric circles become infinilh ger 
in the ratio of the radii of thoſe circles, and lk tan 
wiſe vaniſh in the ſame ratio. The ſecant an + 
tangent of a circular arc become infinite in a r 
of equality. Other inſtances may be taken, iro, « 
the tangent and arc, which vaniſh in a rat 0 pler 
equality; the arc and chord, which vaniſh likq de 
wile in a ratio of equality; the arc and fingitic 
which vaniſh in a ratio of equality; the arc an A 
verſed fine, which vaniſh in an infinite ratio M's: 
majority; and the arc and variable part of ti like 
ſecant, or exceſs of the ſecant above the radius; 
which vaniſh likewiſe in an infinite ratio of m "x 
« Els t 


jority. 
178. Card 
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178, Coral. 9. If there be two arcs, AO, AP, 
(fx. 69.) whoſe difference OP is equal to RS the 
liference of two greater arcs AR, AS; the ratio 
of the tangents of the two greater arcs will not 
aways be greater than the ratio of the tangents 
of the two leſſer, but leſs in ſome caſes and greater 
in others. Theſe caſes are thus determined. 

Firſt, I the greater of the two leſſer arcs as 
much exceeds 455, as the leſſer falls ſhort of it, 
or, in other words, if one of the leſſer ares is the 
complement of the other to a quadrant ; the ratio 
of the greater tangents will be greater than the 
ratio of the leffer tangents © ' 

And if the greater of the two leſſer arcs does 
more exceed 45 than the leſſer falls ſhort of it; 
lkewiſe, if both the leſſer arcs exceed 452; or, 
o comprehend both theſe caſes in one expreſ- 
ton) if the ſum of the two lefler arcs be greater 
than a quadrant; the ratzo of the greater tan- 
rents will be greater than the ratio of the leſſer 
langents. | | AA we 

Secondly, If the greater of the two greater arcs. 
much exceeds 4.5”, as the leſſer falls ſhort of 
it, or if one of the greater arcs is the com 
plement of the other to a quadrant ; the ratio of 
the greater tangents will be leſs than the ratio of 
tte leſſer tangents. #4 OI IT AND 

And if the greater of the two greater arcs does 
fs exceed 4.5% than the leſſer falls ſhort of it; 
lkewiſe, if both the greater arcs are leſs than 
% or (to comprehend both theſe caſes in one 
apreition) if the ſum of the two greater arcs is 
fs than a quadrant ; the ratio of the greater 
agents will be leſs than the ratio of the leſſer 
agents. | 


Third! : 


E 
+ Thirdly, If the two leſſer arcs are as much 
leſs than 45 as the two greater arcs are greater 
than 45*; that is, if the firſt or leaſt are is thelf 
complement of the fourth or greateſt, and (con, 
ſequently) the ſecond arc of the third, to aqua 
drant ; the ratio of the two greater tangents wil 
be equal to the ratio of the two lefer. 
If the two leſſer arcs be greater than the com- 
plements of the two greater; the ratio of the 
greater tangents will be greater than the ratio 0 
the leſſer tangents. d 7 rb. 
And if the two leſſer arcs be leſs than the 
complements of the two greater; the ratio of the 
greater tangents will be. leſs than the rat of the 
A 41+. 242 
179. Theſe determinations may be proved di- 
ſtinctly as follows : 1 3 
Firſt, Let Ab, Ad, Af, Aa, (fig. 69.) be four 
arcs, of which the two latter are the- greater; 
let the difference h be equal to the difference fo; 
and let Ab be as much leſs as Ad is greater thaq 
the arc Ar of 45. I fay, AL is to AK ina 
greater proportion than AH to As. 
This will be evident, if we can ſhew that HL 
is to GK in a greater proportion than AH to AG. 
Now let the whole quadrantal arc be ſuppoſed to 
have been generated by an uniform motion, 4 
in Art. 156. Then ſince the velocity with which 
HL begins to be deſcribed, or which it has in the 
point , is to the velocity of the arc as CH to 
CAg, by Art. 162; and the velocity of the arc 
is to the velocity with which GK begins to be 
deſcribed, or which it has in the point G, 


CAg to CGy; it follows that the velocity of N 
| in 


\ 


u H is. to the velocity of GK in G as  CHg 
p CGq.. And the ſucceeding velocities of HIL. 
xe greater than the correſponding velocities. of 
CK in the proportion of the ſquares of the 
intermediate ſecants between CH. and CL to the 
ſquares of the intermediate ſecants between CG 
ind CK. Now, if the velocity of HL, was everywhere 
throughout its generation in the ſame. fatig ta 
the correſponding, velocity of GK. as it is at firſt; 
tis evident, the ſpace HL would be to the ſpace 
CK in the ratio of theſe firſt velocities, or. of 
CH to CGg. But becauſe” (by Prop. 24. Co- 
rd. z.) the ratio of the velocities, or ſquares. of 
the ſecants, is continually increaſing, the ſpaces 
deſcribed by, them, to wit, HL and GK, muft 
be to each other in a greater ratio than that of 
the firſt velocities, or of CHg to CGg., But (by 
Prop. 16.) CHg :: CG :: Cg: C5, that is, 
(becauſe the arches, A5,..Td, and Ad, T5, and 
conſequently, their fines gb, Ch, and 2d, &, arg 
qual) : Cg x bd ; Ch x go : (by Prop. 17.) 


- 


AH: AG. Therefore HL. is to && in a greater 
proportion than AH to AG. QED. 1 
If A5 and Ad be increaſed ſo, that the point 

þ ſhall either be nearer to F than it was: before, 
or than dis to ?; or, that it ſhall paſs through: 
and lie on the ſame fide. of it as 4; the fines d, 
4% will be increaſed, and at the ſame time Cg, 
Ch will be diminiſhed. Therefore (Prop. 24. 
Carol. 2.) the ratio of Cg, Ch will be greater 
than the ratio of hd, gh. Therefore the ratio of 
C21 to Ch, or of CH to CGg, will be greater 
than that of Cg x bd to Ch x gb, or of .AH 
tb AG. therefore 4 fortiori the ratio of HL to 
CK (which now as before muſt be greater than 
| that 


= b LE MEN TS * 
that 8 CHz to'CGg) will be greater than lj 


ratio of AH to AG. conſtquently AL will be lf 
AK in a greater ptoportiva than AH to AG | 


QED. . 


and the two greater AB, Ad, of which "Ab is 4 
much leſs as Ad is greater than 45 ſay, AH 
is to A in a leſs. proportion than Fry to AE. 
This will be- evident 1 INI can ſlev that FH xs 


to EG in a lefs proportion than AH tc AG. Far 
if this be true. there is a certain quantity which 
being added to FH will wake it bear the ſamt 
proportion to EG as AH does to AG. Let that 


quantity be x. Ihen fince AH: A0 f FH 
+ x :; EG, it follows EI. 54 19˙)0 that AF 
: AE :: AH. AG. Therefore Ain to AG 
in a leſs ratio than AF t ... 
No becauſe the ratih of the velocities" wih 
which FH, EG are deſcribed (being that of the 


ſquares of the ſccants) 18601 tinually increafing, the 


lines themſelves muſt be in a leſs 7a7#o' than theit 
laſt or greateſt yelocities: that is, FH is to EG 
in a leſs ratio than CHꝗ to CGg, or Cg to Ch, 
or (becauſe Cg = bd, and Ch = g than Cy x 
bd to Ch x gb, or (by Prop. 17) chan AH to 
S 
-It the arcs Ab, Ad be diufiniſhed- ſo tht the 
point d ſhall cither be nearer to 7 than it was 
before, or than 5 is to 7; or that it ſhall pal 
through # and lie on the ſame ſide of it as 63 the 
fines bd, gb will be diminiſhed, and Cg, Ch in 
creaſed. Therefore (by Prop. 24. Corol. 2.) the 
ratio of hd to gb will be greater than that of Cy to 
to Ch. Therefore the ratio CH to CGg,, ot 0 
g to Chi, will be leſs than the ratio of Cy 3 2 


Secondly, Let the two lelfer arts b AI 45 


er 
DOve 
le le 
e ſe 
F the 
e te 


Pi ans PRIGONC  METRY; 2 
% Ch * hs er ef AH to A0. een 

WS #rtri the ratio of FH ta EG (Which now as 
eforc muſt-be-leſs>than that of CH ten CG) 

Wil be leſs: than that of AH to AG. conſequent- 
MAH will be to AG og proportion dan 5 
if to AE. QED: hid 29 Balgb fi n 22 | 
\Thirdly,\ Let the ue g. Arch be en AP. 
ud the two greater Au, Ay; and let AQ Ty. 
od AP To. Lax the: ratio of the tangents. 
A, Av, will be equal to the ratis of the tan- 
ente of AP, 40. . 34044 841 8 15 ot : 45-68 
| For Cr =: OV c BM: 55 CVg and 
= CM. Therefore Ty D 4 D * C:: 
V x PM: MX OV and (by Prop. 17.) 
dung; Ay. 71 Tang; Avi Tang; A Yom Jo 
0. QED. i 4i2itvico: r i maln 
or it mayl be deduced fram Arts 64: for Tang 1 
Tang; Au :: coT'; Au: c , by — . 
ice. But ?, Au = Tang; Tur Tang: 
p; and c % Ay = Tang; Ty = Tang; A0. 
dead Tang; Ay: 5 Av " Tang: AP z 

: AO. ED. GL Fin 
x the two leſſer arcs be AR; AS) ch 
0, AP, the complements of the two greater 
ts Ay, Av; the ratio of the tangents of Ay,> 
Ir, will de greater than the ratis of the tangents 
As, AR. For the ratio of the tangents of 
P, AO is greater than that of the tangents of 
8, AR, ſo long as AS," AR, are either both 
&than 45%,” or if one of them exceeds and the 
ter falls mort of 45% the exceſs of the greater 
ove 4 5e is equal to, or leſs than, the defect of 
e leſſer below 4 5, by what has been ſhewn in 
e ſecond part of this Corollary. But the ratio 
the tangents of Ay; Au, is equal to that of. 
Form of AP, A0; conſequently it is 
D * | greater 
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greater than that of tlie tangents af AS," AR ; 
| the caſes juſt now mentioned. 64. 8 rene 4A 

I the arcs AS, AR are either both pres 
than 455 or one greater and the other leſs angf 
the exceſs. of the greater above 457 be greite 
than the defect of the leſſer below it, then byl 
the firſt part of this Corollary, the ratio of thd 
tangents of Ay, Av, will: be greater than the 
ratio of the tangents of A8, AR. D.. 
In like manner it may be ſhewn, that if tie 
two leſſer arcs be leſs than AO, AP, the com- 
plements of the two greater arcs Ay, Ab; the 
ratio of the tangents of Ay, Av will be leſs than 
the ratio of the tangents of the leſſer arts: QEDI 
1380. The demonſtration here given of this G 
rollary is, I am ſenſible, extremely tedious, and 
ſomewhat indirect; and accordingly I. ſhould not 
have made uſe of it had I not been unable, afted 
the moſt diligent endeavours, to find: à fimpler 
and more elegant method of proving; it, that wail 
equally regular and accurate; for it would hard: 
ly have been ſufficiently ſo to make uſe of the 
following conſiderations, which are the only ave 
nues I know of to the diſcovery of the trut 

of it. 99016 20 10-6% 213 5 A, 7 
The ratio of the tangents of two arcs whoſ 


„ vs wh oh os a 


SSS. 


T 
difference is given, is equal to that of the reRtangle 7 
under the ſine of the greater and coſine of th e 
leſſer to the rectangle under the ſine of the leſſer 2, 
and coſine of the greater arc. This ratio is in pur 
finite at both extremities of the quadrant, to Wl o 
when the leſſer arc is infinitely ſmall, and the 45 
greater equal only to their difference, ang ot 
when the greater is equal to a quadrant: at less 


other times it is a finite ratio; and. af equa dl 
| 5 „ „ Itance 


* 
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kcreaſe. I ſay; 
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ſances from the middle of the quadrant it is of 
the ſame magnitude, the ſines of the arcs vNhen 
greater than 45 being equal tolicir!\edfines | 
when as much: leſs. than 45%; and their coſines 

in the former caſe to their ſines in the latter: 
r. its I eaſt magnitude muſt he when the 
ats lie on different ſides of qe, and oe of them 
a5 much exceods it as the other falls ſhort of it; 
cnſequently when the ates depart from iꝶ ge. And 
become mg e leſs or greater, this * — "= — 
theſe conſiderations 
== 


have hardly, in the looſe form they hero 
in; a ſufficient degree: iof .evidence to 
geometrical damdnſtration : and to — 
them in a regplas manner would! Bs very trou- 
dleſome... 5 1 I 
181. The eee migüt indeed: ben 1 
preſſed in à conciſer manner than above, and 
would have been ſo, had I not apprehended that 
it was proper to enunciate them in ſuch terms as 
were adapted to the demonſtrations that were: ta 
follow. However, it may not be amiſs in this 
place to expreſs them in another manner more 
ealy to be remembered, after having firſt ſneẽ-wn 
that they take in all the rat that can ee 
The caſes are theſe un 
Firf, Three of the arcs thay be greater," an 
the fourth leſs than 46. 
24% Three of chem may be leſs, and! 1 + 
fourth greater than 4 50. 52, 1 N 
za, All the four may be greater thin. 45 Nd 
 4thly, All the four may be leſs than g.. 
5thly, Two of them ay! be e 2 


rl than 4 _ | 
5 FY 2 10 
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mined by the ſecond; part of this Corallory;: if 


the fourth cafe by the ſecond on the fifth cate 


the rate of * leſſer tangentns. 


| ther equal to, or leſs than, a — the ratia 
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10 | Geby; Three of them ma) be greater than 4f 
and — exactly veijual to ita a | 

-(:7thlyz; Three of Gs "be lefs!than'gs 
and the fourth exactly equal Wie ti es 119: 
em, Two of them may be — 
tho — equal to it, and the: leaſt leſi.?ꝰ̃ 
gꝗtbly, Two of them may be leſi than g, :thy 
next equal to it, and the greateſt greater 

The firſt of theſe eaſes may be diuided inte 
thiek: parts, to wit; the exceſs of che kat a J 
nes or third: arc i above 45* may be eithenſ 


equal to, greater than, or leſs Brat the defe 8 | 

of the fourth below: it. If it beg e ger Ws 

er, this caſe is determined by the dure of 

Corollary; if leſs, by the;third par le 
The ſecond caſe may alſo be divided into thr oe 

parts, tb witz the exceſs of the fourth, r great 

eſt arc abovery.go may be either equal to, — 1 


chan, or leſs chan, the defect of the thirdarc belonſ 
457 F it be equal, or leſs, this caſe is deter 


Samt zbgr the third part: 
The third caſe is Std bse firſt part; 


by the once; the ſixth caſe by the flrſt part: 
the ſeventh caſe by the ſecond parts the eighth 
and ninth caſes by the third part. 
Now the determinations oy be. expreſcd « 
follows: riots $4 eee 3-2 
Pirſt, If the ſam of this two. leſſer ares be ci 
ther equal to, or greater than à quadtant; the 
ratio of the greater tangents will be 1 that 


2dly, If the ſum of the two greater arcs i 4 


7 


* 
— 
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gents will be leſs than'the ,, 
4 | tangents. AT :uibsr or es 15 

100 If the two leſſer arcs be greater thun; 

aal to of leſs than, the complements of the 
10 greater arcs; that is, if the leaſt ate be 
peter than, equal ta ot deſs than, the dompIU 

bent of the greateſt to a quadramt, and (6 

quently) bes pant _ thirdpithe uri G 
the greater tangents wi accot 4— 
| 4 equal to, er n tha, the'r fache 
| eller tangents. 0179 2G 019 EGAN 1, 2 10 wot 
W162. If fill greater brevity is required, the 
-cality obſerve that the firff and ſeroac 

c theſe determinations are in fact contained in 
he laſt; which is therefore * only one that 


wt be member... 
183. Corol. 10. In ſome of the foregoing ar ar- 
ticles, the infinitely, ſmall line PV (Vg. 66.) hag 
When of great uſe” to us in determining thie rela- 
ons of TE; Aa, and TE. the. fluxions of the. 
lngent, arc, and ſecant, to each other. *Tis 
tural therefore on account of its 'connaedtion 
n _ circle, and will be of confiderable uſe 
ropoſitions —.— to be delivered, to 
ny into 5 — nature and properties of the va- 
able line of which PV is the fluxion, or which 
generated by the motion of a point that begins 
move at the ſame inſtant! of time that the arc 
A and tangent RP begin to be generated, and 
Mtinues to move during the whole time of their 
pcration with a velocity that is to the velocity 
de point that generates the tangent RP as 
to PT, or as the radius CA to the ſecant CP. 
foi this ran line is the logarithm of the 


ratio 


ratis of the'ſiim of the 3 p ag 
RP to the radius CA in a logarithmig 
whoſe ſubtangent is the radius CA o 
to the portion of the axis of ſuch a 10%, 
curve intercepted between two ordinateꝶ 
of the le ſſer is equal to the radius CA, and 
eater to the ſum of the ſecant CP and 
RP. In order to  detnonſtrate this aſſe 
will be neceſſary to give ſome account oblan_ 
tithms and the logarithmic curve, aud om 
OF of their ICY PIE a 
| 1 


2 
1 
_ 
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"Definition of hgarithms _ 


OM 1 F there be two ſets of quan on 
1 lated to each other, that the quanWell 
in the ſecond ſet are proportional to, or are 2 
ſures of, the ratios of the quantities, in the f 
ſet to each other, the quantities in the 
ſet are called the logarithms of the rat of oy 
quantities in the firſt ſet :' and this, whether bd 
quantities of the ſecond ſet be quantities 
ſame kind with thoſe of the fir ſet, or of ll E 
other kind whatſoever. {4 R—_—_ 
185. That the foregoing. Jahaitions of 4 
ſin may be the better underſtood, it wn 


be amiſs to give ſome explanation of be 4 


— —— —— — mm 


s l j C * 0 = Y 
A . = 
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8 7 4 4% . 


eat Wy. he proportions of ratias one to ano- 


i appear from the following conſiderations. 


—_— ET AS Ein tw 84 CHEERS 
BET 5 4 | RY | WES 

the nature of proportio 
= /iculorly off the proportion of ratios. one to ang- 
gt 10 225 SPST 1635102 30 enen 


* 5 * a” 7 1&4 
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x me firſt place we get the idea of proportion 
in general, by comparing together two quan- 
Nees of the ſame kind, as ſuppoſe lines, (for as 
cy are ſimpler and more eaſily conceived than 
Wy other quantities, they are the fitteſt to in- 
Wnce in) and confidering how many _ parts 
dhe one being added together would make a 

Wre equal to the other: if the lines are of ſuch 
reths that either of them being laid over the 
her, would exactly cover it without either fall- 
Wi? ſhort of or going beyond it, the lines are ſaid 
be equal, or their proportion to be a ratio or 
oportion of equality. If the lines are of ſuch 


they are ſaid to be unequal, or their ber 
n to be a ratio, or proportion, of inequality; 
ad the particular quantity of their inequality is 
ond by inquiring how many times the greater 
s, or that which goes beyond the other, con- 
Ins either the whole leſſer line, or a certain ali- 


* tain number of times would be equal to the 
ole leſſer line. This is all, that we can poſ- 

Wy inquire concerning their proportion; and 
i ene, . Wy _ there- 


* 
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.. and to ſhew how: they are derived from the 
. of proportion in other quantities. Now this 


+ ( fn +448 f 542 L# 
in general, and par- 


Wn2ths that if one of them be laid upon the 
ber, it will either go beyond it or fall ſhort of 


et part of it, or part which being repeated a 
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therefore when this ivknowny! their-peoportin : 
” aid to be accurately detatmindd.d 8 
Qduuantities, whoſe proportion to each other i 
ſabtle, that it cannot be expreſſed in number, of 
whatever number of equal parts one of them 
divided, it will be impoſſible for any other nun 

ber of thoſe parts to be exactly equal to the oui 
line, Theſe lines, as they admit of no commu 
meaſure, or line that will meaſure them both, off 
whereof both the lines are e pin fi g 
mer. Ot MIS Nh 


rat 


be incommenſurable to each 9 
ture are the fide and diagonal of a-ſquare, andy 
variety of other lines that occur in ,gepmetnall 
inquiries. Neyertheleſs, the proportions of the 
lines may always be. expreſſed in numbers wal 
greater degree of exactneſs than any that can l 
aſſigned, though never with perfect exactneb 
theſe proportions therefore are known, as far u 
their nature will permit them to be known, 
when we are able to expreſs: them in numbers 10 
as great a degree of exactneſs as we pleaſe. . 
. .34ly, Having thus got the idea of proportil 
in lines and other very ſimple quantities which 
we are daily obliged to contemplate, we mi 
without much difficulty apply it to quantitdl 
that are leſs familiar to us, and amongſt others 
proportions themſelves : for wherever we al 
frame to ourſelves any notion of equality bt 
tween two things of the ſame kind, and of adi 
ing ſeveral of theſe e eee is 
evident we ſhall always be able to apply.the det 
of proportion mentioned in the preceding pai 
gra 
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ngraphs to theſe quantities. Thus, for inſtance, 
Wi ve define two angles to be equal when, if the 
ne be laid over the other, it will exactly cover 
„ or will neither fall within it nor without it; 
and further call one angle double, or triple, or 
ay other multiple, of another, when, by draw- 
ing one, two, or any other number of lines from 
the angular point between the two lines that con- 
tain it, we may conſtitute two, three, or any 
other number of angles equal to each other 
ind to the other angle; I ſay, if we lay 
down theſe two definitions (for they are but 
definitions), we ſhall have as clear an idea 
of the proportions of two angles one to 
another as we can have of the proportion of two 
lines, and ſhall underſtand any aſſertion made 
concerning the proportion of the angles, as for 
inſtance, an aſſertion that the one angle is to the 
other as 5 to 4, as well and as fully as we do the 
like aſſertion concerning rhe proportion of the 
lines. In like manner, if the proportion of any 
two quantities A and B be defined to be equal to 
the proportion of two other quantities and D, 
when, if B be divided into any number what- 
loever of equal parts, and D be divided likewiſe 
into the ſame number of equal parts, the third 
Quantity C confiſts of -the ſame. number, of the., 
equal parts of the fourth quantity D as. the firſt 
quantity A does of the like equal parts of the ſe- 
cond quantity B, or C is the ſame multiple of 
one of the equal parts of D as A is of one of the 
ae equal parts of B; or, if A is incommen- 
„ble o B, and C to D, when, if B and D 
dae divided into any number whatſoever of equal 
pts, the third quantity C is of an intermediate 
raph | Ee e oo n_ 


7 * 
. * 


* 


* 


magnitude between the ſame multiples of one oi 
the equal parts of the fourth quantity D as the 
firſt quantity A is of one of the like equal path 
of- the fecond quantity B 3 Or a ( according to Eu. 
chd's definition, El. . def. 5, which Pr. Sau: 
| . e. demonſtrated in his Algebra, Art. 102. 
to be equivalent to the foregoing definition) when 
the quantities A, B, Cand D are ſo related to 
each other that, if any equimultiples whatſoever 
be taken of A and C the firſt and third quanti- 
tities, and any other equimultiples whatſoever be 
taken of B and D the ſecond and fourth quanti- 
ties, the equimultiple of A can never exceed, 
equal, or fall ſhort of, the equimultiple of B, 
but at the ſame time the equimultiple of C ſhall 
reſpectively exceed, equal, or fall ſhort of, the 
equimultiple of D; I ſay, if we define the 
four quantities 1 B, 7 D to be propor- 
tional, or the proportion of A to B to be 
equal to the proportion of C to D, *when 
theſe quantities are related to each other in the 
manner here deſcribed, and if we further call one 
ratio, or proportion, double, or triple, or any 
other multiple, of another proportion, when 
by inſerting between the terms of the former 
proportion one, two, or any other number of 
quantities, of an intermediate magnitude between 
thoſe terms, we can conſtitute, or make to ariſe, 
two, three, or any other number of proportions 
that are all equal to each other and to the latter 
proportion; we ſhall have as clear an idea of the 
proportion of two ratios, or proportions, as We 
can have of the proportion of two lines, or ally 
other quantities, one to another, and ſhall #] 
fully underſtand any aſſertions that can be made 
concerning them. Thus, to make uſe of the 


ſame 
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ame inſtance e before mentioned fox angles, if - 
i be aſſerted. that the proportion of twe given 
ratios is that of 5 to 4, the meaning of this aſler- 
tion will be this,; to wit, that if the gteater of 
the two ratios be divided into five equal parts, or 
there are four intermediate proportionals inſerted 
between it's terms, ſo that there are thereby made 
to ariſe five ratios all equal to each other, and the 
eſer of the two: ratios is divided into four equal 
parts, or there are three intermediate propor- 
tonals inſerted between it's terms, ſo that there 
xe thereby made to ariſe four. ratios all equal to 
each other, each of theſe four equal ratios that 
ariſe out of the leſſer of the two given ratzos is 
equal to each of the ſive equal ratias that ariſe 
out of the greater of the two given ratioss. 

Thus we ſee what is meant by the proportions. 
of ratios, and therefore cannot be at a Joſs. to un- 
terſtand the foregoing definition of logarithms, - 
or to conceive a ſet of quantities proportional to 
the ratios of the terms of another ſet of quanti- 
ties, or whoſe proportions to each other are re- 
peCively the ſame with the proportions of the 
ratios of the correſpondent quantities of, the 
other ſet one to another. by. 5 


1 F 


Of the aſymptotic areas of by ber bolas. | 


186. From the foregoing definition of loga- 
fithms it follows, that the mixtilinear areas inter- 
pied between the aſymptote, curve, and or- 
Unate of an hyperbola, are logarithms of the 
alis of the ordinates that bound them: For it 
RES To : has 
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Has been demonſtrated by the writers on the ch 
nic ſections, and particularly by the Marquis dd 
1Hoſpital, Boo 5, Art. 224, 225 that, wheel 
the ratio of any two ordinates is equal to the yi 
tio of two other ordinates, the hyperbolic ali 
or trapezium, intercepted between the two foi 
mer ordinates is equal to the hyperbolic area, M 
trapezium, intercepted © between the two latte 
ordinates, from whence tis an eaſy: conſequend 
that where the ratios of the ordinates are une 
qual, they are proportional to the areas contain 
ed between them. But as this is a very curiou 
and important property of the hyperbola, and in 
timately connected with the ſubje& of the pre 
ſent corollary, it may not be diſagreeable to thi 
reader to ſee it demonſtrated in more than on 
manner; I ſhall therefore give the following 
proof of it. 17 552 e Is 
187. The propoſition to be demonſtrated i 
this: If VA# (fg. 70.) be an hyperbola whole 
vertex is A, center C, and aſymptotes CT, CD, 
and on the aſymptote CD we take CD to CE a 
CF to CG, and draw the ordinates Dd, Ee, Ff, Gy 
parallel to the other aſymptote CT, and meet 
ing the hyperbola in 4, e, /, g; the hyperdoli 
area, or trapezium, DEed will be equal to thi 
hyperbolic area, or trapezium, FGgf. 1 
For if they are not equal, let DEed be {up 
poſed to be greater than FGgf, and let thel 
difference be equal to the rectangle Z. Betwee 
CD and CE inſert any number of intermedia 
proportionals CH, CK, and between CF and Cy 
inſert the ſame number of intermediate proportioy 


nals CL, CM; fo that CD ſhall be to CH as C 
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CK, and CH: to CK as CK to CE, and CF 
hall be to CL as CL to CM, and GL to CM as 
Wc to CG; and conſequently (becauſe the ratis 
CD to CE is equal to that of CF to CG) that 
Wc of the three former ratzos ſhall be equal to 
ch of the three latter ratzos. Through the 
a, 008 points D, H, K, E, F. L, M, G, draw the 
trdinates Dd, Hh, K, Ee, E, Li, Mm, Gg. 
rallel to the aſymptote CT, and meeting the 
yperbola in h, d, E, e, f, l, n, g; from à draw 
i parallel to CD cutting K& in a; from & draw 
parallel to CD cutting Hh and Ee in p and P; 
m þ draw N parallel to CD cutting Dd, Kæ&, 
be, in N, v, R; and from d draw ds parallel to 
D cutting Hh, K, Ee, in t, r, 8; in like 
anner from g draw ge parallel to CD cuttin 
Mn in æ; from m draw md parallel to CD 
utting L/ and Gg in d and ; from / draw 
I parallel to CD cutting Ef, Mm, Gg, in 0, o, 9; 
nd from F draw VN parallel to CD cutting L/, 
Mn, Gz, in ©, x, and x; and laſtly, draw the 


O 


bords of the hyperbolic arcs ab, H, ke, il, Im, 


2 
0 
. 
7 
8 


. oP | 
Then in the firſt place, ſince CH' : CD :: 
CL: CF, it will follow; d:v:dendo, that CH: 
DH :: CL : FL, and: permutando that CH : CL 
„DH: FL. But (by Simſon's Con. ſect. lib. 3. 
P16. Cool. 2.) we have CH: CL:: L:: Hö; 
merefore L/ ; Hh :: DH: FL. conſequently 
0 El. 6. 14.) the parallelogram Db is equal to 
r parailelogram F. In the ſame manner it 
y be ſhewn that the parallelogram'H# is equal 
the parallelogram L, and Ke to Mg; con- 
quently the ſum of the three parallelograms 
5 ä Do, 


** 
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Db, HI, Ke, is equal to the furs of the ſht 


as in the annexed figure, there were in each hyll 


Simſon s Con, ſect. lib. 3. p. 16. Carol. 2.) CH 
CD:: Dd: Hh, and CK: CH:; H Kk; ith 


dendo, Nd: Hb :: : KE and permutand 


proportionals CH, CK, between the lines C 
CE, and conſequently: that of the correſponde 


be leſs than any afligned area whatſoever. 
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parallelograms Fl, Lo, Mg ; and theſe, ſums, "offi 
evident, would ſtill be equal if inſtead of 1 


perbolic ſpace any number of parallelograms hal 
* 2dy, Singo CH ; CD :;CK. e and lf 


lows that Dd: H:: H: KE; therefore, diu 


Nd : bp :: Hh: Kk; therefore Na is great 
than bp. And in the ſame. manner it may bil 
ſhewn that h, and a fortiori that Na, is great 
than 2E. Therefore the parallelogram 80 is prea 
ter than the parallelogram 2P, and the parallele 
gram tu than the parallelogram vy; conſequent 
ly the parallelogram AR is greater than the ſuſ 
of the parallelograms Nz, vp, P, and therefoſſ 
a fortiori than the ſum of the mixtilinear triangle 
Nod, hpk, kne, or than the difference of the ſunj 
of the parallelograms Dh, H, Ke, from the hy 
perbolic ſpace DEed. And this, tis evident, wil: 
be true, whatever be the number of-mixtiline 
triangles contained between the points d and e. 

24ly, "Tis evident the number of intermedia 


ordinates Hb, K, may be increaſed ſo far that thi 
difference Nd of the two contiguous ordinates DA 
H4, ſhall be leſs than any aſſigned line whatloeveh 
and conſequently that the parallelogram dR hs 


this number therefore be ſo far increaſed, th 


( 


i 
© 4 
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thre: paralletogram AR fhall be leſs! than the rect- 
s, ez then tis plain the ſum of the mixtilinear 
mes contained between the points d and e, 
de exceſs of the hyperbolic ſpace DEed above 
eum of the parallelograms Db, H, Ke, in- 
bed in it, will, 4 fortiori, be leſs than the 
angle Z, that is, than the exceſs of the hy- 
xbolic ſpace DEed above the hyper bolie ſpace 
Ne, Therefore the ſum of the parallelograms 
ve); Hl, Ke, is greater than the hyperbolic ſpace 
WGr/, and 4 fortiori, greater than the ſum of 
e parallclograms Fi, Lm, Mg, inſcribed in it. 
Wit it was before ſhewn that the ſum of the pa- 
ulelograms Db, H#, Ke, is always equal to the 
Im of the parallelograms FL, Em, Ms ; there- 
re it is both equal to, and greater than, that 
n, which is impoſſible. Conſequently the hy- 
Werbolic ſpace DEed is not greater than the hy- 
bolic ſpace FGgF. And in the fame manner 


dot greater than the hyperbolic ſpace DEed. 
| 1 thoſe ſpaces are equal to each other. 
188. If the foregoing demonſtration be ex- 
led in the conciſe language of infiniteſimals, 
infinitely ſmall quantities, it will be as fol- 
s. Let each of the hyperbolic ſpaces be di- 
ud, by the inſertion of an equal but infinite 
nber of mean proportionals between CD and 
Land CF and CG and drawing the correſpon- 
It ordinates parallel to CT, into an equal but 
Inite number of infinitely ſmall parallelograms; 
Nit will appear from the known property of the 
totes, (to wit, that the ſeveral portions of on 
9 | Q 


my be ſhewn,' that the hyperbolic ſpace FGgf 
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of them taken from the center of: the Hyperbel 


are always reciprocally proportional to the. c 


reſponding ordinates drawn parallel to the dhe 


that each parallelogram in the one hyperboli 
{pace is equal to the correſponding paralleloprin 
in the other hyperbolic ſpace :' conſequently th 


_ ſum of all the parallelograms in the forme 


rallelograms in the latter ſpace; that is; 
whole former ſpace is equal to the*whollf 
latter ſpace. But I thought it beſt to give an a 
curate ex abſurdo demonſtration of this prop 
ſition after the manner of the ancients, -partly o 
account of its great uſe and importance, a1 
partly that I might give an eaſy inſtance of th 
connection between the accurate method of de 
monſtration uſed by the, antients in treating 
the properties of curve-lined figures, and 
conciſer method of infiniteſimals, or infinite 
ſmall quantities, ſhewing how the former is vi 
tually contained in the latter, and may, whe 
occaſion requires. be ſubſtituted for it. 
189. Having demonſtrated that, when ti 
rattos of the ordinates are equal, the areas co 
tained between them are equal likewiſe, it f 
mains that we now prove that, when theſe by 
perbolic ſpaces are unequal, they are proportion 
to the ratios of the ordinates that bound them. 
Let VAd (jig. 7 1.) be an hyperbola whole ve 
tex is A, center C, and aſymptotes CT, Ul 
On the aſymptote CD take the four lines Cl 
CH, CF. CL, of ſuch magnitudes that the 74 
of the two former ſhall not be equal to the #4 
of the two latter; and draw the ordinates V 
Hb, F/, LV, parallel to the other aſymptote 


pace is equal ito the ſum of all the pa 


— 
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ye are to prove chat the-byperbalie” ade FI 
10 the hyperbolicpike BI it de t , 
J vrton as the ragio:of E. to LAG OI2ts"CP, 
o che 74410 of Da to or of CH to CD. 9 
On the aſymptote CD! take Fatiy®'flumber' of 
ines in continued proportion to C anf CL, 4b 
(M and CG, and any other number of lines in 
continued proportion to CD and CH, as CK; 
ind draw the correſpondent ordinates Mm, Gg. 
Il, parallel to the aſymptote C. BVA 87, 
de areas FLV, LM, Mogm are all equal t 
ach other; and likewiſe the areas DH % 
HK4b are equal to each other: coſequently 
he area FGg/ is the ſame multiple of the 
rea FLIf as the ratio of CG to CF is of 
he ratio of CL to CE, or as the ratio of Ef to 
Gs is of the ratio of Ff to Li; and the area 
DKid is the ſame: multiple of the area BH 
Mas the ratio of CK to CD is of the ratio" of. 
H to CD, or as the ratio of Dd to'Kk is of the 
tinof Dd to Hh. But ſince, by Art. 187, if the 
ratio of Ff to Gg is equal to the ratio of Da to K, 
he area FGg F will be equal to the area DKZd,” 
t follows that, if the ratio of Ff to & is greater 
les than the ratio of Dd to R,, the areã FG 
jill be accordingly greater or leſs than area DK 
berefore we have four quantities, to wit, the area 
FLF, the area DHbd, the ratio of Ef to Li, and 
e ratio of Dd to Hh; and of the firſt and third 
I thoſe quantities we have taken equimultiples 
t pleaſure, to wit, the area FG, and the ratio 
{ff to Gg, and of the ſecond and fourth quan- 
tes we have taken other equimultiples'at plea- 
e, to wit, the area DK#d; and the ratio of Dd 
K; and we have ſhewn that (whatever mul- 
Pcs theſe latter quantities are of the former) 
| TE co. the 


IF i 


2388 .{ i EL B MENS 
cording as the. equimultiple of the third exceet F 
equals, er falls ſhort of, ! the equimultiple of H 
fourth. Conſequently theſe: quantities ars p 
portional. QED: 7 g 2 De * i 
on acGryy 20 TIED CEO TER 288: : n Torres 169 
e Hyperbole Sedborg. 
£3 edt 2040 ine ebnen, 18 
va⸗ . Jo.) dam dhe ines Cd. 0 1 
be the point in which Ce cuts Dd. Fhen ſince 
CE to CD, and the angles C Dd, Ee, ats qui 
it follows (by El. 6, 15.) that the triangle Ch 
equal to the triangle Cd; therefore, taking the 
triangle CD from both ſides, the triangle Ch 
will be equal to the trapezium DE-; conſe 
quently, if we add on both ſides the curve. line 
ſpace 9be, the. hyperbolic ſector Ced will be equi 
to the hyperbolic trapezium DEz#d.” ©; «5 
191. la the fame manner it may: be ſhown) 
that if we draw the lines O, C, (Ag. 50.) th 
ſector Cgf will be equal to the area Fg Ther 
fore the ſector Cę/ is equal to the ſectot C 
that is, if from the center C, on the aſymptot 
CD, of an hyperbola VAad' be taken four pre 
portional lines CD, CE, CF, CG, ſo that the 
ratios of the two former lines CD, CE, ſhall b 
equal to the ratio of the two latter lines CF, CG, 
and the correſpondent ordinates Da, Ea, Ff, Gy, 
be drawn parallel to the other aſyptote, and cut- 
ting the hyperbola in 4, e, /, g, the hyperbolic 
ſector Ced belonging to the two former lines wil 
be equal to the hyperbolic ſector Cę / belonging 
I * inen i 
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Jo the two latter lines; or the hyperbolic ſectors 
; bei to equal ratios of the . 
Ions of the aſymptote, are equal. F 
102. From Act. 123. tis cvidenit, ithat if from 
of the h bald VRd , 743) be 
| , Ul, the -byperbglic 
er C ul er Abe trapezham bd; 
1nd the fechos! Q to the tr ic 5 
fore; by Het. 1891 the bein Of &tbithe _ 
Chu im the ſame n as the rujMu f DL 
(F, or of EN l; is 0-ho/ratie of Chis D. 
r of Da to HA; that is; if, from the center C; 
on the aſymptote QD, ff any;-hyberbola NAA. 
be taken aoy four lines M, CH, CE, Uli that 
re not propoſtional/ hut are of fuck magnitudes: | 
that the ratio-of the two latter lines is mot equal 
o the ratio of the two former, and the corre 
ponding ordinates Da Hb, F, U., be drawn 
parallel to the other aſymptbte CF, and meeti 
the hyperbola in d. 5, Fel, the hypeibolie ſectour 
Cf belonging to the two latter lines CL, CF, 
will bear the ſame proportion to the 5 hyperbolic 
ſector Chd belon gin g to the two formier lines CH, 
(D, as the ratio of the two latter lines, orf of 
the correſponding ordinates E, L, bears to the 
ratio of the two former lines, or of, the. corre- 
ſponding ordinates Dd; Hh 3: OT, - the hyperbolic 
(ors belonging to unequal 7 ratios. of the ordi- 
nates, or portions . of the LOR ay: Ao 
portional to thoſe ratios; 
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1493. And hates vis * m oblerve a kind 0 
analogy hetween the ciręle and h yperbola; 4 
Wit, 05-4 the arcs, add fectars of à vitde ar 

vatutal and convenient meaſures of the f 
tudes of. angles, ſo che fore- mentioned tube 
ziums and dectors of can hyperbola do moſt pn 

perly ſerve for meaſuring the magnitudes of ruf 

cid.) And) thus theſe figures mutually aſſiſt ei 

other in the conſtruction of mathematical pro 
blems, ãt being extremely common, in problem 
that admit of ſeveral. caſes,” for ſome of theicaſe 
to depend upon the meaſures of angles, aud 
therefore to be conſtructible by means of circuſ 
lar ares, or fectors; and others of them to ie 
pend upon the meaſures of ratioi, and cbnſe 
quently to be conſtructible by means of the fo 
K ON br, Nerds ſeRors and R 


—— 


of the hegarithmic rel. 


| 194. Tis evident, that any obere kind pf 
| quantities as well as ſurfaces, may be made th 
| meaſures, or Iogarithms, of ratios; of which we 
have the following © inſtance "in" angles, Le 
| ABDEFG (fg. 72.) be a curve of ſuch a nature; 
that, if from a certain fixed point C placed with- 

in it, the lines CA, CB, CD, CE, CF, CG, Et 

be drawn at equalan gles one from another and pro- 

| duced till they cut the curve in A, B, D, E, F, G. 
F their ratios ſhall be equal one to another, or CA 


ſhall be to CB as CB to CD, and CB to CD 20 
2 to CE, and ſo of the reſt. Then it will be 


evident 


pia TRIGONQMETRY. „„ I} 

andent by repeating the demonſtration in Art. 1 

19, that the angles made dy tl . ii CA, CB, 11 

CE, &c. at the central point E meaſures, ne 

o logarithms, * 1 li chat con- 1 
cm 5 O1, we ta two une- 1 
art 1 gs, = ACP 21 8 Sy GCE 1 
0 in the 9 proportion Hh 
pre be rmer angle is to 175 ion; 9 J. CB an —_ 
fr CA that contain the latter BER. 493 1 
; CaCl eure (Which, it is eyident, i is a ſi iral, of 124 roun | i | : 
pre and round the center Cin all in nite, namber of re- | ll | a 
lem wlutions) 1 iS Ny Eb the logari r ira Is 15 Il. © 
case ometimes called the æquiangular ſpiral, becauſe the 1 
ons OOF. e . gh de by the | 1 
incur CG, CF, CE, Ge. with the curve, or tag 1 
e gents to it in the ny G, F, E, Sc. are eve | 8 
nſeMvbcre equal, as may cafily be 2 from the Will! 
fore e of the radu laid e! in the foregoing 8 Wl. 
8.0 nition. LAS? wit 
| 195. From fore, oi article it follows, 1:8 
| bn i. FOR ts; a ws . 72.] and any | 7 
Ine taken at pleaſure, as CH as a radius, a circle 1 = 
1 be deſcribed, the arches of this circle i intercepted” 9 
the between the radii of the logarithmic ſpiral : 1 
| weYABDEFGC will be the logarithms of. the 74. 1 
Lell n of thoſe: radu of the ſpiral th at contain the 18 
tels they fubtend: for they are proportional to 1M 
ich ele angles. Thus, if the circle cuts the radii 8 
G Uh CB, Cb, CE, CF, CG, Sc. in the point i 
pro. 6. 4, e, %, g. Kc. en circular arch ge will be '' 
„olle circular arch a in the ſame proportion as, we 


C 7270 of the radii.CG and CE i is to the ratio 
T te radii CB and CA. | 56 
Of 


222 2e ws . 1 2 
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496. Tides ear wie 1 e 
tat either furfaces,, ale of cjroular 
be made meaſures, of 1opati chris, Of A 
the Hmpleſt and mot conventent of on N 
5 nibitog. 4 tyſtem of thele'nicattites” fee 10 f 

by mating üer e tight lines For that trrpe 1 
means of i 16garithmic cut ye Let any womb 
of 'right lines, as OA, Ke, PM, 7 
that are ini celitttued: geotttertical props 5 4 
to, ſecond as cen to third, Se: be pig a 5 
right angles to the indefinite” tighit a 
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equal diſtances from each othe il 
ACM, in which all the points A, C, „ Y 
the vertices of All the” Sepehaiaali e Y 
OA, KC, PM, Ge. are ſituated, is Galle e 
garithmic curve. This curve may be collmn_ 
on the other ſide of the point O by taking ON 1 
Sc. equal to each other, and to OR, RR 
and erecting at the points , , Gr. che lin 70 
au, Cc. in continue proportion to KC idol E 
And by biſecting the diftances OK, R 
Sc. we may Aerni as many en ng 
Fu in the curve as we pleaſe. ©! 1 
In this curve tis evident that me i 
rides on the right hand of O&K , 
creaſe ad inſinitum, or ſo as to beconidd greater wn 
than any finite line whatſoever, and thoſe d 94 
left-hand of OA decreaſe 7; infinituhn, or ſo a0 1 
become leſs than any aſſigned line  whathoereh 6 
but the curve and axis nee actually mess auc 
hence the axis of a logarithmic curve is freche + 
ly called its * 3 
1 9 * 3 
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aan is convex tam gs 
1 Hi of by 1 8 ON gurve * 4 
18 dra Hof An, 
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per] endiculer r 40, the 
- 8 os or axis, Ys 
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Wc A Thy ang its, chord. in 9 and; lafly, draw 
We: wy 46," 17 Mk 9 7 04 OA, 
5 ering them in E en it is evident 
1 vo ne 7 "will. 400g the: nature: of the 
we be a mean Proportional between OA and 
anti, OA 5; 36 35.26 574 3 therefore gevi- 
bann , and 
. u nutando, .OA — : 7 — » Mp 1 oe © * ; 
ere che excels. of OA above ye is greater 
n che exceſs of 3c aboye = and conſequent- 
dhe ſum of theſe two. exceſſes, ox the .extiels 
5 04 above , is greater than twiog the exqeſi 
7 above 7p. But becauſe che ſides of the 
angle gs are reſpectively parallel to the ſides 


be triangle Ago, and che nde ts is equal iq | 
Wide 5%, it follows that theſe. triangles are 


> milar 20 ual to each other: (therefore AS: is 
_ 5, 22d 40 + 46, or the exceſs of, OA aboye 
18 = 296, or twice the, excels, of g g bout 


{quently ½ is greater than c, of the 

alls below the point 9, that is, the arch Aw 
below its chord, or nearer: than itschotd — 
Ws: xi; OP, and conſequently. is NO RES 
Wt axis. QED. 


ore meaſures, or logarithms, of the ration 
the age that bound them. For if TK 
and. 
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eQting [the abr 
hem draw: the ordinate ye, cutting, the 
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. 2 22 PE TORT enn 2 = x * erz ry en 
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=. Therefore twice the exceſs of „ah 
ä enter than twice the exceſs f ©. abdve.: CO 


199. The abſciſſes of the axis 8 logarithmic 8 


and 7 (© 7 HE e 


Au, that is; that the abſciſſes TKant'y y are\þ 
2 called the logarithmic' curve. 


in L. Draw'the ordinats at infinitely net wh 


: A 6 N * 
* 1 N o * = TC A 4 - * 
v - Wn * - - * 
— ” ; w . Y | 8 4 a | 7 
\ ; . a. 
" T £ 
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and throut points F., $3 2.5 4 r 
4 ordinates' "RC. be, . A bobs 
mr ie de g the cetnonftraion in Art. | 
at 


fame proportion” as the ratio df che * ; 
TD; K, is to the ratio of the ordinittte; 4 


garithms of the ratios of TD to RO, and xl 2 
. And hence it is that che cut ye Acht. 1 


200. Let DL be a tahgent to the cürve aculi 
fe. 73-) in'the point D, merting the axis 0 


DT; and from 4'draw db pei dicular”to DIY 
"Tis evident, the infinitely ll triangle 4 
will be fimilar to the triangle DET; t 1efefor 
Db: db, or F T, De chal ig, if the 
curve be conceived' to be generated by the tho 
tion of the ordinates DT moving parallel te f. 
ſelf along the axis OP, and at ho ſame time in» 
creaſing in length in ſuch a manner that its up: 
perextreraity F ) ſhall trace out the curve ACM 
the naſcent increment of the ordinate will bet 
the contemporary increment of the abſciſs at af 
propoſed inſtant of time, as for inftance, whe 
the ordinate is in the ſituation DT, as the me 
nitude DT of the ordinate at that inftant d 
time is to the correſponding ſubtangent LI. 
or, the limit of the ratio of the contemporal 
increments of the ordinate and abſciſs is equal i 

the ratio of the ordinate to the ſubtangent. 
201. Hence it is evident, that the 'velocit 
with which the ordinate increas” is to th 
velocity with which the abſciſs increaſes, or x; 
8 thi 
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1 : ute, a8 the ordinate to the ſubtangent; ot, in 3 
oe ron the fluxion of t 
aon of the abſciſs 3s the ordinate to the 
ent: and this, whether the velo EE the 
aallel motion of the: or Ne or. fluxion 


: 1 f the abſciſß, be ſuppg unißergd pr A 
6 I 985 * 35 N 


ble. 0% 87 : 

02. The 8 88 ging to different 
ins of the fame logarithmic. curve. are. all of 
„ lame. ; magnitude "Rh 1291 if. we take any two 


ii ealure, as D and, A, in the 0 | 
2 il : curve ACM. (#85173 944 dra\ | 
Wents DP, AF 1 15 thexis,in L and, 1 7 > and, 


ec ordinates;DT mesting .it, i nd 
e ſobtangent F FO "al ed G 9 8 bean- | 
ent PT. br 15 10 = 55 10 ir infinitely, 


Near to DFO r 115 15 


nate H 
— 


60 
E 19 5 Ir 
pt — 05 


ature. of 2 dd 

.: 55 hence, ., Avi | 
0.41 55755 12 We! 11 1 1510 8 
| 1. ig ade . 
pole ange 
s un = triangle 79978 te ers t. 1. 5 f og 


d 8 
ae e te. 8 oro prop ort tio 


Ab :; FO:: ö 2 
DG: 45 : DT : PT. Ee 


FO LT, and conſequent 


— 5 
ly, „ be- 
* 10, is PT. QED. 


203. Hence it follows, that the ordivates 
rawn at Hh ecm the, ſubtangent of a 
guithmic, cure are always in the ſamę propor- 

6 g e 


i. i velocity of. the parallel, motion of N 1 


ordinate j 2 to the. 
fub⸗ 


2 0 ray race N 
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ber of, cc 105 to 


A e ah, 


* £42846 2e hr gras 
40 each other,” at What Point efer d 4 
the curre hn nt be taken Jab " 7 


I curyr ig t ' 
7 1 5 ven Zane. 1 


ti pop with 1. 5 bf: 0 Grin er AG; BP.» 1 j bh 
proportion is found by calculation 0 Be that ich 
2.71 5,281,828, 459, Ge, to 1, or of Ito — 
441 17H, So. Sn 90 
204 And hence We HN a methöd of 0 
. fi cury coſe, K by finding a8 thai 


its ebe On cc 
He F For i nitude of PP 18 Kö e 
dies 555 „EM. perpe dichlar i 


guts F, P, 4 take to PM. 
2 to 1. 5 I 5 * ** 


r 24 
the propc oy PV lace" — 2 — 
che ſul tan ent LT at fight ang 


to it, anch lr diftances'eht on 

ther, *Ti ee Wi 1 hog theſe: pi 

1 ill be f 1 Ae cur — 
ſe. ſubtangent Is # 1 termedit 206, 


ts of the ters . — ace 
wins ot be” required, ne ee may be Tou 
continually biſecting the abſcifles of thi 
fercepted between them, and ere ding ern pi 
Econ. between chem af the, ren points, 
Deas 
205. Angther way of performin f the (ai 
thing. is this that follows. In the indefinite ny 
line OP (g. 73.) take LF equal to the gin 
fabtariient” of the curve that is to be deſcribe 
and at the point O draw the right line F pt 
[es | SN . . pe 


Prakr 11100 O E TRL. £27 
endicular to OF, and of any magnitude what- 


il erer ; 2nd.let $his line be-moved, 


id, then towards the; left-hand ſide of the 


ht-band . ade of the figure, let it be ſuppoſed 
increaſe in length at ſuch a rate that the velo- 


calle! motion at every inſtant of time during 
WE: increaſe, or the naſcent increment of DT to 
e contemporary increment of OT; as the mag. 
ade of D Tat the fame inſtantoftimę to tlie given 
he LT; and in like manner, as it is moving to⸗ 
ards the left-hand fide of the figure, let it be: 
ppoſed to decreaſe, i in length at ſuch a rate that 
bc velocity. of its decreaſe ſhall he to the velo- 
h of its parallel motion at every inſtant of time 
ring its decreaſe as the magnitude of DT at 
ie lame inſtant to the given line LT. "Tis: 
dent, that by theſe. two-motions there will be 


{cribed the logarithmic curve ec ACM | whoſe 


206. From the laſt articles it follows, thats in 


logarithms of the ſame ratio, or the abſciſſes 
the axis intercepted between terms that are in 
lame proportion to each other, are unequal; 
r this is evidently the only difference there 


et) theſe unequal logarithms of the ſame ratis 


. be 


OY 


parallel to its; 
on the line OP firſt towards — - 


2 
3 


gute with any velocity, Whatſoevers uniform 
mriable; and, gs it is moxying towards the 


* 5 
— - 
— 


ty of its increaſe ſhall be to the velocity of its 


bungent is equal to the given line LI. 


ferent logarithmic curves, or ſuch wherein 


n be between one logarithmic curve and ano- 


Proportional to the ſubtangents of the curves, 
the curves are ſimilar to each other. Eor 
denerer a curve is determined by one line only; | 
b given when one 121 is given, its ſpecies muſt 
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be given, or by varying” that determi 1 


* 
1 


the curve can only change its magnitude vim 
out any ne in its form or ſpecies, or in tl 
proportion of the lines that correſpond to edi 
other, or are determined by like conſtructiom i 
Thus all cireles, as they are determined by the | 
diameters, are ſimilar to each other; all pan! 
bolas, as they are determined by theit parameten 
or are given when their parameters are given, af 
fimilar to each other; all equilateral, or ed 
angular hyperbolas, as they are determined bl 
their tranvetſe axes, arè ſimilar to each other; 
and all 'cycloids, as they are determined by 
the diameters of their generating cireles, ae 
alſo i ſimilar to each other. But as theſe pre 
perties of logarithmic curves are of forme im 
portance, and will tend much 'to-' forming 
a juſt conception of them, we ſhall here demon: 
ftrate them in a more exact and formal man- 
„ 91 4} nn oe 
207. The logarithms of a given ratio taken on 
the axis of two different logarithmic curvesate! 
the ſame proportion to each other as the ſub« 
tangents of thoſe curves. Let OA and 5% be ay 
two ordinates in the logarithmic curve ACM 
(. 73.) AF a tangent to the curve in A, and 
FO its ſubtangent; and in the curve à x = ($1 
74.) let Rr and Nu be any two ordinates thal 
are in the ſame proportion to each other as 0! 
and yc, r a tangent to the curve & * ur in 
and Ro its ſubtangent. We are to ſhew tha 
the abſciſs RN is to the abſciſs Oy in the fame 
proportion as the ſubtangent Ro to the ſubtan 
gent FO. In fig. 73, draw the ordinate Ha iuß 
nitely near to OA, and in fg. 74. take the =o 


. 


#3. 1 


* 
0 4 


l baz the points 45 
4; 93; perpendicular to OA an 
them in 5, J. Then ſince R.: < 
+ follows, ©dividendo; that q-: 


t follows, that AO.: FO: 
the ſimilarity of tlie triangles * 
bus, that Ro: Rr :; 3h: r. ve th 
fore the three following proportions; 4d, or 
{+ ;; RS: Rr; -- 


: Rr; V A:: N.: A0 and AP": 
%, or OH, :: AO: FO. Therefore ex . zqus 
ve have QR : OH :: R: FO; that is, 

the logarithm of the infinitely ſmall ratio of R. 
to Qy in the curve a ur is to OH es arr 
of the ſame ratio in the curve ACM as Ro the 
ſubtangent of the former curve is to FO the ſub- 
ungent of the latter curve. But, from the na- 
ture and definition of a logarithmic curve, tis 
evident that the logarithms of any other ratio, 
taken in the curves « X nr and ACM, as for in- 
ance, the logarithms NR and Oy of the ratrs 
«Rr to Na, or AO to 5, are to each other in 
the ſame proportion as the logarithms RQ and of 
OH of the infinitely fmall ratio of Rr to Q gz or 
OA to Ha, taken in the ſame curves; (for the 
former logarithms may be conſidered as equi- 
multiples of the latter ;) therefore the logarithms 
AN and Oy of the equal ratios of Rr to Nu, and 
40 to e, taken in the logarithmic curves 
M r and ACM are to each other in the fame. 
proportion as R@ and FO the ſubtangent of thoſe 
nc, QUINT en ̃— OI 


208, It 


4 244 


2 7 5, 


| \ 


280 25 \PLEMTNT'S aofiat 
20 t eaſily appears, that if the 2 
of 4 L or in two different Jogarithma : 
the ſabtangonts of thoſe Curves, us ; 


5 8055 will be ex exactly equa and fig 


— ref * x e | 
8 57 rg coincide. 3 e ratio of: 
bY ve (age) N. 7 to that of Ry U 
Nz (in fg. 2 equal to vc. Rr wil 2 
be equal to O Ke e 


18 — to the logarithm Oy, and Nu -is: placed: 
upon 3 ſo as to coincide. with it, Re willy conſis 
_ cide with 
curve a & ur will evincide with the — 
to it in the curve ACM, ſo that che fame of 
e two figures will exactly. cover the latter; of 
they will be both in every reſpect equal and mi 
lar. The ſame; will be Seiden if Nu is not equilſ 
to c for we may then take in ſome other pur 
of the figure a & ur the ordinate 9a equal to OA 
and FA = Y and if the logarithm Oy is £qua 
to the logarithm 0, and TA be N wo 4 upon 
the ordinate E will coincide with OA, and eve 
other ordinate in the curve x ur will/coincid 
with the ordinate equal to it in the curve ACM 
ſo that the former of theſe two figures will e 
actly cover. the latter, or be eracaly <qum 
ſimilar to it, as before. 

20g. If the logarithms of a given ratio in tu 
different logarithmic curves, or the ſubtangen 
of thoſe curves, are unequal, the whole figure 
though not equal and coincident as before, wil 
_ nevertheleſs be ſimilar. to each other; that i 
whatever finite portion of a given - logarithm 
curve is — 22 e may always find a pot 


tion in wy other logarithmic curye of 7 d 
eren 
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on; 5 3 ww all greater or leſs 
E orgs 
me 0 


# 0 or — -der tom 
mon by increaſing or dimini miniſhing : 
il o that bound and determine it in a given 
Let AC be any n of the lo- 
Amid dtirwns ACM 2 g. 73 .} whoſe: axis 
0p, ſubtangent FO, and th the: ordinates at 
| and C OA and O; and let 4 * r ( 74) 
any other logarithinic*eurve whoſe ſubtan 
greater than FO. Draw the axis R of this 
uve, and in it find tlie point Rat Which the ors 
inate Ry is to Kas tlie ſubtangent. NR 
; wo a r is to FOthe ſubtangent of ACM; 
nd let Ny be another ordinate in the curve 


hall have, 
: KT 2: Na: OA; that is, the ordinates 
rand Nn and the abſciſs NR; are all of them 
ater than the-correſpondent ordinates KC and 
A, and the abſeiſs OR, in the ſame '\given'ratis 
the ſubtangents Ry and FO. And, if NR 
divided into any number of equal parts, and 
M be likewiſe divided into the fame number of 
qual parts, and ordinates be drawn in both 
urs at the ſeveral points of diviſion in theſe 


emediate ordinates between N and Rr, and 
lend KC; to wit, that all thoſe in the figure 
s are greater than the correſpondent ordis 
cs in the figure OKCA in the ſame given pro- 


ant ſobtangent! that is ſimilar 46 II. 


of the 


y nr that is to Ry as OA tO KCI Then we 
by Art. 20% NR: OK: RG: FO 


nes, the ſame may 4. ſhewn concerning theſe 
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- excafing of the ſubtangents. Therefore by i 
creaſing the ordinates and the baſe OK ot 
figure; OK CA . given ratio of the ſubtu 
gent Ro to the ubtangent, F O, it will become 
| equal to, and, exactly coincide with the figur | 
NRz72: conſequently the figure NR is fimila 
: to the figure OK CA. «> ED. T1. Ne be 2 70110 | 
15996 01-91 941119 3hb- bug bined: 3b 925 
Note, The having all their dimenſions eiths 
greater or ſeſg the one than the other in d 
fame proportion, is ſo conſtant a concomitantel 
the idea of the ſimilarity of two figures} that | 
have in the courſe of this article conſidered it 
the very eſſence and definition of ſimilarity ; ſoriſ 
ſimilarity be defined in a different manner; 
for inſtance, if two curve-lined figures are ſai 
to be ſimilar, When, whatever right-lined.figur 
be inſcribed in, or circumſcribed about, the ohe 
it ĩs poſhble to inſcribe, or circumſeribe, a right 
lined: figure: ſimilar to the former, in or 400 
the other, (which is | the. definition of the ſimi 
larity of curve-lined figures given by the mat 
quis de I Hoſpital, in the ee of his exce 
lent treatiſe on the conic ſections;) tis | evident 
that where the former property of having allth 
dimenſions of the one figure greater or les thi 
thoſe of the other in the ſame proportion is foum 
this latter property will be found likewiſe, or i 
figures will be ſimilar in this latter ſenſe. 


210. From hence it follows, that the curve - li 
ur is to the curve-line AC as the ſubtapgent 
to the ſubtangent FO. For let us ſuppoſe i 
intermediate ordinates inſerted between Nu a 
Rr, and between OA and KC, to be infinite 


8 


1 * , 8 F - 
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number; and tis evident the quadrilateral Fon 
to which the figures NRrn Ip ORCA will 
Ide thereby divided, whoſe up pet fides are the 
ſeyeral ortions of the curve e ur and AC, 
will in this caſe become rectilinear trapeziums, 
becauſe the portions of the curves, being infi- 
nitely ſmall, will become right: lines, and co- 
neide with. their chords: and of thefe trape- 
ziums thoſe Wo which the figure NReyn is divi- 
&d will be reſpectively fimilar to thoſe into Which 
the figure RCA! IS Aided: : conſequently the up- 
yer, or oblique, fide of every trapezium in the 
teure NR will be to the upper, or oblique 
ide of the correſponding, trapezium in the figure 
OKCA, in the fame ratio as their baſes, or as 
the ſubtangent Ro to the ſubtangent FO; that i is, 
every infinitely ſmall part of the curveline nr is 
the correſponding part of the curve line AC as 


fre the whole curve line ur is to the whole curve 
line AC as Ro to FO. QED. „„ 
211. The area of the figure NR VA is to the 
rea of the figure OK CA as the, ſquare of the 
ubtangent R@ to the | ſquare of the ſubtangent 
0. For each of theintinitely ſmall trapeziums 
ito which the figure NR7# is divided is to the 
orreſponding trapezium in the figure OKCA 
n the duplicate ratio of their homologous fides; 
br of the ſubtangents Ro and FO: "therefore the 
hole area NR7# is to the whole area OK CA in 
le duplicate ratio of RS to Fe 5 or as a: to. 
507% QED. 
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the ſubtangent R to the ſubtangent FO. There- 
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ordinates t wo. the axis of a. ne POOP 97 27 oy 


OA, E/, drawn throu gh. .the extremities al 
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are drawn through the extremities. of an abc 


equal to its ſubtangent. For Wa any, Point \ 
of the hyperbola VAd (. 70.0 d raw the ord; ao 
nates I, H, parallel to the —— CT aa 
FN taking the point D infinitely near 40 UH, area 
draw the ordinate Dad: and in the laganthmic gar 
curve ACM (g. 73.) take the ordingte Ha = itz 
CD, and OA —. CH: and drayy the tan ent AF nite! 
and the line ab parallel to the axis. Then i fere! 
evident we ſhall have DH = Ab, and cone Non 
quently, DH: CH:: Ab: OA. But the, curve been 
lined area DHBd, being infinitely . ſmall, as-<quali trop 
to the parallelogram DI, and therefore | near 
to the parallelogram of the hyperbola CH nan: 
(El. 6. 1.) as DH to CH: and, ; becauſe, the m quan 
angles Aba, AOF are fimilar, a6 is to FO A cher 
Ab to OA. Therefore: Dh : Ch 12 ah, or OH be un 
: FO; that is, the infinitely ſmall. area, ot p iter 
rallelogram, Dh is to the e Ch of tha doe a: 
hyperbola, as the infinitely ſmall abſciſs OH toy !n 
tlie ſobtangent FO. Conſequently the ratio o m 
Dad to H, or of CH to CD, is to the ratio of 6 7 
the ordinates that terminate the hyperbolic 2 arc "ns of 
that is equal to the parallelogram Ch, as th of the 
ratio of OA to Ha to the ratio of the ,ordinate "ah 
elves, 


* - 
: 
* 
** * 
— 2 
* 


' 
1 : \ 


tio of the ordinates that termitiate the hyper- 
v the ratio of the ordinates ON, EV drawn tfirq; 


0 Nene oo 4. rh 
We have been obliged in the foregoing de 
nonſtration to compare together infinitely mall 
and finite quantities, to wit, the infinitely ſmall 
1e, or parallelogram,, Dh with the. parallelo- 
gam Ch, and the infinitely ſmall abſciſs OH 
yith the ſubtangent FO, becauſe the two infi-. 
nitely ſmall quantities Db and OH being of dif- 
ferent kinds could not be compared together. 
Now as this is a compariſon which has not yet 
been made in any of the foregoing articles of this 
popoſition, and which cannot be explained by 
means of the limits of the ratios in the ſame 
manner as the proportion of two infinitely ſmall 
quantities: that vaniſh in a finite atis one to the 
ther, I ſhall here endeavour to ſhew what is to 
te underſtood. by making theſe compariions, and 
terwards repeat the foregoing demonſtration in 
tne accurate {Aa Be Hnite quantities. 
in the firſt place then, when it is concluded 
from the ſimilarity of the triangles Aba, A0F 
. 7z.) that Ab : AO:: OH: FO, the mean- 
ng of this aſſertion is this. If the difference 46 
af the two ordinates OA, Ha is very, ſmall in 
compariſon of either of thoſe ordinates them- 
klves, the ratio of Ab to AQ will be nearly 
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equal to the ratio of the abſeiſs OH to the ſubs 
—_—_ tangent: FO; and this difference A may be 
— taken ſo ſmall. in compariſon to either of the ord 
_ Xinatc AO, Ho, that the rarie of Ab to 40 
RS ſhall differ leſs from the ratio. of OH to FO. 
_—_ than by any aſſigned ratro how ſmall ſoever. 
Wb A2 24ly, When it is concluded from the infinite 
ſmallneſs of the area DH, and its equality wich 
the parallelogram Dh, that its proportion to the 
parallelogram Ch is the ſame with that of DH to 
_ CH, the meaning of this aſſertion is this: if the 
area DH be very ſmall in compariſon of the 
parallelogram Ch, its proportion to that parallel 
gram will be nearly equal to the proportion of 
DH to CH; and this area may be taken { 
ſmall in compariſon of cb. or the point H ma 
be taken ſo near to the point D, that the propor- 
tion of the area DH to the parallelogram Ch 
ſhall differ leſs from the proportion of, DH to 
CH than any aſſigned ratio how ſmall ſoever. 

* 24/y, When tis concluded from, the ultimate 
equality of the ratios of, DH to CH, and the area 
DH /d to the parallelogram Ch, the ultimate equa 

lity of the ratios of, Ab to AO, and OH" to FO, 
and the conſtant equalityof the ratias of, AztoAU 
and DH to CH, that DHA: C:: OH : FO, 
the meaning of this aſſertion is this: if the dif 
ference Ab of the ordinates AO, Ha, ar the 
difference DH of the lines CH, CD, which are 
reſpectwely equal to AO, Ha, be very ſmall 1 
compariſon of AO and Ha, the ratio of thi 
little hyperbolic area DH to the parallelogta 
Ch will be nearly equal to the ratio of the (mal 
abſciſs OH to the ſubtangent FO; and the dit 


- ference AZ may be taken ſo ſmall in compariſot 
| 1 90 


— 
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of OA; and. Ha, that the ratio of DHI to 
4 hall differ lels from the ratio of OH to Fo 

any aſſigned ratio ho ſmall ſoeyer. 
4h We may obſerve. further, that as long 
0 7 is of any finite 5 7 how ſmall ſo- 
er, the tangent AF will paſs without the curve* 
, and con equently will not cut the line ah i in 
e point a, but in ſome other point, which call. 


chat is nearer than @ to the point , ſo that 


te line 0 will be leſs than 46. Nom the tri- 
vols Ab, AOF,, are ſtrictiy ſimilar, even tho 
1 be finite; there fore Ab: AQ :: 66 2 "Fs: 
nlequently Ab is Tae AO as ab, ,or ' OH, to a 
ne greater than FO, which call x. But Ah may Y; 
taken ſo fraall in compariſon of A0, that the 
of ab to ah ſhall approach as nearly as We 
leaſe to a ratio of,” equality : therefore A5 may 
e taken ſo ſmall in compariſon. of AO that. the 
tio of x to FO ſhall approach as nearly ag. we. 
aſe to a ratio of equality, or that x all ex- 
ed FO by as ſmall a quantity as we pleaſe , 
at is, the ſubtangent FO is the limit of the. 
upnitude of &, or. of a, fourth proportional to oF 
e (mall, but finite, difference Ab“ of the ordi- 
tes OA, Ha, the ordinate OA, Ane the Cor 
hondenu ſmall abſciſs, or loparnbin” on. 
wtbly, In like. manner in the H) yperbola Yao 
7. 70.) the difference DH, when finite, is to 


© 


line CH accurately as the rom, thaw Db 


he parallelogram Ch, and conſequently as the, 

a DH /d to a ſpace greater than Ch, which call 
: but DH may be taken fo. ſmall in compari- 

Lof CH that the ratio of DH to Dh bat, 

proach as near ag we pleaſe to a ratig of equ 

J therefore DH may be taken o final, 
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| in. corn MET , that the rarhy* 7 1 f | 
Ch ſhall a hre 9 near as we plate to f 
of equality, or that 'vy (half exceed C by ag te 
a quantity a as we pleaſe; that. is, the 0 ir 
gram Ch is the mit of the n 1 es | 
of of a fourth'proportiotial'ts D [HE feel 9 = 
finite, difference 01 the lines' CH, CD, the lin 
CH, and the correſpondent fill area," of bh 
Theſe things being premifed; PO or 
may. be demonſtrated as follows: DHH 
DH : CH:: AB: OA:: OH: x; "therefore A 
ratio whereof yy is tlie iogaritim ! in the hyper: 
bola VAZ (fg. 70.) is to the ratio wherts 
DH is the logarithm in the fame h hin a 
or to the ratio of CH to CD, as the Fat 
of x is the logarithm in che n by 
ACM (/e. 7 73.) is to the'ratiy WHerevf"OH if 
the 10g en in tlie ſame curve; or tothe ru 
of OA to Ha: but the'rarib of ORA to Hr" 
equal to the. ratio of CH to CD: thetefore thi 
ratio whereof Jy is the” logarichm in the hyper 
bola VAd is equal to the 72770'wheteof & 
logarithm in the logarithmic curve ACM. An 
as his is tus in all the ſtates of yy and x; it mul 
be.true likewiſe. in their laſt ſtate when y = Cl 
and x = FO; that is, the ratio wherecf the pa 
rallelogram Ch i is the logarithm in the hyperbol 
VAd muſt be equal to the ratis whereof the tut 
tangent F O is. the logarithm in the logarithm 
curve ACM: But if this be denied, let elthe 
of them, as ſuppoſe the Pacalelegte Ch, 
the logarithm of the greater ratio. Then, fn 
by diminiſhing Ab we may diminiſh. x ull ite 
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warithm...by. Jeſs than any. afligned. a 7 7 
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| i ſoever, let & be ſo far Ki d tl 
W:rccls of the ratio whereof it is, the 
wave. the. rat: hereof. F Olis. the s 


l be les than the exceſs of the; 1 Si 


(is the: logarithm. abo vef the ratio whereof FO 


Ne the log rithm ; and at is.;evident, that the ratio 
pbereof. x 5 the logarithm, Will be, leſs. than the 
# a whereof O 18 the logarithm ;;t therefore 4 


rttcrt the ratio whereof. x18 the. Jo 2 10 Will 
be leſs than the. 77 — e 1s I Ich, is, W 
er than CB, 0 ogarithm yt. it. was before 


benn that the razzo, whereof. x is the loparithm 
always equal to the ratio wheredf yy. as 


\ do garithm; ther fore it 18 both equal and 
es yon that ratio at. the ſame time Which is 


ulh poſſible.” Therefore the. ratioiwhereof. .Ch.3s 


he logarithm.j is not greater than the ratio here- 
fFO is the lagarithm. In the fame, manner it 
way be ſhe wn that the ratio whereof, FO. is the 
bexrithm is not greater than the atio whereof 
bis the logarithm : I (conſequently hole race 
e equal. EB. 

213. The Togarithins, of. equal: ratios in dit 
ent hyperbolas (Whether thoſe: hyperbole he 

Imilar or diſſimilar, that is, whether the 
Wrtion of their. t anlyerſe and ſecond axes be = 
me or different) are to each other in the fame 
portion as the parallelograms. of, thoſe; hyper- 
ls. For the logarithm of any one given ratio 
any ONE hyped Ja i 18 0 the e of 1 
- ... other 
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logarithm of tha former vin in any other hype 


| whereof the parallelogram of the hyperbola ist 


garithm of the ſame ratio in any other hyperbo 
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of the former rat in the former hyperbola ig 

| ts logarithm in the latter hyperbola as the lo 
rithm of the latter ratio in the former hyperbe 
"Il F. 1 IST 7 ine ry 25:4 IE. N 
s to its logarithm in the latter hyperbola: then 


. _ * 
* 1 J 
# os; ; 
S 
A f 


Y 
„ 
* 


/ 


former ratio is to the latter, and therefore-as th 


bola to the Jogarithm'of the latter ratio in 
other hyperbola ; and per mutendo, the Wpoarithi 


fore if the latter ratio be' taken equal to that ral 


logarithm,- it will be evident that the logarith 
of any given ratio in one hyperbola is to the lh 


as the parallelogram of the former hyperbola 
to the parallelogram of the latter 'hyperbol 
214. In the fame manner we may demonitra 
what has been already ſhewn in Art. 20%, col 
cerning logarithmic curves, to wit, that the li 
garithms of equal ratios in two different log 
Tithmic curves are to each other in the ſame pi 
portion as the ſubtangents of thoſe curves. I 
the logarithm of any one given rare in one f 
garithmic curve is to the logarithm of any oti 
given ratio in the ſame logarithmic curve (as! 
former ratio is to the latter, and therefore) as f 
logarithm of the former ratio in any other log 
rithmic curve to the logarithm of the latter 70 
in that other logarithmic curve; and per muta 
the logarithm of the former ratio in the form 
logarithmic curve is to its logarithm in the lat 
logarithmic curve as the logarithm of the lat 
ratio in the former lIogarithmic curve is to 
Jogarithm in the latter logarithmic curve: 9 
| * | | 


if th r,, ke 
Kees gas Ed; il gory, it. gh 


i je cyid ent t hat th logatithm, 505 9 8555 4a 
in one 5 ce #166 10 7 
if the ſame, 20% in any ther Jogari Ra 1285 


but ent of the latter Eu 

my” PETE e e th ON the 

putrcures of 'hyp Gag, . 00 may be 

duced to the” quadrature of 

by one giver ſpecies; ab, ia Rowen 

lteral hyperbola; or, that ifjTwhen * 9 

jerſe and kecond Axis Pj any ons h A 

en, we are Able to Salden age 

of the curvilinear area that is — e to 
en two ordinates that are u, each! ether in 


ble to determine in any other; hyperbola where. 
f.the: tranſverſe and ſecond axes ate gen the 
kughitude'bf the ' curvilinear area UH IVA 


ine 3 to each other 48 the! , Hriher 
inates. For we need only fyj ah he piral. 
gram of che former Hyperbols!1816'the pa- 
Welogram of the latter hyper G 15 k area 
the formet hyper bela th tis ed 
br area that is homded b {ordifiate 
wportion) of the datter.Nyperbel e Kol 2 
216. Since? the parallets tar and afyfmipretic 
Ks of an hfpetbold are \\ac##/"oth6r 1285 
ne proportions 4s the fobtangent and abſbiſſes 
(the axis of a logarithre' Curve cotvefponding 
the fame ratio, it follows 
Jul to the rectangles whoſe aſe ars e fü. 
gent and . of ehe uEis 6f Ne lopitth- 
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217. We have now gone. through all tha 
properties of the logarithmic curve that have ay 
relation to the preſent ſubject, or may tend 
give a clear notion of its figure and ,deſcription 
which (as for the ſake of avoiding all kind of of 
ſcurity and confuſion on this not very eaſy ſul 
ject, we have demonſtrated them at great leng 

it may not be amiſs to recapitulate in a few wor 
as follows. After giving a definition of this cui 
we have ſhewn, in the firſt place, that its axis 
vex towards its axis, or aſymptote; 3d/y; thai tl 
abſciſſes of the axis are logarithms; of the roti 
of the ordinates that bound them; 4b4, th 
the ſubtangent of this curve is every where 
the ſame magnitude, and is therefore eye 
where the logarithm of the ſame given ratio, 
wit (as is found by calculation) the: ratis 
2.7 18,281, 82 8.45 9, Se. to 1 3 5thily, that whe 
the ſubtangent is given, the curve may be d 
ſcribed in two different manners; the one 
erecting perpendicularly to the axis at proper 
ſtances from each other a variety of mean a! 
continual proportionals between, and to, the ol 
nates drawn through the extremities. of the ſu 
tangent, which ordinates muſt be taken to ea 
in the foreſaid proportion of 2.718, &c. to! 
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bo other by A continued } motion; to it, by 
Ving 2 right line upon the axis, with any ve- 
city. whatſoever, and ſuppoſing it to increaſe: | 
Ling its motion at ſuch a rate that the velgcitß 
(its increaſe ſhall always be to the velocity of 
s parallel motion, or the naſeent increment: of 
E ordinate to the contemporary increment of 
he abſciſs, at Very inſtant of time duting its 
eneration, as the magnitude of the ordinate at 
te fame inſtant of time to the given line which 
equal to the ſubtangent of the curye to be de- 
ribed; 67hly, that the logarithms of equal ratios: 
| different logarithmic curves are en to 
e ſubtangents of | thoſe curves; of which we 
ue given two demonſtrations, the one in Art. 
, the other in Art. 2143 and we have ſhewn 
jt the ſame thing holds in hyperbolas, or that 
e logarithms of equal ratios in different hy- 
xrbolas are proportional to the parallelograms of 
boſe hyperbolas; 7bly, that all logarithmic: 
res are ſimilar, and the correſpondent lines in 
em proportional to their ſubtangents, and con- 
quently the correſpondent areas proportional to 
e ſquares of their ſubtangents; 8zbly, that the 
tio whereof the parallelogram of any hyper- 
pla is the Iogarithm in that hyperbola is equal 
the ratio whereof the ſubtangent of any loga- 
mic curve is the logarithm in that curye; and 
berefore 97bly, that the parallelogram and areas 
any hyperbola; are equal to a ſet of rectangles 
Noſe baſes are the ſubtangent and correſpon- 
ent abſciſſes of the axis of a logarithmic curve, 
ad height the altitude of a rectangle whoſe baſe 
the ſubtangent of the logarithmic curve, and 
rea equal to the parallelogram of the hyperbola ; 
| 1 1 2 | I othly 7 
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rothly, that the ſubt 


angent of a Ld : 


curve is à fourth 'proportivifaF to! the inf 


ſmall difference: of any two'eonmgli 1 
the gteatet, or either; 0 Ah Srcinatee and 3 


J the Correſpondent in nit 


ſmall lot 


ous ordinit 


-arithth"o 


the abſcifs af the axis' ice e between nei 
ordinates or, to ſpeak tore affe 
ſubtangent of 4 logarithmic cütve is the mal 
the magnitude of a fourth” propre 
any two” tall 

guous ordinates; tlie greater; ot either, Uf thoſe 
ordinates; and the eorreſporident* logarithinj! * 
the ſmall abſelſs of the axis ifiterc 


ſmall, but fitire, Aifference of” 


paralle 


portional & the infinitely {inal differthes Wl 


te taken from! . _ 


two portions of the Ahh 


center of the hyperbéla, the greater 
of thoſe lines, and the correſpoti 


ſmall logarithm, or the at 
baſe is the foreſaid differen- 


EB 


bolwis*the limit of # 


proportional to the ſmall, mel Fi 


of any two portions of the 


ted between 
thoſe brdinates : and we have ſhewn Re 
the ſame thing held in hyperboles, of thn_ 
logram of an byperbola is a four nn 
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Lrollary explained firſt in what ſenſe ratios" 
aid to bear proportions one to another, an 
en defined logarithms to be any meaſures 
tio; of what kind ſoe ver, and having illuſtrated | 
Wis definition in three different kinds of quan- 
Jees by ſhewing how either areas, angles, or 
es may be made uſe of for this purpoſe by 
eas of hyperbolas, logarithmic . ipirals,. and 
earithmic curves, and demonſtrated fuch of the 
Wopertics of theſe figures as have any relation. c 
preſent ſubject; it will, 1 doubt not, be calf 
every one fully to comprehend the meaning 
the foreſaid Lov nition "of logarithms, dr 60 
m a clear and juſt conception of their general 
ure and fundamental property. We may now 
erefore without e of difficulty give ſome ac- 


dtes in his Farmonia menſurarum, and by other 
bors fince his time, and which is called by him 
vodulus of the ſy ſtem of 

g b and may eile explain the method 

b Cotes has made wſe-of to determine 
bo garithm of a given ratio. It will alſo be 
WW N explain the etymology of the word loga- 
Ws, and to obſerve how 1 the original ſig- 
cation of that word is connected with the 

f 8 of it > ber in the above. definition; and to 
lain li ewiſe the uſes of n 
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unt of the Naehe ſo often mentioned hy Mr. 
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246: E I E ME NTS HH 
ening arithmetical calculations; the particurl 
fyſtems of logarithms that have been invent 
for that purpoſe; ad the conceptions given off 
them by the moſt. celebrated authors that half 
wrote concerning them. All theſe particulay 
we nom proceed to conſider in the following 


of 
. lus :of 4 Hſiem of logar zthms. if 1 


: k 
+ 


k \ 4 


> Out 


the logarithm of their ratio; but, by the pn. 
erty of the aſymptotes, the parallelogram of u 
perbola is every where of the fame magn- 
tude; therefore this fourth proportional is evey 
where of the ſame magnitude. In like manner 
it has been ſhewn that the ſubtangent of a logs 
rithmic curve is a fourth proportional to the dulete 
ence of two contiguous ordinates whoſe 74710 v 
infinitely near ts a ratio of equality, either of tis 
ordinates themſelves, and the little abſciſs of tis 
axis that is the logarithm of their ratio; and i 
have proved in Art. 202, that the ſubtangent( 
a- logarithmic curve is every where of the {any 
magnitude; therefore the fore - mentioned four 
proportional is every Where of the ſame magh 
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eceſſarily ſubſiſt between all męaſures of the 
ame quantities We may conclude, | that” in every 

tem of logarithms whatſoever, (Whether they 

be areas, or lines,” as in the hyperbola and lo- 
zrithmic curve, or angles, or any other kind uf 

quantity whatſdever) the fourth re to 

the difference of the terms of an infinitely ſmall 
atis, either of the terms themſelves, and the 
logarithm of their ratio to each other, is every 
where, whatever be the magnitude of the terms 
aſſumed, of the ſame given magnitude. Thus, 

if a ſet of areas, lines, angles, or any other 

kind of quantity, be made uſe: of as meaſures of 

the ratios of the ſeveral portions of the indefinite 
right line AP (fg. 7 5-) reckoning from the pont 


9 . 


| "2 Pr 4 -* a $65 {\ BY yy» +. +4 4 * 
. fig 75 „ 4 „„ 


' f — — —ñ—— . — Lot { 7 
. * * 1 
8 *% o F * 4 : * 8 T4 TY y # 7 * * & * pou W's . 
* +4 » 5 & * A # k : . U 4 # 1 3 4 & . „„ 
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v rach other, the, fourth, proportional to the in- 
dreh dall difference PC of che terms AP, 4 
AQ the term A, and the area, line, angle, = 
or other quantity, that meaſures the ratio of A aha 
bo AP, will be equal, to the fourth proportional 11 
o the infinitely ſmalli difference pg; of the term 

af ) Ag, the term Ap, and.the area, line, angle, r | | 
her correſpondent quantity, that meaſures, the | 
rat of Ag to, Ap; or, to expreſs. the ſame thing | 
accurately, if the points P, p be taken at pleaſure in ll 
the indefinite line AP, and the points Q. g. be takan 

ery near to P and p, reſpectively, and be ſuꝑ· "= 
poſed to move continually towards them, ſo 5 | [18] 
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the:ilines!PQ, and ſnall be thereby Aim (her 
An fac as we pleaſe, the limit of the magna 
of the:fourth pr oportional to the ſmall, but nie 
5 abe line AP;nand:the Togarit 
a AQ.to AP, will be : 
| Wrhitiof the magnitude of eee 
ry che fmall, hut Hnite, 4 


Og f 
This limit, or (ib e- eonſidert * ain nA 
\nitely ſmall) this fourth > proportional: to the 
-difference of any two terms: hoſe 114050 1 15 
.nitely ſmall, (or infinitely pear} ta a Futia uf equs 
Lity) either of the terms themſelves; 123. ; 
garithm of their ratio, is what Mr: Ces calls th 
-anddulus. of the an ee e il 
it belongs. 
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220. ä n the rene 
8 5 fourth proportional the medulus of the fy 
ſtem of logarithms to which it belongs, is vn) 
: becauſe it characterizes and getan that f 
Ken, and diſtinguiſhes it from all other ſyſtetns 
the word modulus (which is properly a term of 
arehitecture) fie gnifying.: no more an a meaſure; 
or rule, or quantity to which others are feſertel 
and by Which they are determijied. Now, that 
this fourth proportional, which fot © brevity Y 
fake we will ere call M, determines the 10g 
rithms of the Stem, to which it belopgs, all 
that when M is given the logarithm of any Fe 
ratio in the ſyſtem of log ce to Which 


2 belongs! is given likewiſe, 5 be ſewn i n ö 
1 . lo 


— 
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flowing. manner. Let the logarithm of the 
ratio of any two portions of the line AP, as AQ 


ar. by denoted by log, A or Lys and 


ve ſhall | have PM: AP :;:- 2 : M. 
Therefore tis evident in the firſt place, that the 


quantities M and L. > muſt always be quan- 


ties of the ſame kind, ſo that if one of them 
he ſuppoſed to be a ſurface, the other mult like- 
wiſe be a ſurface, if a line, a line, Sc. And 
dy, if the terms AP, AQ, and conſequently 
their ratio to each other, and that of their dif- 
rence PQ to AP, are ſuppoſed to remain the 
kme while either of the quantities M or L. 45 
b increaſed. or diminiſhed, in any proportion, 
he other muſt likewiſe at the ſame time be re- 
hectively increaſed or diminiſhed in the fame; 
proportion. And, as this is true of the loga- 
tam of the infinitely ſmall ratio of AQ to AP, 
muſt alſo be true of the logarithm of any finite 
"1 whatſoever, . becauſe. every ſuch. ratio may 
e conſidered as a multiple of the ratio of AQ to 
A; therefore. both the kind and magnitude of 
We modulus of a, ſyſtem of logarithm are de- 
mined by the kind and magnitude of the 
Farithms of any given ratios in that ſyſtem, 
= ic ver (4 flies kind and magnitude of the 
blichms of any given ratios in any ſyſtem of 
eithms are determined by the kind and mag- 
Hude of the madulus of the ſyſte. 
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250 ELEMENTS 
220. This has been already ſhewn to he ra 
Mn the hyperbola: and logarithmic; curve in 4 

214 for in theſe figures the ſubſtance 
che preſent article amounts to this only; to wi 

that the magnitude of the arallelogram of x 
hyperbola and that of the logarithm of any ging 
ratio in it mutually depend upon each other, 
that the one cannot be increaſed or diminiſhed! 
any proportion but the other muſt at the fame l 
reſpectively increaſed or diminiſhed in the ſan 
propartion'; 'and that the magnitude of the { 
tangent of a logarithmic curve, and that of thi 


. 
logarithm of any given ratio in it do in the fan 
manner oats depend upon each other, (WM. - 
that the one Fre: Ban be increafed or diminiſbeſ i Mr. 
in any proportion but the other muſt at the fan. 
time be reſpectively inereaſed or diminiſhed i belo 
the ſame proportion, For the parallelogram n 
an hyperbola is the modulus of the ſyſtem of 5 it - 
garithms exhibited by its afymptotic Areas, a to 2 
the ſubtangent of a Togarithmic curve is the ml ef | 
dulus of the ſyſtem of . exhibited b inſta 
me — of its axis. n 5 ratio 

M7, ASI, oof o 1 

Eee of the ratio \ m6dulars. Ct dthe 

9 4 01 dy ar 
221. Pie the foregoing. Se tis evide yen 
that the reti whereof the madulus of any nul 
ſyſtem of Ic garithms is the meaſure, or log th 
rithm, in that. ſyſtem, is en g to the ra ban 
whereof the, znodulus of any other ſyſtem of el 
thi luppo 

garithms 18 the meaſure, 'or logarichm, in a 
other ſyſtem. This ratio, which Mr, Cotes el wh 


the ratio modularis, and which is the fame wil 


jr 


Ne, 2 
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hat which is meaſured by the: parallelogram of 
in hyperbola in a ſyſtem of logarithms conſiſting 
of hyperbolic areas, and by the ſubtangent of a 


ting of the abſeiſſes of the axis of ſuch a curve, 


in Art. ao q. 


Onjectures concerning re reaſors tar robably 


timed quantity for a modulus. 
Lo At ed BHD $19 259518 


222. It having been obſeryed in Ar. 2205 tliat 
Mr. Cotes's reafon for ealling the quantity M the 
nodulus of the ſyſtem of logarithtns to Which it 
belongs, was becauſe the ſogarithms of all given 
ratios in the ſyſtem were al ways determined b 
it, and this being a property that belongs equally 
to any other given quantity related to a fyſtert 
of logarithms in a certain known manner, as for 
inſtance, to the logarithm of any known or given 
ratio whatſoever (as well as the ratib 2.7 18, St; 
b 1) or to 2 M, 3 He L M, M, bran 

aer multiple or part of the quantity M, (fd 

" Wavy one of theſe quantities the logarithms bf 
den even ratios may be determined), it is natural to 
nquire why Mr. Cotes made choice of the quan- 
log M. rather than any other given quantity, or 


ra ben the logarighm of any other given atio, (pars 
H calarly than that of ſome remarkable atis, as 
t appoſe the ratio of 10 to 1) for the moduls, of 
ei characteriſtic quantity; of the fyſtem. Now the 
wilklealons which determined him to this choice 
as 1 imagine, theſe that follo nim. 
K k 2 223. In 


— 


4 


pgarithmic curve in a ſyſtem of logarithms con- 


is that of 2.718,28 1,828, 4 59, Se, to 1, or of 
; to . 369, 879, 441, 71, Fc. as was obſerved 


induced Mr. Cotes to pitch upon the foren men- 
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223. In the firſt place tis evident, that hben! 
either areas or lines (which are almoſt the only 
quantities that are the ſubject of mathematici 
contemplation) are made uſe of as logarithms 
or meaſures, of ratios, and conſequently the 
Hyperbola and logarithmic curve come undet 
conſideration, (for though there are an infinit 
number of other curves that exhibit areas and 
lines that are meaſures of the ratios of certain 
other quantities that bear a known relation 
to them; ſuch for inſtance, as are the figures of 
tangents and ſecants, as ſhall be ſhewn here. 
ter, and the arches of a circle deſcribed round 
the center of a logarithmic ſpiral, as was obſerved M 


in Art. 195; yet the hyperbola and logarithmic WM 2 
curve are the fitteſt of any for this purpoſe, and nal 
exhibit by their areas and abſciſſes the ſimpleſt (9. ¶ ue 
ſtems of logarithms that are poſſible, inſomuch give 
that all other areas and lines that perform the WI bni 
ſame office, ought as much as poſſible to be re- ¶ be 
duced to theſe figures if we would fully and in t! 
clearly underſtand them) I ſay, when hyperbolas e 
and logarithmic curves are made uſe of as mea- lf tic 
ſures of ratios, the quantities that moſt. natu- WM thei 
to f 


rally offer themſelves to us for determining the 
logarithms of given ratios in thoſe figures arc Wi tion: 
evidently the parallelogram of the hyperbola, and ft 
the ſubtangent of the logarithmic curve: and 
accordingly theſe quantities had always been made Wi ticn 
uſecf. for this purpoſe by the writers who treated 
etheſc figures, and their properties as meaſures 
of ratios, before Mr, Cotes's time. *Tis pro- 
bable therefore, that a defire of preſerving an 
analogy between the different ſyſtems of logs 


rithms, and of conforming to the practice of the 
on Ba | writers 


PAN TRIGONOME TRV. 253 
writers that went before him, might be one rea- 


N ; 
1 a for his chuſing that quantity for the general 
a characteriſtie quantity of all ſyſtems of logarithms 


whatſoever, which in a ſyſtem of hyperbolie 
Iaeas was equal to the parallelogram of the hy- 


der perbola, and in a ſyſtem of right lines exhibited 
ite WY by the abſciſſes of the axis of a logarithmic curve 
d vas equal to the ſubtangent of the curve; that 


is, for chuſing for the general characteriſtic 
quantity of all ſyſtems of logarithms whatſo- 
yer, the fourth proportional to the difference of 
any two terms whoſe ratio is infinitely near a ratio 
Jof equality, the leſſer of the terms themſelves, 
and the infinitely ſmall logarithm of their ratio. 
224. Another reaſon that induced Mr. Cotes to 
make this choice, I conceive to have been de- 


ind 

ſy led from the nature of the ſolution he has 
ich given of his firſt problem, the deſign and rea- 
the bning of which, if I underſtand it right, may 
te- be thus explained. The deſign of Mr. Cotes 
ind in this firſt problem, which he calls“ finding 
las e neaſure of a ratio,” I take to be this: from 
ea · ¶ tic mere conſideration of the terms themſelves, 
u- their differences, and their ratios to each other, 
the w find certain expreſſions that ſhall be propor- 
are Wi tional to, or meaſures of, thoſe ratios, without 
and WW ft arbitrarily aſſuming ſome given quantity as 
and e meaſure of a known or given ratio, and 
ade ben finding the correſpondent meaſures of 
ted other given rats. Thus let the ratios of 
res Ac to AB, and of AK to AB (Ag. 75.) be 
r0- i two given ratzos whatſoever ; it is re- 
an N quired from the mere conſideration of the 
g- bes AB, AC, AK, and their parts AP, 
the . 3p, Ag, and differences BC, BR, PO. 


Pt 
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Pg, to find expreſſions that ſhall be proportion 
to the magnitudes of theſe ration. | + | 


Two principles neceſſary to be known previdujhi 
Mr. Cotes's ſolution of the firft propoſition uf 


harmonia menſurarum. 


225. In order to the underſtanding Mr. Cotes 
ſolution of this problem, we muſt premiſe thi 
following lemma; to wit, that if there be « ſe 
of quantities A. B. C. D. E. Sc. conſiſting d 
any number of terms whatſoever, that are all dd 
the ſame kind, fo that they may be compared to 
gether, and are to each other in any proportion 
whatſoever ; and a ſecond ſet of quantities 9. 6, 
c. d. e. &c. equal in number to the former, ant 
that are all of the ſame kind one with another 
though of a different kind from the quantities 
A. B. C. of the former ſet, be conſtitu ted in ſuchl 
a manner that the terms @. 5. c. d. Sc. ſhall b 
analogous to the terms of the ſeries A.) 
C. D. Sc. or ſhall bear the fame propor 
tions to each other as the correſpondent term 
of the ſeries A. B. C. D. Sc. The ſumo 
any one number of terms of the ſecond ſeries 
as ſuppoſe the firſt five terms 4. b. c. d. e. hill 
bear the fame proportion to the ſum of any oth 
number of terms of the ſame ſeries, as ſuppoſe » 
the firſt three terms, 4. 6. c. as the like ſums d 
the correſpondent terms in the firſt ſeries A. 
C. D. Sc. bear to each other, or as the ſui 
of the firſt five terms A. B. C. D. E. of the 
firſt ſeries to the ſum of the firſt three ter 
A. B. C. of the ſame ſeries; that is, a +0 
c +d 4 e will be to a +b + cas A+ B 70 
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wan D + E is to A-+-B + C. For ſince by 
be ſuppoſition 4: 6: AB, it follows compe- 
undo, that 4 ＋ ; : :A+B:; B. Again, 
fince 6: 2233 3 and xWe have, ſhewn that 
: 4 B: B, it follows ex quo, 
that 6 E t αε:: A B; Nes and componendo, © 
i++ 4+: en A+ B- + CE Again, 
fncec: doi; C; D, and a +6 +-c: „ 
Be: 5 t follows ex gg, that 2+ b+ 
1 4: A+B+C.; D, and componendo, 42 
+b +6 n 4; A +B+C+D: D, 
and e. ene ed 4 ＋ et: A 
B-C+D;A+B+C. Again, ſincg 4 : e :; 
„ follows ex quo, that a ＋ 6 
(＋ d: e:: A BCD: E, and compe- 
wide a+ b +6 Ae: a+b+ 0 * 
4+ B+ en Dn Berk en Boe Ga D 
pf ates 


2 


but it has been ſhewn that a + 


tics 172 
ſuch +6 + c:uiB e | bor: Hick 
bee therefore e agus, a + # + Cc 6d e: 4 


Was Acct cr D + E.: A. 
þ 4. C. QED. : 

This demonſtration, - tis evident, will hold : 
good, if, inſtead of five and three terms, we 
compare together any other numbers of terms in 
each ſeries whatſoever; and conſequently will 
be true likewiſe when the numbers are infinite, 
or when the quantities compared together in 
each ſeries are not properly the ſums of finite 
numbers of thoſe terms; but the limits of ſuch 
th a which 1 is the cata to which 1 it. 1s now to be 
Ppucd, 
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in the ſame proportion as 9G to gg or as O 0 
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1 
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226. Another principle that it will be nectſa 
for us to prove before we enter upon the ſolutionl 
of Mr. Cotes's problem, is the following: If then 


be three unequal quantities, as AD, AE, AF. ere 
n 
(fig. 76.) whereof AD is the leaſt; and AP the 
greateſt, and their differences DE, EF, ate een 


tremely ſmall in compariſon of the quantities 
themſelves, the proportion of the ratio of Af 
to AD to the ratio of AE to AD will be very 
nearly equal to the proportion of the difference 
DF of the terms of the former ratio to the dif- 
ference DE of the terms of the latter atio: and 
the differences DE, DF may be taken ſo very 
ſmall in compariſon of AD * their proportion 
ſhall approach as near as we pleaſe to the pro- 
portion of the foreſaid ratios, or ſhall differ from 
it by a quantity, or ratio, that is leſs than any 
aſſigned ratio whatſoever. This may be proved 
by taking in any logarithmic curve, as ay nr 
is. 74.) the three ordinates Q, Rr, SZ re 
ſpectively equal to the lines AD, AE, AF, and 
drawing the lines g, and 6, perpendicular to 
SZ and meeting it iii the points g, G. For tis 
evident the curve gZ will, on account of its ex- 
ceſſive ſmallneſs, be very nearly a right line; 
conſequently the triangles ZGg, ri, may be 
conſidered as rectilinear triangles ſimilar to each 
other, and therefore ZG will be to r very nearly! 


Q, and conſequently as the ratio of SZ to f 
on | to 
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o the ratio of Ry to Q g: therefore the ratio 
fAF to AD. will be to the gutio of AE t AD 
ery nearly in the ſame pro * a0 
ſerence DF to the difference DE. And becauſe; 
hy taking the points , Z, continually nearer and 
erer to each other, the arch 9 may be made 
= T7 approach as near as we pleaſe to a right line, it 
blos, that the proportion of the differences 
IG, 7% or DF, DE, may be made to approach 
s near as we pleaſe to the proportion of the lo- 
arithms 98, 90, or Q, , or to that of the 
ratios meafured by thoſe logarithms, or of the 
ratios of AF to AD, and AE to ADL. ED. 
This might alſo be eaſily proved by the hyper- 
hola. But if we would have an abſtract demon- 
tation of it, independent of both the hyperbola 
nd logarithmic curve, and derived from the na- 
ure of ratios, and the definition given above of 
beir proportion, it may be proved in the follow- 
ag manner. Let the ratio of AF to AD be di- 
ded into a very great number of leſſer 747705 all 


nediate proportionals as AL, AM, AN, Ge. 
Wctween AD and AF. Fhen, ſince AM is to 


| LM AL:: DL: AD, and permutunub, LM: 
L:: AL: AD; and in like manner, becauſe 
N: AM :: AM : AL, we ſhall haue MN: 
M:: LM: AL, and per mutando, MN: LM: 
M: AL. Therefore when AD, AL, AM, 
le nearly equal to each other, DL, LM, and 
MN will be nearly equal to each other. There- 
te when the two extreme terms AF, AD, (and 
dulequently 4 fortiori, all the intermediate 
ms AL, AM; AN, 1 contained ä 
| | tne - 


al to each other, by the inſertion of inter- 


— 
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tion as the dif- 


” 


as AL to AD, it will follow dfvidendo, that 
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other, all tht differences DL, LM, MN. &. con 


and conſequently no number of the differences D 
LM, Sc. is exactly contained in the difference 
DE, to the number of thoſe differences that is 


and E, or of the number of the equal atis 0 


mall, their proportion to each other is accurate 


g — N We 7 
, * 
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the points D and F) are nearly equal to ext 


tained between the points D and F will be near 
ly equal to each other. Conſequently the differ 
ence DF will be to the difterence PE very neal 
in the proportion of the number of the leſſer differ 
ences DL, LM, MN, Sc. contained between thi: 
points D and F to the number of thoſe difference 
contained, or, (if the ratios of AF to AD andy 
AE to AD are incommenſurable to each othe 


neareſt to being contained between the point IN 


AL to AD, AM to AL, AN to AMͤ, Ge. con 
tained in the ratio of AF to AD to the numb 
of thoſe ratios contained in the ratig of AE ti 
AD, that is, by Art. 185, in the proportion q 
the ratio of AF to AD to the ratio of AE to AD 
And as by diminiſhing continually the difſerene 
DF the proportian of AF to AD may be madet 
approach as near as we pleaſe to a ratio of equa 
lity, it follows that that difference may be take 
ſo ſmall in compariſon of AD that the proportion 
of the differences DL, LM, MN, Sc. hall a 
proach as near we pleaſe to ratios of equal 
and conſequently that the proportion of DF 
DE ſhall be as nearly equal as we pleaſe to til 
proportion of the ratios of AF to AD and Ak! 

If we make uſe of the language of infinite 
mals, ar infinitely ſmall quantities, we: muſt 
that when the differences DE, DE, are infinite 


ea 
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Wu! to the Proportion of the Hariorof AB to A, 
| 90 of AF'ts AT? or, that iFthers be three — 
ties that are infinitely near to 4 ratio of e quality 
lh each other, tlie exceſs of the Gy; eg 
he leaſt will be to th&'exceſF df "the middlemoſt 
3 the leaſt᷑ itt the ſume proportion as the ratio' 
fue greateſt 46 the leaſt "is to he 92 oy the, 
nddlemoſt hey this leaſt . us A sel 


+ 4 
0 A Bund) 10 gor bins a 


age, af Mr. Cotes' s gt of the ff 
* of a e | 
; og 71-59 * 
220. The foregoing. rinciples bein 
niſed, the ſolution of thelp oblenyls as. elle: 
tween the points B, G. Fake the two Points 
„ ipfinitely near to each other, and between 
he points B, K the two points 1 178 c 
near to each other. Then Will. the,ratigg of A 
AP and of A7 to Ap be both of hem i inf. 
nitely ſmall, atios. Now, if theſẽ rattos are 
qual, that is, if the points Qand J. Are ſuppoſed 
b be taken at fuch diſtanees from P, and y that 
4% ſhall. be to Ab as AQ to AP, it will follow, 
lvidendo, that 2q : Ah f; PQ.: AP, ang thee 


ke that the expreſlion/ 1 Pos i855 equal tolths| ex 


PO... 1 3 11404 41 
nfo a bf that. ths Wi part el page dunn. 


0 18 equal to the — JI > Part of * the lame dug 


TIC) 


1 therefore in als 8 tis evidenz' 135 expreGs 


lens, x 8 and 78 are e to the, ration 
. My to Ap and of AQ to PP. 
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The es an de true if hs of. "mu 
8 and of AQ to AP; are unequal :for in 6M 
eaſe if we take Ahk-to, Ap as AQto AP, tis ei 
dent the point & will be infinitely near the point 
gand ; therefore the gatis of Ag td Ap. will i 
to the ae of A to Ap, and con{equently to tha! 
ratio of A to AP, as che difference g te th | 
difference p#, and therefore 45 the expreffol i 


AL the expreſſion 2 RE (becauſe At: Ap: 0 


a7 * e pl Bp: Fd: AP, an 
ME an) ap ; chat! is, the N Ya 


PQ 
YN or the 7 "aol ba] parts of diy given 
| quantity Ws . „Kind and magnitude whatſoever 

proportional to, or are meaſures, or logaf 
Lo of, Sou infinitely ff none ratios of Ag "14 
| Ap and AQto AP; or, if any quantity whatY 
ſpevet be aſſumed at pleaſure and "called M, thi 


quantities 5 * M,. and . M. or the fourt 


oportionals to Ap a; . td AP, PO. M. wil 
pe meaſures, or W Jy, ha of eng | 
ſmall #attos of Ag to Ap ard AQ to AP. 


If therefore we conceive the points p, 0 | Ti 

Ps g, to be infinite in number, the rat of AN for 
to AB, which is equal to the ſum of all the inf Jai 
finitely ſmall- ratios of AQ to AP and Ag to if uf 
contained between the points B and K, Will (bY the 
the foregoing lemma) be to the ratio of AC dye 
AB, which is equal to the ſum of all the like in du 
finitely ſmall ratios contained between the pom 10 
B and C, as the ſum of all the infinitely {may be 


| quantlY 


4 


gunttcs _ "Ap. ref 

p the ratios contained between the joints 
[to the ſum of all the l itely ſmall quan- 
itics correſponding. to the ratios contained be- 


2 2 
"I the quantities. 2 M and 5 N M 


ad C, are reſpectiyely proportional to, or are 


A and AC to AB. The problem therefore will 
be ſolved, if we can compute theſe ſums; which 
may be performed * the innen Waden 
luxions. QED. 90 111% 


urn the erprelfons i Ap ” M an X M, 11 
b the determining the logarithms of the infinite 


ming a quantity at pleaſure,” which we ae 


apreſſed by fractions whoſe numerators are the 
ierences' of the terms of the” ratios,” and de- 
zominators the leſſer of the terms themſelves. 
Tis natural therefore, as this quantity will ſerve 
for determining and/diftin being the different 
ſtems of e one 110 om i ad to make 
uſe of it for that purpoſe in preference to wy 
ther quantity whatſoever, and accordingly; to 

dye it the name of a modulus, or- charaQeriſtic 
Wantity : for to give this name to any other quan- 
ity that bears 4 known relation 15 it, as, for in- 
W fince, to 2 M, 3 M, = M, or 1 M, would be 
4 mroducing an unneceſſary multiplication or di- 


hon. | 
This, 
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0 M and . AN M correſponding / 
Band 
(een the e points B and G that i is, the umd = 


zntained between the points: B and K, and: RB 


neaſures; or logarithms of, the ratios of AK to 


228. The — © che ioreging out led 


bra ratios of Ag to Ap and AQ to AP by aft . 
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we. 


given a general definition of it. 


portions, of the aſymptote, that are ig uch e 


each other in ſuch or ſuch a proportion. 


that induced Mr. Cotes to 
3 in explaining, becauſe Mr. Cotes him“ 


229. From the foregoing articles tis evident 
that; according to the language of moduli, hic 
Mr: Cotes conſtantly makes uſe of in the ſevetil 
inſtances he has given of reducing the tectiſica 
tions of curve lines, and the quadratures ef cut 
vilinear areas, and the ſolutions of other geome 
trical problems, to: finding the meaſures of ratio 
tis the ſame thing to ſay, that ſuch of fucl 
an area is equal to the meaſure or Ltr d 
ſuch or ſuch a ratio in a ſyſtem, of logarithm 
whoſe modulus is ſuch or ſuch an area, 48 . 
ſay, when We are ſpeaking of an hyperbola, th; 
ſuch or ſuch an area in equal to the alymptoti 
area intercepted between, any two. ordinates, 0 


Of: 
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pr 
pea 
and 
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F Or 
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that 
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ſuch a ratio to each other, in an hyper bola who 
parallelogram is of ſuch or ſuch ,a, magnitude 
and tis the ſame thing to ſay, that ſuch or. 

a line is equal to the meaſure, or logarithm 
ſuch or ſuch a ratio is a ſyſtem of logarithms 
whoſe modulus is ſuch or ſuch. a line, ,as whe 
we have recourſe to the | logarithmig cure 
to ſay that it is equal to the abſciſs of the 
axis of a logarithmic, curve, whoſe; ſubtal 
gent is of ſuch or ſuch a magnitude, th 
is intercepted between two ordinates that are i 


reaſol 


_ 
_—_ 


eſe things in a new manner rather than to keep 


5 


nd logarithmit curves with their parallels 
rams and ſubtangents, which, as they ; were 
[6 abſtracted, were eaſier to underſtand, ſeems 


hat the new way of expreſſing them by means 
of their moduli was better fitted than the other to 
educe the ſolutions of problems to eaſy arithme- 
ical calculations by the help of a table of loga- 
mms; which ſeems to have been one main 
poſe of His Treaties”, ONE Tn 
> 


(f the modulus of 4 ſyſtem of meaſures of angles. 


230 Mr. Cotes makes uſe of the ſame kind of 
expreſſions in ſpeaking of angles as when he 
peaks of ratios, always conſidering circular. arcs 
ad ſectors as meaſures of angles, and diſtin- 
puſhing the different ſyſtems of them one from 
mother by a quantity which he calls a modulus. 
For as the arcs of any one circle are as truly mea- 
lures of the angles they ſubtend at its center as 
the fimilar arcs of any other circle, and conſe- 
qently the magnitude of an angle is not deter- 
mined by knowing only the magnitude of a cir- 


lime know the magnitude of the circle to which 
lat arc belongs, it is neceſſary to pitch upon 


fates always in the ſame proportion as the whole 
arcumferencee, or, as the arc ſubtending any 
en angle at the center, varies; (ſuch as are the 

hos ; whole 


n . 
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pthe old ways of expreſſing them by hyperbo- 


p have been chiefly becauſe he 'was of opinion, 


ular arc that ſubtends it, unleſs we at the ſame 


ome characteriſtic quantity in every circle which 
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chotd, or verſed fine of any given angle wh 
Jever) by knowing which, and-the maggtuf 
_ of the arc in the ſame circle that. ſubtends al 


les, and which. he therefore calls the moduli 
of the ſyſtem of circular arcs, or meaſures of 
angles, to which it belongs, is the radius of thi 
circle: in other ſyſtems of meaſures of angles; 
for inſtance, in ſyſtems of circular ſectors, hy 


angle. The reafon of this preference given tt 


or, according to Mr. Gotes's manner of 9 


*. 


| — 


whole circumference itſelf, any given portion 
1 1 i. LETS I E343 8 „ gl) WM Pe Mo ; 
it, or the radius, or the fine, tangent, feral 


propoſed angle, the magaitude of that ang 
will be determined. The quantity which Ml 
Cores makes choice of for this purpole, he 


circular arcs are made uſe of as meaſures of anl 


defines the modulus of a ſyſtem to be the quantity 
which bears the ſame proportion to the meaſuty 
of any given angle in that ſyſtem, as the radiug 
of a circle bears to the are that ſabtends the ſame 


the radius above all other quantities that would 
anſwer the fame purpofe, is to preſerye an an 
logy between the exprefſions uſed in ſpeaking d 

ogarithms, or the meaſures of ratios, and thoſk 
uſed in ſpeaking of circular arcs, or the meaſu 
of angles: for it often happens (as was before 


7 


may be conſtructed by drawing à logarithm 
curve with ſuch or ſuch a line for its ſubtangent; 
another problem, that, in ſeveral of its "condi 
tions, reſembles the former, or that may be con 
Hdered as only another caſe of it, may he con 
ſtructed by drawing a circle whoſe radius is equal 
to the fame line, that, in the former cale, Wi 
made the ſubtangent of the logarithmic curve; 
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g this analogy, that, when. the -meaſures. of 
3 are converted into meaſures of angles, the 
alas a, the ſyſtem of the former meaſures 
becomes d the radius of che circle that exhiþits the 
lem of che latter meaſures. It may here 
virther obſerved, that a defire of making 

0: ml between the meaſures, of ratios 7 5 75 
neaſures of angles appear with the more ei 
race, and alſe the great nen - of the i 

of 2 modulus, which extends to al kinds of 1 

e ſms of meaſures, whether conſiſting of ardas 
* ther lines, (as: thoſe exhibited for the menſuration 
6 f tion by hyperbolas and; logarithmic curves, 
ind thoſe-exhibited by cirenlar ares for the, men- 
wation of, angles) er any other quantities what- 
ever; might he further reaſons. with; Mr, Cot a 
a3 Miditionally.\ to that mentioned. in Arr. 161, 


ſanWMpotoducing the E eee a moduli 
en toys FR doctrige. Sa NN MN I 26 
"om, | 81 TEL | 83 73 
irs i I  Bymblgy f the word ee, 


ng O 1 2 i el eic 
0 231. Theop r meaning of the 8 8 4 
(ſures ths; if we” have'tegard: to its etymology; is 
ford a & p0pudy or the humbers uf ſmaſl and 2 
blem ats, or, as Dr. Hulley calls them, rutiunculæ, 
bmieentained in the ſeveral yartos of quantities one 
gente another. Thus, if any one ralin taken at 
Ind eaſure, as for inſtance, the ratio of no to t, 
> CON ke divided into! any number of ſmall and equal 
conWpects, or leſſer ratios, ſuppoſe 10,050;000; | by 
equate interpoſition of intermediate proportionals 
Wü etween the terms of the ratio, the number of 
ure! thoſe ratiuncula,"or 10000,000th | parts of the 
010 to 1, Contained in any en ratio, as 
„ for 


*. N 4 
0 — 7 TH + 4 - wil * ks 
* do, on % —_ 8 AUT ' — - \ | p «4 2 
> — * , = . 5 — EF * 24 „ "— - 
ws p » F - 9 LY $4 3.5. 1 EI" 4 0 n 
k KL 1 4 * - 5 uf 1 P * C 3 1 k o 
, J - { 8 8 ' Lv \ \ 8 b 
= V * 1 0 q 4 l , 7 LE l 
* wi l CY . A; * * 
£ m l _ l _ 1 KT | AS „ bu - * þ ? ] 
C \ = Y = - __ * = 0 T7: 2. a ö kn \ # 
——> x 3 6 os = + ls. th - Y by 1 Cs -# F 
Y = $27 Ts >" N r * 3 C, ' 
, 9 8 N . »U 7 * 1988 
Q g 3 = * 
— 5 , , 7 * FR 1 = x 
h = - N 
* IEA — . m — 
n — — | * 
44 — — 
- 
«4 
_ 
* 


266 5 pl E 1E N. Hh. 1 


6 abſciſs belonging to it in a logarithmic curse 
> divided into the ſame number of * equal pt parti 
as the ratio itſelf Was divided into, to "ll 
1 4 the meaſure, or abſcils" * belongin | 


— — A _ 
— mens ; 
— 26 — — —— — ) > 
o 7 


- equal parts of the meaſure of the former ra 


for inftarice, in a ratio' of 1660t& , 1 
30,000,000, , © propetly ſpeaking; the 7 
rithm of that Pals. And bec ga, if che me 
-fure of the former ratio of 10 to t in any h [ 
tem of incaſures whatſoever, as for inſtanes , 


latter ratio of 'ro00 to 1 will contain ti 
Se number of 16,000, rooth parts of the mel 
- ure, or abſciſs belonging to the: ratio of © 10't9 *F 
as the ratio of 1600'to r does of the like pat 
or 10, ooo, oooth parts, of the ratio of 10 t0% 
o that the numbers of equal parts contzined 
the meaſüres of theſe lth will be exactly 
ſame with the numbers of equal ratiunculs bol 
tained in the ratios themſelves, theſe” mean 
or abſciſſes, have been called the logarithnii 
the ratios to which they belong. In the caſe 
incommenſurable ratios, this ſtrict ſenſe of t! 
word logarithms is a little extended; for, if the 
be two rats that are incommenſurable to ral 
other, and the former of the two he divided i 
to any number of equal parts . 
its meaſure into the ſame number of equal pan 


tis evident that no number whatſoever of the aging 


nle of 
e anal 
Pear v 
Drefiic 
th of 
les th: 
Mes, nc 
ar 


can be exactly equal to the meaſure of the lati 
ratio : nevertheleſs, becauſe the number of pa 
into which the former ratio, and its meaſure; 4 
divided, may be increaſed fo far that the nut 
ber of equal parts of its meaſure that is near 
in magnitude to the true meaſure of the lat 


rafis ſhall approach as near as we pleaſe to 
| meaſu 


— 


Pave TRIGONOMETRY. 20 
neafure, and becauſe the celebrated inventor of 
„ jgacithms, Lord Napier invented them merely 
"WMvabridge arithmetical calculations by ſuhſtituting 

e caly operations; of addition and ſubtraction 


ed of the. laborious ones of multiplicatin 
n diviſion,” to Which putpoſe it was neceſlary:; | 
w preſent the meaſures of ratias by numbers, 


x to ſuppoſe them to be divided into certain 
obers of parts, accurately, when the thing is 
ble, and nearly ſo where perfect exactneſs is 
0 be attained, he called all the meaſures of 
r, whether commenſurable or incommen- 
fable to each other, by a name expreſſive f 
beſe uſes, /ogarathms. Had a more general 
ume for them been of any importance to his 
KUSNS, he would, no doubt, have called them 2 
Wy {ome other name equally, extenſive with the 
Wiz fignified by it, ſuch for inſtance as would 
Ne been /ogometra, or the meaſures of ratios... - 
[bus we find that Mr. Cotes has entitled the firſt 
ut of his learned treatiſe de harmonid menſu- 
rum, in which he conſiders logarithms in their 
wſt extenſive ſignification, as being the mea- 
ures of ratios, logometria, or the art of meaſur- 

, or finding the meaſures of, ratio; and 
oughout his whole treatiſe he has (partly, I 
tagine, with a view to preſerve the original 
ale of the word logarithm, and partly to make 
e analogy between logarithms and circular arcs 
ear with the more evidence, by uſing the ſame 
preſſions in ſpeaking of both, or by calling 
bh of them meaſures) conſtantly called quan- 
ies that are proportional to ratios, the mea- 
res, not the logarithms, of ratios, as he has 
iar arcs, and other quantities that are pro- 
M m 2 portional 


206 1 L 180 * 
ortionab to angles, the meaſures off atigles/ an 


as defined Togarithms in a leſs extenſive mant 
than is done above in At. 184 to be the rooms 7 
meaſures of ratios, or to be numbers expreſia f 
either accurately or nearly the magnitudes off ir 
their real meaſores: But as! Lord Napier mi N 
ſolf, (WO repreſents logarithiris" by lines Weh ae 
are 4 continued) and ſeveral other-ernitient ge 
ters on this ſubject, call any meaſures: of 4a - 
whether commenſurable or incommenſurable u WT (abs 
each other, (as for inſtance, the abfeiſſes of M. 
axis of logarithmie curves, and the fy ntot 
areas of hyperbolas) the logarithms of the +a ! 
to which they belong ; and as the diſtinction be * 
tween commenſurable and incommenſarabk vs 1 
meaſures; ſeems hardly to be worth attending to bplt 
becauſe we may expreſs. in numbers the magni te 
tudes of the latter to any aſſigned degree of er fll 
actneſs; we have thought it moſt en 2 ! 
define logarithms i in the moſt general manner rt 
oy” any meaſures of ratios. if : 
1 ar! 
of the uſes of higarithuis in abridging erte (a 
ical calculations. 4 | 
0 
22 of 4 table of hgarithns. Aube 

1 
232. The uſes of logarithms. in abridgin 7 
arithmetical calculations may be thus explained ing! 
Let us ſuppoſe that the values of the abſciſſes ze 1 
the axis of a logarithmic curve, or the alympM 24 
totic areas of an hyperbola, or any other mea ide: 
ſures, belonging to 2 ratios of all whole num tent 
bers not exceeding ſome certain number, as ſup did 
poſe 10,000,000, to unity, are calculated i 
numbers to a conſiderable degree of exactneſ boa 


=" 


* A T3 1 3 8 
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k 1 in a gular manner near the numbers of whale 
iss to unity they are the Jogarithms; ſuch: 4. 


e by the help of ſuch a table ready calen- 
N ated to] our hands we 


kborious ones of raiſing high powers, and ex- 


of the product 4:4 of the multiplication of any 
two quantities, or numbers, a and (which let 


ke ratios of the two factors à and to unity, it 


v 1 muſt be equal to the ſum of the logarithms 
of the ratios of à to 1 and & to 13 conſequently, 
it we look out in the table of logarithms the lo+- 
grithms of the ratios of à to 1 and '5.to' 1, or 
(s for ſhortneſs fake they are generally called) 
the logarithms of the numbers à an &, then add 
em together, and look out their ſum in the 
able, we ſhall find in the ſeries of numbers to 
wich the logarithms correſpond, the product 
0 placed over - againſt this ſum; and thus by a 
ingle eaſy addition of two logarithms together, 
ve ſhall avoid the trouble of a multiplication. 

2diy, In diviſion tis well known that the di- 
dend is always equal to the product of the quo- 
lent and diviſor: conſequently the ratio of the 
Widend to unity is equal to the ſum of the ra- 
ws of the quotient and diviſor to unity, and the 
bgarithm of the former ratio to the ſum of the 
loga- 


e oven ples of feen. un ſe oven * 


cries of theſe: numeral expreſſions af he meas; 


wes: of ratio is called a table of lagarithais;: 


ee abridge and'facilitate the tedious oparations 
d multiplication and diviſion, and tho ſtill mora 


In the firſt place therefore, becauſe the rutio 
vs here ſuppoſe to be whole numbers, or mule: 


follows, that the logarithm of the ratio of 6 


; 3 Y 
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| logarithms of the two latter ratiot, or, in other 
words, the logarithm of the: dividend is equality 
the ſum of the logarithms of the quotient and 

. diviſor.” If therefore there be two known quan- 


. tities'a 6 and whereof the former is to bed. 
4 muſt look out in the table of logarithms che lo- 
1 garithms of ab and à the dividend and diviſor; and F 
ſmen ſubtract the logarithm of the diviſor a from. 

the logarithm of the divridend , and the k. 
1 - mainder will be equal to the logarithm of: the 

bl quotient &, which remainder, if we look out in N 
the table of logarithms, we ſhall find in the ſe- .. 
[ ries of numbers correſponding to the logarithms WM... 
[; the quotient 5 placed over againſt it. Mc, 
1 Zaly, As the powers of quantities are formed WM ... 


by multiplying them continually into themſelves, 
or by taking continual proportionals to unity and 
the quantities themſelves, it follows that the r- 
tio of any power whoſe index is (Which we 


will here ſuppoſe to be a whole number) of the 
quantity @ to unity is equal to ; times the ratio of bis 
à to unity; therefore the logarithm of the former 1 


ratio is equal to m times the logarithm of the lat- oy 

ter ratio, or the logarithm of the quantity's n 1s 

equal to m times the logarithm of the quantity a. 
= If therefore the quantity a be given, and it be 
=_ required to find the th power of it, or the-quan- 
—_ tity. a m, we muſt firſt look out the logarithm of 
_ 4 in a table of logarithms, and then mwltiply-it 
by m, and looking out the product in the table 
of logarithms we ſhall find in the /ſeries of num- 
= bers correſponding to them the quantity # 
—_ placed over againſt it. "4310167 GLO 
4thly, From the laſt paragraph it follows 


= eonverſo, that if the quantity @ m be given, anch 
| by 1 A 2 4 . It 


* 


be tequired 20 En it quan- 
iy a, We muſt lool out im a — of Hogatinhins 


the 
1 5 locking out the quotient of this divifion 


quithms the-quintity''@. placed over-againſt it. | 
Theſe rules are from the very nature of m- 


and b are Whole cnun „ às v Lhave hitherto 
ſuppoſed them to be: but ĩt dors not appear id 
readily that they! hold good likewiſe in albother 
caſes, that is, when either or both of the numbers ca 
and i are mixt numbers or fractions: this there 
fore we ſhall: now endeavour to demoriſteate, 
and ſhall for that: purpoſe give ſcime account of 
what is meant by negative logarithms, and of 
their _—_ in n arithmetab neunen 2 b 
% gn rt 21 36 Jo c n 
f negative. lern. 6A 0 c 
233 The. ratios of unequal quantities WY 
binother, may be Atingaitie | into two'kinds, 
o wit, thoſe "of greater quantities to lellet, 


nequalitatis, ſuch for inſtance as is the ratio of 
to 2, and thoſe ef leſſer quantities to greater, 
which © are called ratios of minori or Ni. 
wris inzqualitatis, as the vatio hh 3 ta * 
ad in comparing theſe different kinds of :ratzos 
together, a ratio of majority is ſaid to be greater 
han, equal to, or leſs than, à ratio of mmo- 
ity, according as it is greater than, equal fo, or 
leſs than, the ratio of majority formed by in- 
7erting the terms of the ratio of minority: thus, 
tie atio of 3 to 2 is laid to be; equal to the 
; ratio 


* 
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arithm of a m and divide ãt hy the inder 


che table of logarithms; owe ſhalb find in tie 
I: fries of the numbers correſponding to the 10 


tiplication and diviſion evidently: true when 4 


which are called" ru?ios of majority, or ajoris | 


* ti 
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rutio of 8 to ra, becauſe it: ia equal vo the ff 
fehl to 8; greater than dhe cf uf 340 4, * 
_ -eduſe it is greater than that of 4 to 33: and la, 
| than the ratio of 1 to 2, becauſe it 18 les Aan 
that bf 2 to 1. Now, by What Dr. Serenderj 
has demonſtrated concerning the addition md 
ſubtraction of ratios in dre Fin pant of ki 
it apprarer rn 8 


That if the ratio af A 0 Soi ratio 0 


=, 


anajatity, and the: ratio of C to D, be a 
minority, and leſs than the ratio of {A to'B, th ont 
ſum af the two ratios of A to B and C to De 
be equal to the eceſs of the ratis of A to RA 
therratro ta Dito C. For the ratis of ² D 
addetl to tlie 227m of A to B, by multiphying the Nas 
antacedent A into the antecedent E, and the donn 
quent B into he nt B. ſorthat thei ' 
ſum is equal tothe varid of A * C to; ND. 
and the ratio of D to C is ſubtracted from the jor 
ratio of A ts B) by dividing the antecedent A by 
the antecedent D, and the conſequent B by thy 11 
Arenen C: or by multiplying che ante ec ent pay 
into th & conſeg uent C, and the conſequent; B inte of ü 
the eder {o that the difference of theres 
tics is alſo equalto the ratio of A Xx C tog x E 
nd 


244, If {A ratio of A to B̃ be'a\ratio of mi 
jority, and the ratio of C to D be @ ratie of m 
nority as before, but greater than the ratio df 
to B, fo that the ratio of D to C cannot pro 
per'y ſpeaking, be ſubtracted from that A 
ecauſe it exceeds it, the ſum of the two rat 
of A to B and © to D will be equal to the g 
ceſs of the ratio of C to D above the ratio of Bt 
A. For if the ratio of C to D be added to the fat 
of A to B, the ſum will be equal to the ralis of 


x C toBxD; and if theratio of B to 3 
N _ 
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pitted from that of C to D, dhe remaining - ratio 


35 n 


2 jill be mat of f 0 K. or of AX O to B *. 


* 7 


D, the ſame with the gs F 


Therefore in both theſe caſes the ſum of the 


ratio of 1 I A to B, and the ratio of mi- 
writy of C. to 


ind contrary to the leſſer 
Since therefore the addition ape a 848 of l 


pority to a ratio of Yori has the ſame effect 


pon it as the ſubtraction of the contrary ratio of 
myority from it, to wit, if the ratio of mino- 
ity be the leſſer of the two, to diminiſh it or 
make it a leſs ratio of majority, and if the ratio 
minority be the greater of the two, to convert 
tinto a ratio of minority, it follows, 8 


zah, That if we would have logarithms ſerve 


vr diſtinguiſhing the kinds as well as the mag- 
nitudes of ratios, ſo that the ſame expreſſions of 
addition and ſubtraction that are applied to the one 
may alſo be applied to the other, or that the ſum 
& the logarithms of any two ratros ſhall always 


be equal to the logarithm of the ſum of thoſe 


ratios as well when the ratios are of different 
kinds as when they are of the fame kind, we 
muſ;diſtinguiſh the logarithms of the different 
kind: of ratios into different kinds, and conſider 
he logarithms of ratios of one kind as affirmative, 
ad the logarithms of ratios of the other kind as 


egative: for if this be done, it is evident the addi- 


tion of the logarithm. of a ratio of one kind to the 

bearithm of a ratio of the oppoſite kind will 

roduce the ſame effect as the ſubtraction of th, 
. loga- 


is equal to the exceſs of the 
greater of thoſe two ratios above a a. ratio equal 
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logarithm of a ratio equal to the former 1,1 

but of an oppoſite kind, from the. logarich il 

of the latter ratio, to wit, either to dim 

that logarithm, or convert into a logafithm 

"© "the contrary kind; and upon theſe conſideratol 
mathematicians have diſtinguiſhed both, the ty 

oppoſite kinds of ratios,” and their Jogafithm 

by the names of affirmative and negative, call 

ratios of majority affirmative Fatibs, and their! 
garithms affirmative logarithms, (though 

Which kind of ratios and logarithms to give i 

name of affirmative, and which to call ne 

tive, is entirely arbitrary or matter of choice) at 

ratios of minority negative ratios, and their I 

garithms negative logarithms, and according 

prefix the ſign + to logarithms of the form 

kind of ratiot, and the fign — to the logaritht 

of ratios of the latter kind. © 

- 4thly, According to this diſtinction of 78 

—_ and logarithms into affirmative and negative, 

= evident that the logarithms of the ratios of 

=. mixt numbers to unity muſt be affirmative, 

the logarithms of the ratios of all fractions 

unity muſt be negative, becauſe the former rat 

| | are ratios of majority, and the latter ati 4 

—_ ratios of minority. Therefore if we make un 

the conſequent of all the ratios we conſider, 

which is the ſame thing, if by the logarithm 

any number we always underſtand the logarit 

of its ratio to unity, as is the uſual practice, 

logarithms of all mixt numbers, or improf 


__- fractions, will be affirmative, and the logarith 
= of proper fractions will be negative. 
= 234. It muſt now be ſhewn how in ſuch ata 


of logarithms,as is deſcribed in Art. 23 2, in i 


rat 


ith 


nn 


Wd vice Ver; a, 
5 ping to 4 given logarithm. ee | 
Aud /, let it be required to find the 05 | 


\ 
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| the whole numbers from 1 to a certain num- 
h but no mixt numbers, or fractions, are ſet 

wa in regular order, and their logarithms | 
bed over- againſt them, we may find the lo—- 
nthm of 42 ven mixt number or fraction, 
2 mixt number or fraction, be- | 


um of any * proper fraction, as a 5 now 


re tis evident, "that the ratio of 1 to * is edu 


2 
* ratio.of n to m, Cap 8 to the ex- 


=: of the ratio of n to 11 above the ratio of m 
2 1 N the: logarithm” of the ratio , 


1 to +. i 'is equal, to the exceſs oft the logarithm 


(the! 1 of 1 tor above the logarithm of the 
10 of m td 1, or to the exceſs of the logarithm 
n above ha - logarithm of u; therefore the 


pithm of + is equal, but of an oppoſite 
nd, to the exceſs of the e of 1 above 


N 


Ic logarithm. of mn, or log, — Fila e At 


* 


log u, or log. m.— 1 3 chat is, 


e muſt look out in the table of logarithms the 


rithms of the numerator m ànd detiominator / 
und ſubtracting the former logarithm from the 
ter, the remainder marked with the negative 
p— will be the be iS of the e m 


1 1 


9 2 
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[ay i” be an improper fraQion; or m be 


js than n, its logarithm may, be.found ; 
follows. The ratio of — to r is equal! to that al 


mn to u, "and therefore to ae exceſs of ern of 
m to 1 above the ratio of n to ee 


the logarithm of the ratio of = „ to 1 is equal tt 


the exceſs of the logarithm of the ratio of 1 t 
1 above the logarithm of the ratio of 17 to 15 0 


the logarithm of the fraction is quill to. 
Os T ©1 7 cit 0 


exceſs of the logarithm of the numera ur 5706 

the logarithm of the denominator ». We mul 
therefore look out in the table of logatithms th 
logarithms of m and , and ſubtracting the latte 
Jogarithm from the forme the Teanga, wi 
be the logarithm of the fracti ion 2. 5 


900 


is evident that, if we are deſirous of u 
ting the ſolutions of both theſe caſes under o 
2 2 3 it may be done by ſaying that i in bo 


w% ** 
3 i. 412 


Caſcs, log. — — =log. m — log. 2 


1 „ 


30%, If it be required to find the proper fra 
tion — V correſponding to any propoſed negal 
n 


dogarithm - — +, it may be done as follows, Lo 


along the ſeries of logarithms in the table till y 
find ſome logarithm (the number. belonging 
which call 4) from which if you ON k, 


the — of — the. reciprocal of = —, the! 
m 


* 
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' Winder will be the logarithm: of x known n num 
7 be her which call e; and! we tiff Have Jog. 4 —1 = 


[5 l > Ih M. 
d og. <,and&—log, 4 log. cee that! is, 108.2 „ 
lat of 4 Rot K * j F and 8 6e Þ 

=lo —z ; conſequently; = Ss { $$ * XJ 
* a; Eo bene „ M0 
ently 


faction — 2 coere ſpoilt to: | ary pro f 


irmative Le bet 4, that lies between the: 10% 
grithms of two contiguous whole numbers; ijt 
may be done 28 follows. Look along the 2 | 
of logarithms in the table till you find ſome lo- 
grithm (the number belonging to which call 4 
om which if you ſubtract &, the remainder 
will be the e of a known number e, and 
ve * have log. d . A log; e, and R or 5 


N 4— log. LE —— = og” 5 -, and conſequently. 


4 4 10 ingo „el } {hrioup 
A 0 * I a 
— , - oY bs q * Vw 6 * P 4 . „ # 5 mn 7 
1 : % fy *. * * f WW - 4 4 : * 8 * A y . a 8 ve I 1 


+4 © 4 


Nute, In Briggs" 8 . of lo . hel 
two laſt operations, which are evidgndlp much 
the moſt difficult of the four operations men- 
toned in this article, may be p formed in a 
much ſhorter and eaſier r that we, 
have here deſcribed, and. indeęd 8 as much 
aſe as the whole number correſponding to any 
awen Jogarithm, that belongs to a whole num- 
ber, may be found; as will be ſhewn i in Arte. 
ns 238, Obſerve 5. 


5 4 6 
© 4 £44, 8 * _—_ & £ 
2 Woe - 


CY 


1 NF 


la: 7b; NE NT S of; 
236+: Nee now. apply the rules given i in 
Att. 232, to the caſes where mixt numbers o 
fractions are concerned in arithmietical calcula 
tions. R «21 181 HS, 
For in he firſt 1 it e Sm what 
Dr. Saunderſon has * onſtrated concerning the 
manner of Aae ratios together, that, if. we 
admit ef the addition of ratios of different 
kinds together, or apply the word addition to 
che method of compounding ratios together, 
by the multiplication of antecedent into an- 
teredent and conſequent! into conſequent, a | 
well when the ratios ſo compounded are of 
different as when they are of the ſame 
kind! the ratio: of the product @ of any 
two numbers & and b to unity, will: be equal to 
A ſum of the ratios of thonumbers: Spain 7 


_ —— kk +. x, wy 4 


uh rok 2 Art. 233.) the ae hom of ne 
ot the product a b to unity will, if negative lo- 
garithms be made uſe of, be equal to the ſum of 
the Togarithms of the ratios of the factors u and 
beto unity, or the logarithm of the product a 
will be equal to the ſum of the logarithms of the 
factors 4 and 5. In order therefore to find the 
r a b'of any two numbers @ and A of any 
d whatſvever, whether whole numbers, mixt 
numbers, or fractions, by means of ſuch a table 
of logarithms as was deſcribed in Art. 232, _ 
miftproceed' in the following manner: Firſt find 
the logarithms of à and 6, (which, if they are 
whole numbers, may. be done directly, * 
they 


— — 
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| indirectly in the manner en ned 1 in Art. 23 4. . 
and, having due tegard toltheir ſigns, addethem 
together z n find (by the method "explained 
in Art. 234.) the Wbt ad if de dt g toitheir 
ſum; the number ſo "TO U de the⸗ Te 
ab. 10:0 alt ban bas 

24% Since the logarititn: Bfligcdiipiios logy a 

+ log. 6, it follows, that log. 25 — log. 4 
1 33 thats, if any number 'g' bf any-kind 
whatſoever (whether whole number, mixt num- 
ber, or fraction) is to be divided by any other 
number à of any kind,” the quotient” — ot 
found as follows. ' Firſt find the logarithms gof 
the dividend a 6 and diviſor a, and ſubtracting 
the latter logarithm from the fortner, find cby 
Art. 2 34, the number correſponding tothe —4 
mainder, the number ſo found will be hs quo- 


tient 5. | 


which are only continual | proportionals to unity 
and the firſt or ſimple power, that if a be any 
number whatſoever, whether whole number, 
mixt number, or fraction, the ratio of the mth 
power of @ to unity, or 'of a m to 1, will be 
equal to m times the ratio of a to 13 therefore 
the logarithm of the former ratio will be e equal 
to m times the logarithm of @, Find therefore 
the logarithm of 4, and multiply it by m, and 
the number OI to the Ee will be 


equal to a 
472, Since log. a m is = M 15 log. 4, it fol- 


8 m . 
lows that log..ais = Tops 3 chereſvis * if 


- 4! 19 1 | 17 81 1 
> - * - : * ” * 389011 I 
a | 4 | 


they are fractions bf mixt numbers muſt be done 


zaly, It follows from the nature of powers, | 
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If tus Robtanzent of a logarithmic curve, r e 
ee parallelogram of an hyperbola, or, in gene- 1 
ral, the modulus of any ſet of logarithms, be kno 
called 1,” or be made the ſtandard to which al 10 
the other abſciſſes of the axis of the logarithmic hab 
curve, or 8 areas of the hyperbola, or, H 
in general, all the other logarithms of the ſyſtem, rith, 
are referred, and from their relation or proportion. ( 
to which they are denominated, ſo that an ab- MH 
ſciſs of the axis of the logarithmic curve that ii wii 


chere be given pre lx . a m. 2 anz FA 

{. whatſoever, tele whole . number, 4 oy e - 

; number, or fraction) and it be required to find h 

its th root a, we muſt: proceed in the follow. WM. 

\—ingmanner, F irſt find the logarithm of the given Wl © 

number a %,; then divide 5 logarithm by the Ml .. 

index m, and find the number correſponding to i 

| -' » the quotient;, the me ſo found will be equl f « 

10. 

236. Having 7 amy in the e articles 5. 

_ how the operations of arithmetic may be abridgd * 

1 by the help of any ſyſtem of logarithms what- Ml ©. 

m__ ſoever, we muſt now. explain the nature of thoſe Ml cal 

_ particular ſyſtems. of logarithms which have been IM th. 

11 made uſe of for that purpoſe, and which are 

os - uſually known by the names of Napier's 'ogr . 

tt 9 and Briggs legumes. 9 N 

| Ne 

| i | Definition of Napier” 5 rern, THR hs 

uy be: 
16 


double, triple, one half, one third, or, in ge- ere 
neral, the —th > part, of the E ſhall be 07 


"ney ” 37 bs 77 or = and, an alyraptoti 
| are 


area in the byperholy that is double, aplen ane 
half, one. third, RC: ih Part. or 5 


W- a WY Fe * : , 
7en hall l be called 2 372 75 Fs or Tyan in generalithie 
the "any fyſtern « of logarithoas,” a togatithm that, t is 


921 


5 


pitt, the madulys of the fltem, ſhall be cal- 
ed 2, 2 7 30 che numbers, or numeri- 


al > ks Phang of the values of the bekam 


thence ariſin g are called Napier s logaritbms. 


Definition of Briggs's Ag arit bus. 

"Te inflead of the ſubtangent of a lagarithnitc 
curve; or the f ralldogram of an hyperbola, or, 
u general, the madulus of every ſyſtem of lo 
ichs, we chuſe the abſciſs of the axis of Ol 
bearithmic curve that is intercepted between any 
wo ordinates that are to each other in the Fae 
pottion of 10 to 1, of the aſymptotic area 
Iyperbola that is intercepted between any two 
„ eigates, or any two portions of the afymptote, 
mie that 5 te each other in the proportion of 10 
ze, or, in general, in every ſyſtem of loga- 0 
ter, "ng the logarithm of the ratio of 10 to 1, 
C00 (as for brevity's ſake it is frequently called) 
1 ab de logarithm of 10, for the unit, or ſtandard to 
lat u which the logarithms of all other ratios are re- 
\ 5 Wferred, and from their relation or N ge to 
all b hich they are denominated, ſo that a logarithm 

What is double, triple, one half, one third, or, 


, or 
ene- 
, be 
h all 


ptotioin general the th part of the logarithm of the 
n 


arc O o ratio 
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double, triple, Job half, one third, or dhe h | 


n 


ratio of 10 to 1 ſhall be called 2, 3, 2, 2, of ® 
reſpectively; the numbers, or numerical wy 
preſſions of the values of the logarithms, thence 
ariſing are called Br:ggs's logarithms. = 
Theſe are the two principal ſyſtems of nume. 
rical logarithms that have hitherto been invented: 
there is indeed, as I have been told, a thing 
kind of logarithms, called muſical lggarithmy 
from their being made uſe of in muſical inqui- 
ries, in which the logarithm of the ratio of 81 
to 80, or 4+ to 1, is called 1; but theſe logs. 
rithms are entirely confined to the ſcience from 
which they take their name. LES STALL 


gone ofroation 09 the eme uit em 


237. Tis evident that one and the ſame ſet 
of logarithms, or quantities proportional to the 
magnitudes of ratios, may, by giving the name 
of unity to the logarithms of different ratics, be 
made to exhibit all the different ſyſtems of nu- 
merical logarithms that can poffibly be formed. 
Thus, if the parallelogram of any given hyper- 
bola be called 1, the numerical values of the a. 
ſymptolic areas will be the Jogarithms of Na- 
pier's ſyſtem ; and, if the aſymptotic area inter- 
cepted between any two ordinates that are to 
each other in the proportion of 10 to 1 be called 
1, the numerical values of the ſame aſymptotic: 
areas will be the logarithms of Briggs's ſyſtem: 
and, in the ſame manner, if the ſubtangent of a 
given logarithmic curve be called 1, the nu- 
merical values of the abſciſſes of the axis will be 
the logarithms of Napier's ſyſtem ; and if the 
1 RE CH 2129" 4 38 _ .abſcils 
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hſciſs of the axis . between any two 
adinates that are to each other in the propor- 
ton of 10 to 1 be called 1, the numerical va- 
es of the ſame abſciſſes of the axis will be the 
pearithms of Briggs's ſyſtem. ug 
Hence we may obſerve in the firſt place, that 
when the numbers that compoſe Napzer's and 
Brizgs's logarithms are diſtinguiſhed from each 
other by the names of Naprer's ſyſtem and 
Briegs's ſyſtem of logarithms, we muſt not un- 
&rſtand by this expreſſion, that the quantities 
repreſented by Brrggs's logarithms are neceſſarily 
lfferent from thoſe repreſented by Naprzer's lo- 
zrithms (it being plain from the inſtances juſt 
nentioned of the hyperbola and logarithmic 
curve, that one and {oi ſame ſet of quantities 
may be repreſented by both ſets of numbers) 
tut we muſt take the word em to relate (not to 
the meaſures, or logarithms themſelves, but on- 
j to the numerical expreſſions of thoſe quanti- 
ties, or logarithms, and ſo to ſignify that the ſy- 
tems, or ſets, of the numerical expreſſions, or 
names, of thoſe quantities, are different from 
ach other, although the quantities themſelves 
may be the ſame. | 3 

2dly, Since the aſymptotic areas of an hyper- 
bola may as well repreſent Briggs logarithms as 
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dhe op1er's, it is not without a good deal of im- 
otic Wpriety,. that the latter, or Napier's logarithms, 
1 ye by ſeveral authors been diſtinguiſhed from 
f be former by the name of hyperbolic logarithms. 
ny. Imagine the reaſon of giving this name to Na- 
be 8 logarithms rather than to Briggs's, was 
the cauſe Napier s logarithms are thoſe values of 
ciſs le aſymptotic areas that ariſe by calling the pa- 


Oo2 ra- 
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rallelogram of. . I, or denomin 


the other areas from t 


e 


as ſhall be ſhewn. yaa TA). is A 


firſt the moſt obvious. and. natural, ay of deno. 


minating them on account of the fi frequent and 
ready occurrence of this paral] clogram, in the 
contemplation of the hy perbola. 


3dly, It is alſo an W to e 8 
authors have done, that the ſubtangent of a loga- 


rithmic curve that is fitted to exhibit Napier's lo- 
garithms is greater than the ſubtangent of a loga. 
rithmic curve that is fitted to exhibit Briggs's Jo- 


ee ſince any one logarithmic curve may, 
eh giving the name of unity ta different portions 
. 


he — be made to exhibit both thoſe 5 
and all other ſyſtems whatſoever, If indeed we 


firſt. take one logarithmic, curve of any magni- 


tude whatſoever, and call its ſu ent 1, and 
then take a on rithmie curve of ſuch a 


me ente that the abſciſs of its axis correſponds: 
105118 the ratio of 10 to. 1, ſhall be ex. to the 
t 


angent of the former curve, and. call this ab- 
is 1, upon which, ſuppolitions ? tis evident, the 
numerical expreſſions of the abſciſſes of the axis 


of the former curve will be the logarithms of 


Napier's ſyſtem, and the numerical expreflions 


of the abſciſſes of the axis of the latter curve will 


be the logarithms of Briggs's ſyſtem ; I ſay, if 


we. take two logarithmic; curves related to each 


other .1 in the nianner here deſcribed, and give 


name of unity to the ſubtangent of the one, and 


to the abſciſs ne to the ratio of 10 to I in 
| the 


— 


PLANE TRIGONOMETRVY. 285 
the other, (Which Abſeiſs we ſuppoſe to be equ a 
o the ſubtangent of the former curve) the ſub- 
ungent of the latter curve will be leſs) than the 
ſubtangent of the former curve in the proportion 
of4/(the logarithm of the ratio of 10 to i in the 
latter curve) to 2. 302, 585,092,994, 04, G (the 
logarithm of the ſame ratio in the form er curve) | 
oof 434, 2945411, 9 to 1: but theſe fuppoſi- 
ions are entirely arbitrary and unnecefſar. 
— ; FRET 9 ENDL $5 es 6 N 5201 
Of the advantage of Briggs: logarithms above 
Napier s, and all other Hemm f lozarithms” 
— “ IO TO Ie 


238. The chief advantage of Briggss ſyſtem 
af logarithms above Naprer's, or any other ſy- 
ſtem, conſiſts in its being peculiarly adapted to 
the deeimal notation now in uſe, as may be 
ſewn in the following manner. If in perform- 
ing the various operations of arithmetic none but 
hole numbers were ever to occur, twould, as 
[ apprehend, be pretty indifferent what ſyſtem 
of logarithms we made ufe of: for we need only 
in that caſe look out in the table any given 
whole numbet, and we ſhould immediately find 
ts logarithm, and by looking out in the table any 
gen logarithm, we ſhould alſo directly find the 1 
whole number correſponding to it. But as frac- "ns 
tons, either proper or improper, oecur much 1 
more frequently in calculations than whole num- 
bers; and as it is impoſſible, on account of their 
almoſt infinite number, to ſet down in a table 
the logarithms of all poſſible fractions conſiſting i 


1 2 


* 
* 


of five or ſeven, or any other conſiderable 1 
umber of figures, that ſyſtem of logarithms will 0 
"2M | 
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wa be the moſt covenient by which we may with 
Wil the greateſt caſe find the logarithm of a given 
nk fraction, or the fraction correſponding to a given 
_ logarithm, by the help of a table of the logs. 
Wi: __ rithms of whole numbers only. Now tis evident 
1 that as all decimal fractions, whether proper or 
N | improper, have the powers of 10 for their deno- 


minators, or are form'd by dividing the whole 
1 numbers that conſtitute their numerators by ſome 
Wi. of the powers of 10, and conf2quently their 

0 ratios to unity are form'd by ſubtracting the ratios 
of ſome of the powers of 10 to unity from the 


Hh ratios of their numerators to unity, the loga- 
1 rithms of their ratios to unity will be form'd by 
43 ſubtracting the logarithms of the ratios of the 
1 powers ow Io to unity from the logarithms of the 


ratios of their numerators to unity, or, in other 
words, their logarithms will be form'd by ſub- 
tracting the logarithms of the powers of 10 from 
the logarithms of their numerators. Conſequently 
the more ſimple the numbers are that are made 
uſe of as logarithms of the powers of 10, the 
more eaſy will it be to derive the logarithms of 
fractions from thoſe of whole numbers, or to find 
them by the help of a table that exhibits only 
the logarithms of whole numbers. It will 
therefore be moſt eaſy to derive the logarithms of 
decimal fractions from thoſe of whole numbers 
when the logarithms of the powers of 10 are 
the ſimpleſt numbers poſſible, that is, when the 
logarithms of1ois call'd 1; for in this caſe the log- 
rathim of 100, 1000, 10,000,100,000,@c.orthe log- 
arithms of the ratios of 100, 1000,10,000,100,009, 
to 1, being double, triple, quadruple, quintuple, 
&c. of the logarithm of 10, or of the A 
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| 

x of the ratio of 10 to 1 (becauſe the ratios of 100, j | 
* ooo, lo, ooo, 100, ooo, Cc. to 1 are double, triple, 9 
ws quadruple, quintuple, c. of the ratio of 10 9 
ooh, will be the natural numbers 2, 3, 4, 5, Ge. 0 
0 which are the ſimpleſt numbers and the eaſieſt | | | 
„ o manage, that can poſſibly be found. It follows | | 
o. WM therefore that Briggs's ſyſtem of logarithms, or 1 
ole chat in which the logarithm of 10 1s call'd 1, is 1 
me nore convenient for the purpoſes of calculation, | Ul! 
ei. boot only than Naprers's ſyſtem, but alſo, thn 
n other ſyſtem of logarithms whatſoever. As ll 
PAs to Napiers ſyſtem, it is evidently extremely ill 1 
z. tied for deriving the logarithms of decimal 

4 WW fiftions from thoſe of whole numbers becauſe 

0 of the difficulty of - managing the logarithms of 

he o and its powers 100,1000, c. ariſing from their 

ger being irrational numbers, to wit, 2. 302, 585, 

'b. . (or more accurately 2. 302, 585, og92, 994, og, 

n er) and 2 x 2.302, 585, Ge. 3 x2.302, 565, Ge. 

tl MW” 4.605,170, Sc. 6.907, 75 5, Cc. GSW. 

\de But that we may be able to explain more fully 

ho both the manner of uſing Briggs's logarthims, 

of and the convenience of that ſyſtem in calculation, 

nd Die will here ſubjoin the following obſervations 

aly In the firſt place, in Briggs's iyſtem logarithms 

vill de integral part of every logarithm is uſually 

of Nealld its zndex or charateri/iic, becauſe it points 

ers Net in what place of figures, reckoning. from 


te place of tens incluſively, the correſponding 
lumber begins, or of what power of 1o the 
ligheſt figure in it is a multiple. Thus, in the 
barithm of the number 6748, to wit, 3.929, 


OB- 


— 7551, the number 3 is call'd the index, or cha- 
le, teriſtic, of the logarithm 3.829,17 5, becauſe 
am ſhews that the number correſponding to this 


loga- 


of 
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logarithm, to wit, 6748, begins in the third place 
of: figures, reckoning from the place of ten, 
incluſively, or chat its higheſt ſigure to wit, 6 mug 
denote a multiple of the third power of 10, or, 
multiple of 1000; for as the logarithm 3.82 17 
: PUTT. | . 9.1757 
is leſs than 4, or the logarithm of the fourth 
power of 10, or of lo, ooo, but greater than; 
or the, logarithm of the third power of 10, or of 
10, the number correſponding to the logarithm 
3829, 75.1, mult be. leſs than 10, ooo, but greater 
than 1000, that is, the higheſt figure in it mu 
dengte either 1000, or ſome, multiple of 1000 
leſe than the decuple, and therefore muſt; be 
plac'd-in the place d thouſands, cr in the third 
tens inclufively, or from the place of units er. 
clufively, The fame will be evident in any other 
inſtange. . 759 80 . SI el 0 A 
24%. According to this definition of | an 
index tis evident the indexes of all numbers lying 
between 10 and 1. muſt be o, becauſe the loga- 
rithms of all thoſe numbers being leſs than the 
logarithm of 10, or than 1, muſt be proper de- 
cirnal fractions without any integral part at all. 
Thus, for inſtance, the logarithm of the number 
6,749, or £248, or 6 + +45, is .829,175,1, or 
0,829,175,1. the index being o. 
gay, Tis evident that in Briggs ſyſtem of lo- 
garithms the fractional parts of the logarithms 
of all whole, or mixt, numbers that conſiſt of 
the ſame ſignificant figures, are the ſame. Thus, 


the logarithms: of the numbers, 6, 7 48,000,674, 


899, 67, 480, | 6748; | 674.8, 67.48, and 6.740 
are 6.829 175,l, 5.829, 175;1, 4829,175,13- 


329,175,1,2.829,175;1,1.829,175,1,and0:82 9175 
+ FW . 8 or 
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thus 
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ror as theſe numbers are form'd one from the 
ther by repeated diviſions by 10, their loga- 
ithms muſt be formed one from the other by 
he repeated fubtractions of an unit, (which is 
the logarithm of lo) which tis evident can 
anly affeck their indexes, or integral parts, and 
il leare their decimal parts as they were. 

by, If the number 6.748, whoſe logarithm 
50.829, 17 551, be divided by 10, its logarithm 
will be — 1 +-329,175,1, that is, the loga- 
hm of 6748 will be — 1 + .829,175,1; if 
it be divided a ſecond time by 10, its logarithm 
nuſt b&again diminiſhed by 1, and will there- 
bre be — 2 ＋ 829,17 5,1, that is, the loga- 
cbm of 1067 48 will be'— 2 + .829,175,1; if 
it be a third time divided by 10, its logarithm 
miſt be a third time diminiſhed by 1, and 
will therefore be — 3 ＋ .829,175,1, that is, 
the logarithm of . 06748 will be — 3 + .829, 
176,13; and fo of all further diviſions: that is, 
any propoſed decimal fraction be derived from 
the intermediate number between 10 and 1, 
that confiſts of the ſame ſignificant figures as its 
numerator; ' by dividing that number continually 
by 10, and its logarithm be accordingly derived 
from the logarithm of that number, dimi- 
mining it continually by 1, and theſe dimi- 
tutions, or ſubtractions, are made only from 
the integral parts of the lo_arithms, ſo as to 
iep che fractional part always the ſame, (that 
15 for example, that in ſubtracting 1 from the 
logarithm 829, 175, , we do not actually find 
tie difference of thoſe two numbers, to wit, 
170,824,9; and mark it with a negative ſign 
us — ,170,824,9, but keep them ' ſeparate 
| p from 
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the ſame with the number of diviſions by 10, gar 


and a fractional affirmative part, the integral and 


of — the firſt figures in their numerators are 100 


is uſual to ſeparate the logarithms of decimal 


call the negative and integral part the index, oi 4 
characteriſtic, of the logarithm, juſt as the in- 
tegral part of the logarithm of a whole or mixt:> 
number 15 called its index or characteriſtic. 


b f bly, 


290 SB LEMENTS of::.:: 

from each other, and mark them with the! 
propet ſigns thus, — 1 . 829, 175, 1) the 
number of theſe ſubtractions of an unit, or 
(which is the ſame thing, becauſe the inden 
of every number lying between 1 and 19 
is o) the number of units contained in the 
integral and. negative part of the logarithm 
of the propoſed decimal fraction will be 


which tlie number lying between 10 and 1, and © 
conſiſting of the ſame ſignificant figures as the the 
propoſed decimal fraction, muſt undergo to pro- the 
- duce that fraction, or with the number of far 
places of figures, reckoning to the right-hand MW” © 
from the place of units incluſively, that muſt be Ml Hul 


filled wit cyphers before the firſt ſignificant dec 
figure of the decimal fraction is to enter. There- 


fore when the logarithms of fractions are ſepa- 
ated in this manner into an integral negative, + 


negative parts of theſe logarithms point out to 1 
us in what places of figures the. correſponding oh 
decimal fractions are to begin, or of what power © 
multiples, juſt in the ſame manner as the affir b 
mative and integral parts of the logarithms off *, > 


whole and mixt numbers direct us to the places * 
of the figures of thoſe numbers. And hence it * 


„ 8 | out 
fractions into two parts, an affirmative and a ne- vhs 
. * <1 . | 7 IU. 
gative, in the manner here deſcribed, and to wh 
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«hly, By the uſe of theſe negative indexes 
s evident a compleat anology is preſerved be- 
ween the logarithms of whole numbers, mixt 
numbers, and decimal fractions; ſo that the 
two latter kinds of numbers, and their loga- 


tthms, may with the greateſt eaſe be managed 


by the help of a table that exhibits only the lo- 
rithms of whole numbers: for as the frac- 
tonal part of any logarithm continues always 
the ſame, fo long as the ſignificant figures of 
the number to which it belongs continue the 
fame, howſoever that number may, by dividing 
it continually by 10, be changed from a whole 
number into either a. mixt number, or a proper 
decimal fraction, it will always ſerve to point 
dut the ſignificant figures of the number to 
which it correſponds; and the index, or inte- 
eral part, of the logarithm will direct us in 
what places thoſe figures are to be placed. ] 
For inſtance, if in performing an arithmeti- 
cal calculation by the help of a table of loga- 
nthms we ſhould meet with the logarithm 
0.829,175,1, which is an affirmative logarithm, 
and therefore muſt belong to ſome number that 
s greater than unity, that is, either to ſome 
whole” number, or ſome mixt number, we 
might find the number correſponding to it in 
the following manner. Firſt we muſt look 


out in the table of logarithms the logarithm 
whoſe fractional part is .829,175,1 (which 
we ſhall find either accurately, or nearly,) 
nd over-againſt this fraction we ſhall find the 
tpures 6748. Secondly, having found theſe 
3oures, we muſt conſider that (ſince the Joga- 


cri 
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rithm o gra 5,1 is leſs; than 1 ox the lo . 
of 10, or) ſince the index of the 5 0 
9.829, 175 is o, the number correſponding to 
it muſt be leſs than 10, but greater than 1, ang 
therefore muſt be the mixt number 6.748. 

If, inſtead of the logarithm, 0.829, 175 
which belongs to a mixt number, BF ſhould 
meet with . the logarithm — 2 + +829,175,1, 
which is a negative logarithm, and therefore 
belongs to a fraction, we may find the number 
correſponding to it as follows. F irſt, we muſt 
look out the fractional part 829, 175,1 of this 
logarithm 1 in a table of logarithms, and oycr- 
againſt it we ſhall find the figures 6748; &- 
condly, having found thoſe figures, we muſ 
gonſider, that fince the index of this logarithm 
is — 2, the firſt figure of the number corre. 
ſponding to it muſt be two places below the 


place of units, or mult be preceded by two cy- 


phers including the place of units, or muſt be. 
gin in the place of hundredths; and therefore 
that number will be 0.06748. 

And thus in Briggs ſyſtem of logarithms we 
may with the greateſt eaſe perform the two moli 


difficult caſes of Art. 234, to wit, the third and 


fourth, in which it is required to find by means 
of a table of the logarithms of whole numbers 
the mixt number, or fraction, correſponding to 
a given logarithm. 

As to the other two caſes of Art. 234, to wit, 


thoſe in which it is required to find the loga- 


rithm of a given mixt number, or fraction, 
they may be ſolved by a table of Br:ggs's loga: 
rithms with. juſt the ſame facility as the third 
and fourth, in the following manner. 


1 


3 
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If it be required tg find the logarithm of the 
ven mixt number 6.748, we muſt look aut 
he number 6745, and overragainſt it we ſhall 


ind the fractional part of its logarithm, to wit, 


A- 


$29,175.13 (for the indexes of logarithms, as 
they may be ſo eaſily. ſupplied, - are generally 
omitted in the tables of Briggs logarithms 3 
and putting o for the index of the legarithm 
of the number 6.748, becauſe that number lies 
between 1 and 10, we ſhall find this logarithm 
to be 0. 829, 175, . 5. Skit 880 
If the given mixt number had been 67.48 in- 
ſtead of 6.748, we mult have put 1 for the index 
of its logarithm, which would therefore have 
been 1.829,17, 1; if it had been 674.8, we muſt 
have put 2 for the index of its logarithm, which 
would therefore have been 2 . 829, 175555. 
If it be required to find the logarithm. of the 
given decimal fraction 0.06748, we muſt look 
out the number 6748, and over-againſt it we 
ſhall find the fractional part of its logarithm, to 
wit, . 829, 175, 1; and, putting — 2 for the in- 
dex of the logarithm of the decimal fraction 
0.06743, we. ſhall find that logarithm to. be 
— 2 --.829,175, 1. | 
This manner of ſolving theſe two caſes, is in 
ſubſtance the ſame with that made uſe of in Axt. 
234, as the reader will eaſily perceive, 
And here we ſhall put an end to this article, 
hoping that, by what has been ſaid in the courſe 
of it, and particularly by the laſt or ↄᷣth obſer- 
ation, and the examples ſubjoined to it, both 
the manner of uſing Briggs's logarithms, and 
the great conveniency of that ſyſtem. above all 
ther ſyſtems for the purpoſes of uniting in one 
view 
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view the logarithms of all decimal numbers 
whatſoever, whether whole numbers, mixt num. 
bers, or fractions, and ſubjecting the logarithms 
of the tw¾o latter kinds of numbers, to the ſame 
eaſy and ſimple rules as the logarithms of whole 
numbers, or of finding readily the mixt num. 
bers and fractions correſponding to given logs. 
rithms, and the logarithms of given mixt num. 
bers and fractions, which are the principal, if 
not the only, reſpects in which one ſyſtem of 
logarithms can be preferable to another, have 


been made ſufficiently evident. 
- Of Sherwin's tables of Briggs's logarithms, 


239. The tables of Br:ggs's logarithms that are 
moſt generally made uſe of on cominon occa- 
ſions, where very great exactneſs is not required, 
are thoſe publiſhed by Mr. Sherwin, and known 
by the name of Sheruin's table.. 


In Sberwin's tables of logarithms we have 


Firſt, All the numbers from 1 to - 100 ſet 
down in a regular ſeries with their compleat lo- 
garithms, as far as ſeven places of figures below 
the place of units, placed over-againſt them, 
their indexes being here ſet down as well as 
their fractional parts. Thus, if we look out 
the number 73, we ſhall find its compleat lo- 
garithm 1.863,322,9 directly over-againſt it in 
the ſame line. HH elne bn | 

_ 2dly, We have all the numbers from 109 to 
1900 ſet down in a regular ſeries with the 755 
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& figures of the fractional parts of their loga- 
tthms. placed over-againſt, or in the ſame line 
with them, and the two firſt figures of thoſe 
ſractional parts of their logarithms: (for through= 
out the tables the fractional parts of the loga- 
rims. are computed to ſeven. places of figures) a 
little above them. Thus, if we look out tlie 
logarithm of 487, we ſhall find the five laſt figures 
of the fractional part of its logarithm; to wit, 
75290, placed in the next column ſigned ig. 
directly over-againſt it, and a little above it we 
hall find the two firſt figures of the fractional 
part of its logarithm, to wit, 68, thoſe two * 
figures being common to all the logarithms from 
0680, 33 5, 5 to -690,196,1. therefore the frac- 
tional part of the logarithm of 4.87 is. 687, 529, o; 


* — 


and conſequently the compleat logarithm of 
that number is 2.687,529,0. ) 82 
Za, All the numbers from 10,000 to 100, ooo 
are ſer down in a regular ſeries with the frac- 
tional parts of their logarithms over-againſt 
them, in the manner following. The four firſt 
figures of every number are ſet down in the co- 
lumn ſigned Num. and the fifth and laſt figure 
at the top of one of the ten following columns 
ligned with the figures o, 1, 2, 3, 4, 5, 6, 7 
8, 9; the four laſt figures of the fractional part 
of the logarithm of every number are ſet down 
in the column ſigned with the fifth, or laſt, 
ſigure of the number, directly over- againſt, or 
in the ſame line with, the four firſt figures of 
the number; and the three firſt figures of the 
fractional part of the logarithm are tet down in 
the column ſigned o, either directly over- 
againſt, or next above, the four firſt figures of 


the 
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when:the firſt of the 


four figures 67 4 


EEE MPN TS „ 
the number; excepting only in ohe caſe, to wit, 
ur laſt figures 67 the 16. 
garithm is a cypher, and the three firſt figures of 
he fractional part of the logarithm are not ſet 
down over-againſt the four firſt figures of the 
number; and, in that caſe, the three firſt figures 
of the logarithm are thoſe which are ſet down 
in the column ſigned o, next below the four 
firſt figures of the number. Thus, if I want to 
find the logarithm of the number 67483, I firſt 
look out in the ſeries of numbers the firſt four 
figures 6748, and then looking along the co- 
lumn ſigned with the figure 3, which is the laſt 
figure of the number 67483, I there find in the 
Goode line with, or over- againſt, the four figures 


6748 the four laſt figures of the fractional part 


o the logarithm, to wit, 1944; I then look 
along the column ſigned o, and next above the 
8 I find the three figures 829, 
which are therefore the three firſt figures of the 
fractional. part of the logarithm: therefore the 
fractional part of the logarithm of the number 
67483 is. 829, 194,4, and conſequently the com- 
plete logarithm of this number is 4.829, 194,4. 
As an example to the excepted cafe, let it be 


required to find the logarithm of the number 


"== 9. Here I firſt look out in the ſeries of 
numbers the four firſt figures of this number, to 
wit, 6760, and oppoſite to them in the column 


ſigned 9, I find the four laſt figures of the frac- 


tional parts of its logarithm; to wit, 0945; | 


then look along the column figned o, and ! 


there find next below the figures 6760 the three 


Hgures 8 303 which are therefore the three firſt 
2 . Fo --+ + - figure 
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FFT 
55 | 1 


M. ( figures of the fractional part of the logarithm of | 
lo. the number 67609 l ther efore the fractional part vill 
of of the logarithm of this number 18 830. o04, 5. | | 
ſet and conſequently its compleat logarithm is ll! 
rn li 
fa 4thly, Tis evident, that the logarithms of all þ 
wn numbers from 1coo to 10, ooo, or of all num- Ja 
dur bers conſiſting of four figures, may be derived | 
t tom the logarithms of the numbers of five, UI! 
irt places of figures which ariſe by multiplying 

dur them into 10, or which have the ſame ſignifi- 

co. aut figures with the propoſed numbers of four 

laſt N places of figures with the addition of a cypher in 

the che place of units: as, for inſtance, the loga- 

res ibm of 6748 may be derived from that of 

gart Ml 67480 ; for as they have both the ſame fractional 

ok part, we need only look out the fractional part of 

the the latter by the directions in the laſt obſervation, 

29, which we ſhall find to be. 829, 175, 1; and, add- 

the Ming 3 for the index, we ſhall have 3.829, 175, 1 

the for the logarithm of the number 6748. 

her M St hy, As to the logarithms of numbers con- 


fiſting of more than five figures, tis evidently 


m- 
4. Jimpoſſible to find them in a direct manner by 
- be che help of HHerwin's tables, which go no higher 


than 100,000. It is uſual therefore, when the 
number. dos not conſiſt of more than ſeven 
"gures, to make uſe of an artifice to obtain 
them, which may be thus expiained. | 

It was.ſhewn in Art. 226, that if there be 


AC- 

; I bree unequal quantities that approach very near- 
d 1% to an equality with each other, the exceſs of 
re Ithe greateſt quantity above the leaſt will be to 
firſt Mibe exceſs of the middlemoſt above the leaſt, 
ures ery nearly in the ſame proportion as the ratio 


dl the greateſt quantity to the leaſt is to the ratio 


Q q | of 
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of the middlemoſt quantity to the leaſt, 'or as the 


| logarithm of the 7770! of the greateſt quantity 


to the leaſt to the logarithm of the ratio of the 


middlemoſt quantity to the leaſts If therefore 
there be three whole numbers conſiſting of 


ſeven places of figures, or that are all greater 
than 1,000,000, and the greateſt of the three 
numbers exceeds the leaſt by only 100, which 
is leſs than the 10, oooth part of either of the 
three numbers, tis evident, the exceſs of the 
greateſt of the three numbers above the leaſt 
will be to the exceſs of the middlemoſt num- 
ber above the leaſt, very nearly in the ſame pro- 
portion as the logarithm of the ratio of the great- 
eſt of the three numbers to the leaſt is to the lo- 
garithm of the ratio of the middlemoſt of the 
three numbers to the leaſt; or, which is the ſame 
thing, as the exceſs of the logarithm of the ratio 
of the greateſt of the three numbers to unity 
above the logarithm of the ratio of the leaſt of 
the three numbers to unity is to the exceſs of 
the logarithm of the ratio of the middlemoſt num- 
ber to unity above the logarithm of the ratio of 
the leaſt number to unity; or, according to the 
uſual conciſe manner of expreſſion, as the ex- 
ceſs of the logarithm of the greateſt number 
above the logarithm of the leaſt number to the 
exceſs of the logarithm of the middlemoſt num- 
ber above the logarithm of the leaſt number, or 


as the difference of the logarithms of the greateſt 


and leaſt numbers to the difference of the loga- 
rithms of the middlemoſt and leaſt numbers. By 
this proportion we may find the logarithm ot a 
number conſiſting of fix or ſeven figures by Sher- 


doi n tables of logarithms in the followin g manner. 


Let it firſt be required to find the ©” 
| | 0 
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of any whole number à conſiſting of ſeven 
fgures. - From this number ſubtract the num- 
ber expreſſed. by its two loweſt figures, and we 
ſhall thereby obtain a ſecond number, which 
call l, conſiſting likewiſe of ſeven figures, that 
is leſs. than the given number à, but is excecded 
by it by a number leſs than 100; becauſe the 
number expreſſed by the two loweſt figures of the 
number à muſt always be leſs than 100. There- 
fore, ſecondly, to the number 6 add 100, and 
we ſhall thereby obtain a third nnmber 6 + 
100 that is greater than the given number 9. 
Therefore &, a, and 5 4-100 are three ſuch num- 
bers as were juſt now deſcribed, that are all 
greater than a million, and the difference of the 
greateſt and leaſt equal to 100. Further, be- 
cauſe the number & was derived from the num- 
ber a by taking from it the number expreſſed by 
its two laſt figures, tis evident the two laſt or 
loweſt places of the number & will be filled with 
cyphers, and conſequently the two loweſt places 
of the number þ + 100 will alſo be filled with 
cyphers : therefore the numbers & and 5 ＋ 100 
may be produced by multiplying the numbers 
repreſented by their five higheſt figures by 100, 
and conſequently their logarithms will be equal 
to the logarithms of thoſe two numbers increaſed 
by 2, or the logarithm of 100; conſequently the 
Peering of 6 and 5 -+ 100 may be found by 
0/. 3. Find therefore the logarithms of 6 and 
b + loo, and ſay as 6 + 100 — 6, or 100, 
4 — 6 :: log. 5 ＋ 100 — log. b to a fourth 
quantity; and that fourth quantity will be equal 


to log. 2 — log. &, and therefore being added to 


the log. 6 will give the log. a, which was to be 
found. 2 Thus, 
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Thus, for example,” if the hufpber wig 6 
" logarithm is to be found, is = 5,4236, n 
firſt ſubtract from it the number'58; and fo ob 
tain the number 5,423,700, which conſiſts like 
"wiſe of ſeven figures, and falls ſhort of th bc 
given number 5,423,758 by leſs than 100. Tl © 
this number 5,423,700 J add 100, and ſo ob fg 
tain a third number 5,423,800, which is greate fta 
than the given number 5,423,758. I then con an 
ider that the numbers 5,423, 700 and 5, 423, 80% ane 
are reſpectively equal to 100 X 54,237 and 100 54 
X 54,238, and therefore their logarithms ar 54 
reſpectively equal to 2 ＋ log. 54,237 and 2 bg 
log. 54, 238, that is, (as will appear by looking ou lg 
the logarithms of 54,237 and 54, 23 8 in the table 50 


in the manner deſcribed in Og/: 3.) to 2 + 4 714MM 29: 
295,7 and 2 ＋ 4.734, 303, 7, or 6.734, 295, and - 
6.734, 303, 7; and having ſound theſe logarithms 

I apply the foregoing proportion, and ſay as 5, 423 5,4: 
800 — 6,423, 700: 5,423,755 — 5,423,700. 
(log. 5, 423, 800—log. 5, 423, 700: log. 5, 423, 


log. 5,423,700, or) b. 734, 303, — 6.734,29 % B 
: log. 5, 423,7 58 — 6.734, 295, 7, that is, a s 100 rithi 
58 oY ooo, oo8, o log. 5423,75 86.734, 295,7 mort 
therefore log. 5,423,758 — 6.734,295,7 is fre: 
58 X .000,008,0 — .e0046040 = .000,004,04 ven 
77 to th 
or (neglecting the figures that go beyond the k Le 
venth place) .000,004,6, and conſequently log logar 
5,423,753 is = 6.734,295,7 + .000,004,0 um 
— 0.3 QED: _ | IE 
Secondly, If the number, whoſe logarithm nd 
to be found, conſiſts of ſix figures, we nech een 
only add a cypher to it, or multiply it by i um 
and find the Jogarithm of the number of ſeteſf breſſe 
| | £9 figure muſt 


4 
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coures thence ariſing. "For this logarithm di- 
miniſhed by (the logarithm of 10, or by) an unit 
will be the logarithm ſought. 147 95h 

Thus, if the number, whoſe logarithm is to 
be found, is 542,375, I multiply it by 10, and 
ſo get the number 5,423,750 conſiſting of ſeyen 
fgures. I then proceed, as in the foregoing in- 
tance, to look out the logarithms of 5. 423,7 
ind 5,423,800, which I find to be 6.734,295,7 
and 6.7 34, 303, 7, and then ſay as 5,423,800 — 
6,423,700 : 5,423,750 — 5, 423,700 (:: log. 
5423, 800 — log. 5, 42 3, 700: log. 5,423,750 — 
log. 5,423,700) :: C. 734, 303, 7 — 6.734, 295,7: 
log. 5.423, 750 — 6.734, 295, 7, that is, as 100: 
$0 :: ,000,008,0 : log. 5,423,750 — 6.734, 
295,7; therefore log. 5,423,750 — 6.734,295,7 
b = FO X .00C,008,0 = .000,004,0, and log. 


as 


$423,759 = 6.734, 295.7 ＋ :000,004,0 = 
0.734, 299, 7, and conſequently log. 542,375 is 


= 5.734,299,7. QED. 
But if we are deſirous of finding the loga- 


ithms of numbers confiſting of fix figures in a 
more immediate manner, and without any re- 
ference to numbers confiſting of ſeven figures, 
we may obtain them by a proceſs exactly ſimilar 
to the foregoing, in the following manner. 

Let the given number of fix figures, whoſe 
logarithm is to be found, be called a. From this 
number ſubtract the number expreſſed by its 
bweſt figure, and we ſhall thereby obtain a ſe- 
cond number, which call &, that is leſs than the 
given number à, but is exceeded by it hy a 
number leſs than ro, becauſe the number ex- 
preſſed by the loweſt figure of the number # 
muſt always be leſs than 10. Therefore, ſe- 

| : condly, 
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condly, to the number & add 10, and we. ſh; 
thereby obtain a third number 6 -+ 10 that i 


therefore the numbers h), a, and 6 ＋ 10, the 
all conſiſt of ſix figures, or are all greater tha 


ber ô will be filled with a cypher, and conſe 


and conſequently the fourth may be A 


3 . 9 


* 


greater than the given number 4. We hay 


100, ooo, and the difference of the greateſt aui 
leaſt is but 10, which is leſs than the 10, ooo g 
part of either of them. We may therefore ay 
ply the foregoing proportion to them with th" 
ſame propriety as in the former caſe, to number 
conbilting of ſeven figures, and lay, as the dif 
ference of 6 +10 and 6 the greateſt and leiſ ve 
numbers is to the difference of @ and & the midi u 
dlemoſt and leaſt numbers, ſo is the differeno gu 
of the logarithms of 6 ＋ 10 and & the great 
eſt and leaſt numbers to the difference of th ber 
logarithms of @ and 6 the middlemoſt an“ 


and leaſt numbers, or as 10: a — 6::: log. b-- 
log. &: log. a — log. 6. Now, becaule thi 
number & was derived from the number s, hi 
taking from it the number expreſſed by its lowe 
figure, tis evident the loweſt place of the num 


quently the loweſt place of the number & ＋ 16 
will alſo be filled with a cypher ; therefore th 


numbers & and 6 + 10 may be produced b 3 
multiplying the numbers repreſented by the N + 
five higheſt figures by 10, and conſequently the 90 
logarithms will be equal to the logarithms « 4 
thoſe numbers increaſed (by the logarithmo i 
10, or) by 1, and therefore may be found ©: 

9773 


Os. 3. Find therefore the logarithms of 6 an 
6 + 10, and tts evident the three firſt terms 
the foregoing proportion will then be know 


te found by that proportion; and conſequently, 
we add to that value the logarithm of & we 


oy þall thence: obtain the logarithm, of a, which 
the was to be found. n 050} egen 
t and As an example of this method of finding the 
bol bgarithms of numbers conſiſting of fix figures, 
e ape will reſume the number 542,375, uſed in 
u tac laſt inſtance, and find its logarithm by the 
nber voceſſes here deſcribed. In the firſt place then 
» dil ſuabtract from this number the number 5 ex- 
lea reſſed by its loweſt figure, and ſo obtain the 

ie umber 542, 370, which conſiſts likewiſe of ſix 


fgures, and falls ſhort of the given number. 
542,37 5 by leſs than 10. To this ſecond num 
ber 1 add 10, and ſo obtain a third number 
142,380, which is greater than the given num- 
ber 542,375. I then conſider that the numbers 
$42,370 and 342, 380 are reſpectively equal to 
10 X 54,237 and 10 X 54, 238, and therefore. 
their logarithms are reſpectively equal to_ 1 +. 
log. 64,237 and 1 + log. 54, 238, that is, (as 
ill appear by looking out the logarithms of 
4,237 and 54,238 in the tables in the manner 


e thiW-cribed in Of. 3.) to 1 + 4 734»295,7, and 1 
d of} 473443937, or to 5. 734, 295, and 5.734, 
theilt; and, having found theſe logarithms, I ap- 


ly the foregoing proporion, and ſay, as 542, 
60 — 542, 370: 542, 375 — 542, 370 (:: log. 
$12,380 — log. 542, 370: log. 542,375 — log. 


um 0 
ad b, 370 or) .: 5. 734. 303,7 — 5.734295, log. 
375 — 5.73 4,295, 3 that is, as 10 5 5 : 
me, : log. 542,375 — 5.734,29, 
ond core log. 542,375 — 5.734, 295, is — 


ooo, oo8, o = ,000,004,0, and log 542,375 
10 8 
18 
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by it; that is, the value of log. 4 — log. 4. will x: | | 


* 


ſ 


bers or fractions, may be derived from theſe by 


three firſt figures of the fractional part of the lo 


all along ſuppoſed the numbers whoſe.logarithm 


5,423,758 to be 6.734,300,3, we may eaſi 
derive the logarithms of 54. 237, 58 and .oo; 
423,758 from it, by ſubtracting in the firſt caſe ; 


will give us 1.734, 300, 3 for the logarithm of 


4 7 » = - Bo =" 4 Vi In 
7 P TM 
- , 1 * * 
i i} 


L . 4 we \ | #2 
304 E L E ME N 'T 8 May 
os 5.734, 295,7 ＋ co, ooꝗ4, o 5:7345299,7 


j 


Note, In the foregoing obſervations, we hay 


are ſought to be whole numbers ; becauſe, þ 
what was ſhewn in Art. 238, the logarithms of 
all other decimal numbers, whether mixt num 


changing only the indexes. Thus, if we have 
found the logarithm of the whole numbe 


and in the ſecond q, from its index 6, whic 


54.237, 58, and — 3 + .734,300,3 for the loga4 
rithm of .005,423,578. 3 


6:hly, We muſt now ſhew how when am as 
logarithm is given to ſeven places of figures be co 
fides the index, the number correſponding to it 
may be found by SHerwin's tables. Now this ma 
be done in the following manner. Look out the 


garithm in the column figned o, and the four lall 
figures in the ſeveral colums ſigned o, 1, 2, 3,45 
Sc. and you will find in one of thoſe columny 
either thoſe four figures themſelves, or four |: 
other. figures very nearly equal to them. It you 
find the figures themſelves ſet down in any of" 5, 
thoſe columns, the number anſwering to the give 
logarithm will conſiſt of five ſignificant figures 
whereof the four higheſt are thoſe ſer down | 


the column figned num, directly over-againſt, 0 
01/0 


ith 
, aj 
le lo 
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the ſame line with, the four laſt figures of 
kc logarithm, and the fifth, or loweſt, figure 
; that with which the column that contains - 
e four laſt figures of the logarithm is ſigned. 
ud the places of theſe figures are determined 
the index of the logarithm. 
Thus, if it be required to find the number 
reſponding to the logarithm 4.7 34, 295, 7, We 
1ſt firſt look out the three figures 34 amongſt 


e three firſt figures of the logarithms that are 
nbei down in the column ſigned o, and then look 
afilyMht the four remaining figures 2957 in the ſeve- 
oog colums fign . Ge. and we 
ſe all find them in the column ſigned 7; and even 


ith them in the column of numbers ſigned. 
in, we ſhall find the four figures 5423. 
herefore 54237 are the five Genificant figures 
which the number that correſponds to the. 
prithm 4.734,295,7 conſiſts ; and conſequent- 
as the index of that Jogarithm 1 is 4, the num- 
kr correſponding to it will be 54,237. pai ode 
If the given logarithm be 6.734,295,7 inſtead 
70295, 7, the number correſponding to it 
ul be two places higher than in the former 
ae, or will be 5,423,700. - 

I when we have found the three firſt figures 
the fractional part of the given logarithm in 


45 
mu e given column ſigned o, we do not find the 
tour laſt figures of it ſet down exactly in any of 


le columns ſigned O, 1, 2, 3, 4» 5, Sc. that 
lat is, if we do not find the given logarithm 
atly, we muſt look out the two logarithms 
lit are next greater and leſs than the given lo- 
mihm, or between which the given logarithm 
6, and the two numbers correſponding to 
ole logarithms. We muſt then ſubtract the 
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ference of the two tabular logarithms is tothe dif 


correſponding tabular numbers to the differene 


S800 and 5,423,700. We muſt then fubtr 


en MEN rer oc rf 
leſſer of We two tabi fir Jogarithins" gem the 
greater, and alſo 190 05 e given logarithm, ane 
the leſſer of the two correſponding tabular num 
bers from the greater, Aud then ay, as the dif 


ference of the leſſer tabular logarithm and thi 
given logarithm, ſo is the difference of the tw 


of the leſſer tabular number and the numbe 
correſponding to the given logarithm. Therefo 
if the fourth quantity found by this propertiofſſÞ 
is added to the leſſer tabular number, the fy 
will be equal to the number correſponding to th 
given logarithm, or will be the number ſought 

Thus, if it be required to find the nun 
ber correſponding to the logarithm 674 
300, 3, Which is not to be found exactly 
tables, we muſt take the logarithms 6.73 4:30} 
and 6.734, 295, 7 that are the next greater 
leſs than the given logarithm ſet down in t 
tables, and muſt look gut the numbers that b 
long to them, which we ſhall find to be 5,42 


the logarithm 6. RE 4,295, from the logarithn 
6.7 34, 300, 3 and 6.734,303,7, which will lea 
the remainders . ooo. 004, 6 and . ooo, oo8, o, 1 

the number 5, 423, 700 from the number 5% 
800, which will leave the remainder 100, 
make the following proportion, (the grou 
and reaſon of making which were explained 
the laſt obſervation 1 to wit, as 000,000,0 unked 
.000,004,60, fo is 100 to the difference of Foporti 
number 5,423,700 and the number ſouggaritht 
therefore that difference is — .000 16 55 X Weir th 


Ween t] 


— 


* 1 
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46 x 10⁰ = 460/== 37. N, or nearly 58 and 


am aſequently the number ſought is 5423700 + 
dif CC 


CCC Wii bog No nas, ak” 
f the given logarithm be 4:73 44 300,3 inſtead | 
10.734.300, the number correſponding to it will 


e two places lower than in the former caſe, or 


ene be 54237:58 ; if the logarithm be 2:7 34, 300, 
nde the number correſponding to it will be 542 


58; if 8.734, 300, 3, it will be 542, 37 5, 8003 
0.34, 300, z, it will be 54,237, 5800000 the 
regoing methods difcovering always the ſignifi- 


o tigt figures of the correſponding number as far as 
al een figures, and no more; and this equally, 


whcther the loweſt of thoſe ſeven figures belongs 


/3W the place of units, or to any other place above 


0 Theſe are the methods by which the loga- ml 
_"Iitims of given numbers interpolated between 
e tabular logarithms, may be diſcovered, and 
it br the ſoundations of the rules given for that 
4. urpoſe in the ſecond chapter of the diſcourſe 

1 


refixed to Sherwin's tables; in which he ſhews 
ow tne logarithms of numbers conſiſting of ſix 
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eg ſeven figures, and the number correſponding 

„ea given logarithm may be found by the help 
„che numbers ſet down in the two laſt co- 
4 umns of numbers to the right hand; the for- 
0 


er of which columns contains the differences 


088 the tabular logarithms, and is therefore 
f aked with the letter D, and the latter the 
g oportional parts of the differences of the tabular 
uel 


varithms, (or the parts of thoſe diffetences that 
ear the ſame proportion to them as the differ- 
aces of intermediate numbers interpolated be- 
en the correſpondent tabular numbers bear 

I 42 | to 
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numbers, and conſequently their exact produc 
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to the differences of the tabular numbers) an 


is therefore marked with the letters Pr.. m 
Some examples of arithmetical operations | jy I 
formed by the help of Sherwin's tables of Brigg fi 
logarithms. e 5 
240. To illuſtrate further the foregoing art 0 
cles, and to ſhew more evidently the uſe of l be 
garithms in abridging arithmetical calculatiougi ' 
we will here ſubjoin a few examples of the ſ b 
veral operations of arithmetic performed by ii 
help of Briggs's logarithms carried to {eve th 
places of figures, as they are contained in Steril 27 
Wirn's tables. 115 Fact los 
And 1½, Let it be required to find the pri fn 
duct of the multiplication of the two numbe ſu 
7589 and 6757. Here we mult look out in ti 
tables the logarithms of theſe numbers, whic the 
ve ſhall find to be 3.880,184,6 and 3.829,53, . 
and, adding theſe two logarithms together, w the 
muſt look out their ſum 7.709,938, 5, in the ta | 
bles, and the number correſponding theretc Ira 
which (by the directions in obſ. 6, of art. 239 " 
we ſhall find to be 51,278,870, will be the pr '*> 
duct fought, as far as it can be expreſſed by te to 
ven ſignificant figures. But in this particul: "% 
caſe 'tis eaſy to determine the eighth or laſt i ˖ : 
gure, for we need only conſider, that if we ha 5 
actually multiplied the number 7589 by 67 
the firſt ſtep would have been to multiply 9b 72. 
7, Which would have produced 63; therefore N 
- will be the loweſt figure in the product of tho =P 


will be 51,278,873. F 
| 14 


PLANE TRIGONOMETRY. 3 
24%, Let it be required to multiply the deci- 
mal fraction . oo, 34 by the decimal fraction. ooo, 
876, Here we muſt look out in the tables the 
logarithms of theſe fractions, which we ſhall 
find to be — 3 + .865,696,1 and— .4 + .942, 
504, 1; and, adding theſe logarithms together, 
wemulſt look out their ſum ( 6-+ 1.808, 200, 2 
or) = 5-+ .808,200,2 in the tables, and the num- 
ber correſponding thereto, which we ſhall find 
to be .000,000,429,84, will be the product 
fought. | — 
zaly, Let it be required to find the quotient 
that ariſes by dividing the number 78596 by 
278. Here we muſt look out in the tables the 
logarithms of theſe numbers, which we ſhall 
find to be 4.895,400,4 and 2 444,044,8 ; and, 
ſubtracting the latter logarithm from the former, 
we muſt look out the remainder 2.451,355,6 in 
the tables, and the number correſponding there- 
to, which we ſhall find to be 282.7194, will be 
the quotient ſought. | f 
athly, Let it be required to divide the decimal 
fraction . 347 by the decimal fraction .00478. 
Here we muſt firſt look out in the tables the 
logarithms of theſe fractions, which we ſhall find 
to be —1 . 540, 329, 5 and — 3 +.679,427,9; 
and then ſubtracting the latter logarithm from 
the former, we muſt look out the remainder 
1.560,901,0 in the tables; and the number cor- 
reſponding thereto, which we ſhall find to be 
72-594,15, will be the quotient ſought. 
5th/y, Let it be required to divide the decimal 
fraction . 0478 by the decimal fraction .347, 
Which is greater than .00478. Here, as before, 
we 
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we muſt look out in the tables the logarithms of 5 
theſe fractions, which we ſhall find to be — 3.“ 
679,427,9 and — 1 + -540,329,5 ; and, fub. W- 
tracting the latter of theſe logarithms from the 
former, we muſt look out the remainder —2 -. 
139,098, 4 in the tables, and the number or. 20 
reſponding thereto, which we ſhall find to be 
0137752, will be the quotient ſought. WM. 
6fhly, Let it be required to find the booth Ml inc 
power of 1.05. Here we muſt look out in the ¶ wi 
tables the logarithm of 1. o5, which we ſhall Ml as 
find to be 0.021,189,3; and, multiplying this at 
logarithm by 600, we muſt look out the pro- cor 
duct 12.7135800 in the tables, and the number Ml ſun 
correſponding thereto, which we ſhall find to ing 
be 5, 171, 065, ooo, ooo, will be the power ſought, the 
This example contains a ſolution of the fol- cor 
lowing queſtion, to wit, how much a ſum of M the 
money will be increaſed in a courſe of 600 years Ml po! 
by lending it at the intereſt of 5 per cent. per an. for 
and at the end of every year adding the intereſt WM cal 
to the principal, and lending the whole newM ca 
rincipal thence ariſing at the ſame intereſt. For 5 7 
if the original ſum be called a, the ſecond ſum (or Gs 
that produced by the addition of the intereſt to can 
principal at the end of the firſt year) &, the third tie 
ſum c, the fourth d, the fifth e, and ſo on, s 
evident that, as the intereſt of the firſt ſum 4 ii fir! 
| Int: 
equal to * „ a, or 2 9 that of the ſecond ſum ob 
100 20;*- 
5 3 a Nut 
to — „„ 3, or —9 that of the third ſum c to thi: 
100 e | Pp 


E-. | | | | 
Aw e, or „ that of the fourth*fum'd 1 
100 28 | = 


1000 


2 PLANE TR IG NO ME TR V. 18 x 
N of 5. X a, or By Ge. - the ſecond dum will 6 be = 


doo 

ſub- iT, — 9 the third ſum C Vi be — 3 | 
de ; an 
2+ W--=—5 the fourth ſum 4 will 8 2 c as; 75 
Cor- 20 4 Sp 4 7 „ 
o be == dan fer call hadw —d += 255 

zoth and fo of all the reſt; that is, every new ſam 

the WI will be to the foregoing i in the ſame proportion 


15 21 to 20. or the ſeveral ſums 2, b, c, d. e, &c. 
it the ends of the ſeveral years are a ſeries of 
continual proportionals. Therefore if the firſt 


ro- 

55 ſum be called 1, and the ſecond 5, the follow- 
to ing ſums will 'be þ* 5, 64, Ge. or will be 
ght. the ſeveral powers of the ſecond ſum , and 


conſequently the laſt ſum, or that produced at 
the end of the 600 years, will be the 6ooth 
power of the ſecond term 6. We may there- 
fore conclude, that if any ſum of money be 
called 1, the ſum that will be produced in 600 
years by laying it out at compound intereſt at 
; per cent. in the manner here deſcribed will be 
(as nearly as can be expreſſed by ſeven ſignifi- 
to cant figures) equal to 5,171,065, ooo, ooo times 
urd the original ſum. 
tis Thus, for inſtance, if the original ſum be a 
sfr. thing, the ſum thence produced by compound. 
intereſt at 5 per cent. in 600 years will be 5,171, 
005 009,000 farthings, or (if we divide this 
number by 960, which is the number of far- 
dei chings contained in a pound ſterling) 5, 386, 520, 
042 pounds ſterling. And it is eaſy to perceive 
"= _ 


7 £546, * Wer n 
r e e e ee OO EE nar om anc; art * I — 5 
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that, by the ſame kind of reaſoning as was made 


0 
uſe of in the preſent inſtance, all other caſe mo 
whatſoever of compound intereſt may be reduced $ 

to the finding any propoſed power of a given Mer c 
quantity, and may acgordingly be ſolved: by a Ml i 
table of garithms. Nis | Whi 

Itbh, Let it be required to find the 6ooth and. 
roet of the number 5,171,065,000,000. Here bob 
we muſt look out in the tables the logarithm of WM tbl 
5, 171,065, ooo, ooo, which we ſhall find to be Ml chi. 
12.713,580,0; and, dividing the logarithm by be t 
600, we muſt look out the quotient .021,189,; WM 9: 
in the tables, and the number correſponding er of 
thereto, which we ſhall find to be 1.05, will be N book 
the root ſought. 5 ic 

This example contains a ſolution of the re- nd, 
verſe of the foregoing queſtion in compound in- ook 
tereſt, namely, how much a ſum of money dhe t 
called 1 will be increaſed in one year, iti, v 
by annually adding the intereſt to the prin- oz, 
cipal it increaſes in a courſe of 600 years to 10 
5,171, 065, ooo, 000, or 5,171, 065, ooo, ooo, root | 
times it's original value: for from this 3 in th. 
it appears that it's value at the end of the fit whic 
year will be 1.05, or 105 of it's original value, Mdvin; 
2 "Yoo": lhe q 

and (conſequently) the rate of intereſt 5 Amt 
Cent. 77 nd t 

The great facility with which theſe very high 217 
powers and roots are obtained by the help Het 
logarithms, affords a ſtriking proof of their uſe 00K © 
fulneſs in abridging calculations, ſince witnou" .. 
them the labour of performing theſe op . 

: ; Wollt! 
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de WI would be ſo-exceeding great that they: would al- 
ſes WY moſt be impracticable. 
ed bly, Let it be required to And the th pouv- 


en er of the fraction o 5. Here we muſt look out 


2 i the tables the logarithm of this fraction, 


wich we ſhall find to be — 2 -- 698, 970, 0; 
th I and, multiplying this logarithm by 6, we muſt 
re ¶ look out the product — 8 193,820, o in the 
of N tables; and the number correſponding thereto, 
be Wl which we ſhall find to be .000,000,01 5,02 5, will 
by Wl be the power ſought. - - 

„; 9:4/y, Let it be required to find the 8th pow- 
no er of the decimal fraction. 5. Here we muſt 
be ok out in the tables the logarithm of .og, 
MW vbich we ſhall find to be — 2 + ,698,970,0; 
te- end, multiplying this logarithm by 8, we mult 
in- ck out the product — 11 + :591,760,0 in 
ney I he tables, and the number correſponding there- 


ic, which we ſhall find to be .000,000,000,039, | 


in- 002, 49, will be the power ſought. 


to 10%, Let it be required to find the ſquare 


00 wot of the number 5. Here we muſt look out 
Pt in the tables the logarithm of the number 5, 
ie which we ſhall find to be 0.698,970,0 ; and, 
ue, Adring this logarithm by 2, we muſt look out 
the quotient .349,485,0 in the tables, and the 
number correſponding thereto, which we ſhall 
ind to be 2.236,068, will be the root ſought. 
117hly, Let it be required to extract the cube 
dot of the fraction 2, or . 5. Here we muſt 
ok out in the tables the logarithm of the frac- 
ton . 5, which we ſhall find to be — 1 . 698, 
70, ;; and, dividing this logarithm by 3, We 


wt look out the quotient (which will be —= 
* — 1 


— — 


3 


= 


_ 
N 
U 


3% EIL. E MEN US 
— 1 +-698,970,0 = — 333,333, 43 


F4 x ST l | K 
990, = — . 100, 343,3 2) —1 ＋ 899,6 50% 
and the number correſponding thereto, . whic 
we ſhall find to be. 793, 705, 4, will be the root 
ſought. 2 "Ou whe 


Recapitulation of what has been ſaid in the fir 


going articles concerning numerical logarithm, * 
241. Having now explained the nature an; 110 
moſt important properties of numerical log bers 
rithms, and particularly thoſe of Bryggs's ſyſtem, good 
as far as I apprehended was neceſſary toward 
forming a clear and juſt conception of them T 
and this being done at great length that no dif- nt 
ficulties might occur in the reading them, it mai 5 
not be amiſs to recapitulate in few words the ef nu 
| ſeveral particulars that have been demonſtrated Nopi, 
concerning them, that they may with the greater nd! 
eaſe be comprehended in one ſhort and general unes 
view. 8 | the 7. 
In the 1/7 place therefore it has been ſhewn, WM 6:4 
that in arithmetical calculations wherein only; g, 
whole numbers are concerned, the operations er f 
of multiplication, diviſion, raſing powers, and dapte 
extracting roots, may be performed by the ad- ¶lave e 
dition, ſubtraction, multiplication, and diviſion Mryeq 
of the correſponding logarithms. ' ers, 
2dly, We have explained what is meant bye . 
negative logarithms, and the deſign of intro: ay v, 
ducing them, namely to diſtinguiſh the more mix 
readily from each other ratios of majority and 7thh 
ratios of minority. 0 mic ta] 


5 
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3% +), It has been ſhewn how, if negative lo- 
oarith ms be admitted, we may find in a table 
bf logarithms (that is, in a table of the loga- 
ch ams of whole numbers) the logarithms of 
wo Fr mixt numbers and fractions, and the mixt 
numbers and fractions that correſpond to given 
logarithms. FEE Fes ns 
4%, We have ſhewn that, if negative lo- 
rithms be admitted, the ſame rules that are 
gren for the performance of arithmetical ope- 
ations by the help of logarithms when the num- 
hers concerned in them are whole numbers hold 
good when thoſe numbers are mixt numbers or 
fractions, 5 | 
Theſe four particulars are true of all ſyſtems 
t numerical logarithms whatſoever. 
5thly, We have defined the particular ſyſtems 
of numerical logarithms known by the names of 
Napier s logarithms and Briggs's logarithms, 
nd have obſerved that they are only different 
wmes given to quantities that are meaſures of 
the ratios to which they belong. 
bthly, We have ſhewn the great excellence 
af Briggs's ſyſtem above Napier's, and all o- 
er ſyſtems whatſoever, in that it is peculiarly 
no:dapted to the decimal notation now in uſe, and 
ad-WMhave explained the analogy that is thereby pre- 
1008:rved between the logarithms of whole num- 
ters, mixt numbers, and fractions, and ſhewn 
wr from the logarithms of whole numbers we 
may with the greateſt eaſe derive the logarithms 
k mixt numbers and fractions. . 1 
7thly, We have deſcribed Sherwin's logarith- 
nic tables, and given ſeveral inſtances of the 
Tt 2 manner 


A r 
— * of 
A 
— - 
* aan ? 
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manner of finding by them the logarithms of ng 
given numbers, and the. numbers. of given lo- beir 
garithms. num 

And 8zhly, We have given examples of all Mind 
the different operations of arithmetic performed {Whol 
by the help of Briggs's SPS as Contained 7 


in Sherwin tables. — 


An eaſy method of performing 3 opera. bre 


tions, wherein fractions are concerned, with- 6 
out the belp of negative logarithms, by re. 8 1. 
ducing them to operations of whole nber, T 

may 


242. T here would now remain nothing more, 


as I apprehend, to be ſaid upon this lubjes, - 
were it not that the conſideration of negative MD 


logarithms may, no withſtanding all the endea- WW: ;/ 
vours that have been made to explain it, appear Wl. 


ſtill to ſome obſcure and perplexing. For this F p 
reaſon we thall naw endeavour to ſhew how that "oy 


conſideration may be intirely avoided, andallarith- 
metical operations wherein fractions are concern- 
ed, be reduced to operations by whole numbers. 
Now the manner of doing this will, as I con- 
ceive, be beſt explained by examples; we ſhall 
therefore reſume thoſe of the foregoing exam- 
ples in which fractions are concerned, and per- 
form them without the help of negetide loga- 
rithms, as follows. 

Let it firſt be required to multiply the deci- 
mal fraction .007,34 by the decimal fraction 

ooo, 876. Look out in be tables the logarithms WW.» j. 
of the whole numbers 734 and 876, which you 


will find to be 2.865,696,1 and 2.942, 504, 
an 


929,5 


latter 

| emal. 
5 umb 
und te 


lriſio 


7 
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nd, adding theſe logarithms together, look out 
heir ſum 5. 808, 200, 2 in the tables; and the 
wmber correſponding thereto, which we ſhall 
ind to be 642,984, will be the product of the 
whole numbers 734 and 876. But .007,34 is 


. 


t and .000,876 is 279; thee. 


© 100,000 looo, ooo 
1 — 734X876 _ 
50 X . ooo, 876 i 2 .- 
fore . 073 + X 8 70 Io, ooo, ooo, ooo 


642706 „ 0 ara Y 
= 100,000,000,000 © 009,000 $29,94- 2 

Tis evident the ſame method of reafoning 
nay be applied to all other caſes whatſoever of 
nultiplication, where either fractions, or mixt 
wmbers, are concerned; ſo that all thoſe caſes 
my, if we pleaſe, be reduced to the caſe of 
inding by a table of logarithms the product of 
wo whole numbers. 

ady, Let it be required to find the quotient 
hat ariſes by dividing the decimal fraction . 347 
by the decimal fraction .00478. - Look out in 
the tables the logarithms of the whole numbers 
1470 and 478, which you will find to be 3.540, 
129,5 and 2*679,4.27,9; and, fubtrafting the 
latter logarithm from the former, look out the 
remainder G. 860, 901,6 in the tables; and the 
dumber correſponding thereto, which we ſhalt 
ind to be 7.2 5, 41 5, will be the quotient of the 


wilion of 3470 by 478, or will be = 47 But ; 


3470 . 47S, 

8 — — — 0 ä —— ma ö. 
517 = and .004,79 is = = — 2 
; : there- 


n 4 
= 1 
— * — 


4 
\ 
J. 


: x | | 1 
F 


therefore —5#/i, N SS7 Gas. 
[7-2 2c. GORE 10,000 a 
— — 10,000 
1000 A 


X 100,000 2 3470 1 1 
K * 72594, 15. QED. FA 


Note, In this laſt proceſs, the whole aber 


2470 was choſen for a dividend rather than the 


whole number 347, that the dividend might be 


greater than the diviſor, and conſequently that 
the quotient might be greater than unity, and ſo 
have an affirmative logarithm. And it is evi- 


dent that it is equally eaſy to deduce the quotient 


of the fractions from that of the whole num- 
bers in either caſe. NS 1 5 


—— 


Zaly, Let it be required to divide the decimal 
fraction oo478 by the decimal fraction. 347 which 
is greater than .004738. Look out in the tables 
the logarithms of the whole numbers 478 and 
347, which you will find to be 2.679, 427, 9 and 
2.540, 32955; and, ſubtracting the latter loga- 
rithm from the former, look out the remainder 
o. 139, 098, 4 in the tables; and the number cor- 


reſponding thereto, which we ſhall find to be 


1.377, 522, will be the quotient of the diviſion 
of 478 by 347, or will be = 478 But .0047) 


5 8 
if 42 „and .347 is — 8 therefore 
100,000 | IOCO. 
00470 


00 


1,000 
I5t 
1,000, 
5th 
of the 
ables 
yhich 
wultip 
rodud 
umbe 
e tha 


Wer 


10 


ber 


the 


hat 
1 fo 
vi- 
ent 
m- 


mal 
ich 
les 
and 
1nd 


ga- 


der 


Or- 


be 


10n 


476 


fore 


47 


be] 
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04/ Dy 478 125 


347 = 100,000 ws TT, „* IP 
347 100,000, , 347 
1000 aye 
; 2 | 3 
100 X 3. | | | 


athiy, Let it be required to find the ſixth 
ower of the decimal fraction . o. Lock out in 
the tables the logarithm of the whole number 5, 
which you will find to be 0.698,970,0.; and, 
multiplying this logarithm by 6, look out the 
product 4.193,020,01N the tables; and the num- 
her correſponding to that product, which we 
ſhall find to be 15625, will be the fixth power 
of 5, or will be = 55. But os is = 5 


6 4 109” 
ad conſequently 0 is = 5* ö | 
100 

= — ; therefore. O5 is — 
1,000,000, 000,000 Kt 

1502 33 
— .000,000,015,625, QED. 
1,000,000,000,000 | 


5tbly, Let it be required to find the 8th power 
at the decimal fraction .og, Look out in the 
ables the logarithm of the whole number 5, 
Fluch you will find to be 0.698,970,0; and, 


multiplying this logarithm by 8, look out the 


duct 5.591,700,0 in the tables; and the 
umber correſponding to that product, which 
e ſhall find to be 390, 624.9 will be the 8th: 
wwer of 5, or = 5*, But .og being = 5 it 
- 100» 
' follows 


4+ 


* 1 = 


of the whole number 500 in this proceſs rathe 
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follows that 05 will bes 8 


100 


8 a 7 "Ip 5 
bs: torr mah therefore og is 
10, ooo, ooo, ooo, ooo, ooo ** 1 


8 — 
t 0,000,000, 000,000,000 
062, 49. oo. | | | 2 
_6thly, Let it be required to extract the cube 
root of the decimal fraction . 5. Multiply thi 
fraction into 1000, and the product will be th 
whole number 500. Then look out in the table 
the logarithm of 500, which you will find g 
be 2.698, 970, o; and, dividing this logarithi 
by 3, look out the quotient . 899, 6 56, 7 in 
tables; the number correſponding to that quolf 
tient, which we ſhall find to be 7.937, o54, wil 
be the cube root of the number 500, or will b 


= . 0, ooo, ooo, o: 


erivit 
todu 
he fe 
iter. 


= Joo. But becauſe . 5 is S = it folloy 
| 1000 
243 
ink, 
ing, 
onſide 
he uſ 
the) 
eat 0 
ad tc 
W et 
Hitt 
Ile an 
moer 
thm « 
ich 
| this 


that WA ., 3 == N 8 3 chene 
of 50 8 1 | 3 „ 
25 _ 7 93, 05,4. Q. 


Note, We multiplied the given fraction 
into 1000 rather than 100 or 10, or made choice 


than 50, or 5, that the cube root of the dend 


WE | ©0 Gr 
minator of the fraction — 55 „ Which is equal i 


the given fraction .5, may be one of the integr: 
powers of 10, as 10,1c0,1000, and not a iu 


quantity, as would be the cube-root of 10 - 100 
roll 


3 
- 


i 


From theſe examples tis eaſy to perceive that 
other inſtances of arithmetical operations 
herein fractions are concerned, may be per- 5 
med in the fame manner by the help of a 
ble of logatithms without introducing the con- 
deration Of negative logarithms, to wit, by 
übſtituting inſtead of the fractions whole, or 
ixt, numbers that have the ſame' ſignificant 
vures with them, and performing the opera- 
ons concerning theſe Whole, or mixt numbers, 
id then from the numbers thence ariſing 
kving thoſe which the fractions would have 
roduced by conſidering in what proportion 
he former numbers mult be greater than the 
utter, 


Of arithmetical | complements, ; 


243, There is another artifice, though, I 
ink, a much leſs natural one than the fore- 
ving, that has been made uſe of to avoid the 
mfideration of negative logarithms, to wit, 
be uſe of arithmetical complements; of which, 
they are frequently mentioned in books that 
eat of logarithms, the reader may perhaps be 
ad to have ſome account. We ſhall therefore 
W endeavour to explain t gem. 
Hitherto, whenever we have uſed the con- 
le and imperfect phraſe of the logarithm of a 
noer, we have underſtood thereby the loga- 
lim of its ratio to unity, which is the ſenſe in 
aich that phraſe is moſt commonly taken; and 
| this caſe it is evident the logarithm of unity 
Fa Uu itſelf, 


3 e 9 FRF! 
a 4 => & 6 I = ; 
7 e _— 9 
1 1 Y. n _ L 
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itſelf, being the logarithm of a ratio of equs- 
lity, muſt be o. But if, inſtead of unity, w 
chuſe ſome fraction, or quantity leſs than unity, 


for the quantity to which we refer all other num. 


bers, or which we. make the common conſe 
quent of all the ratios whereof other number; 

are the antecedents, . ſo that when we ſpeak o 
the logarithm of any number, we mean thereby 
the logarithm of the ratio of that number (no 


to unity as before, but) to this aſſumed fraction. 


it is evident the logarithm of unity will not now 
be o, but will be the logarithm of the ratio of 
unity to the aſſumed fraction; and therefore, az 

that ratio is a ratio of majority, will be an affi 
mative logarithm: and, in like manner, the 
logarithms of all fractions greater than the af 
ſumed fraction, being the logarithms of rati 
of majority, will be affirmative logarithms, I 

therefore we aſſume a fraction that is leſs than 
any of the fractions that can occur in the arith 
metical operations that are to be performed, it is 
evident that all the logarithms that we ſhall hae 
occaſion to conſider in the courſe of thoſe opera 
tions will be affirmative logarithms. Upon. thi 
foundation tis uſual to aſſume the fraction. oo 


Tf 


| I 
0C0,0C01, Or Or — y fol 
10, 000, O00, oOO | 10 


the common conſequent of the ratios of al 
other numbers, when the fractions that occu 
in the calculations are not leſs than that fraction 
and upon this ſuppoſition 'tis evident the log 
rithm of unity, (being the logarithm of the ati 


—,. Or of the ratio 0 


of an unit to - 
10, ooo, ooo, ooo 


10, ooo 


10,0 
quer 
to 1) 
he = 


13, k 
01, 


00, t 
helo\ 
exce: 
elo; 


fact 
than 


the f 
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than 

tions, 
purpt 
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10,000,000,000 to 1, or 10 to 1, and conſe- 
wently equal to ten times the logarithm of 10 
p1) will be = 10, the logarithm of 10 will 


ES | : I "2 
that of —, or .1, = 9, that of — © 


; 20-2 x 53 8 
or, = 8, that of ——, or .oo', = 7, and fo 
P's — an Wed? 1! oy. 


oo, the place of each of theſe numbers above or 
below. the place of units being determined by the 
exceſs, or defect, of its logarithm, above or 
below 10, or the logarithm of unity. If the 
factions that occur in the calculations are leſs 


han. ooo, ooo, ooo, 1, or 5 muſt aſſume 


ue fraction 85 or 1 in the hundredth place 
hau below, the place of units (which is vaſtly leſs 
ith than any fractions that ever occur in calcula- 


tons, and therefore will always anſwer the 
purpoſe deſigned of producing affirmative loga- 
ithms; and if it did not, we might take a ſtill 
maller fraction); and upon this ſuppoſition tis 
dent the logarithm of unity will be 100, and 
licſe of 10,100,1000, ., .o, .oo1, Cc. will 


numbers above or below the place of units being 
(termined by the exceſſes or defects of their 
bezarithms above or helow 100, or the logarithm 
tk unity. In general, the logarithms of all 
ther numbers whatſoever, as well as the powers 


010 and = will on the former of theſe ſuppo- 


ſtons be greater than their common logarithms 


je = 11, that of 100 — 12, that of 1000 = 


be 101,102,103,99,98,97, &c. the places of theſe 


Cu 2 by 


\ 
bl 
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by 10, and on the latter ſuppoſition by 10 
And hence it is that the indexes of theſe ne 
logarithms, when the numbers to which the 

belong are fractions, are called arithmetic 
_ complements; for as theſe new logarithms 0 
fractions may be derived from their comms 
logarithms by adding to them, or to their in 
dexes 10, or loo, and the indexes of the com 
mon logarithms of fractions are negative, 
follows that if the indexes of the new logarithm 
of fractions be added to the indexes of thei 
common logarithms conſidered as - affirmative 
their ſums will be always equal to 10, or 100 
or the indexes of the new logarithms of frac 
tions will be the arithmetical complements 0 
the indexes of common logarithms conſidere 
as affirmative, to 10, or 100. Thus, for in 
. ſtance, the common logarithm of the fractio 
,00478 is — 3 + .679,427,9, and its new lo 
garithm is upon the firſt of the foregoing ſuppo 
ſitions = 10 — 3 + 679, 427, 9, = 7-079 
427, 9, and upon the ſecond ſuppoſition = ice 
— 3 -+. 679,427, 9 = 97 679, 427,9, and 7 anc 
97 are the arithmetical complements of 3 (the 
index of the common logarithm of the fractial 
0478) to 10 and 100, 

Now let à and 6 be any two fractions what 
ſoever, whoſe product @ b, and likewile the 


i * 1 * | 
mth power of 4, is greater than ———, Then 
| 255 e 


ſince in multiplication it always holds, as wel 
when either, or both, the factors are fraction! 
or mixt numbers, as when they are both wholl 


pumbers, that unity is to either of the _ 
| ; the 
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he other factor is to the product. We ſhall have 
11411 $506. Therefore the logarithm of 
the ratio of 1 to 4 will be equal to the loga- 
jim of the ratis of C is 5 leg 1 = 


8 1 4 | I 
log. b: 4 63 that is, log. 1: Tor. log. 4 5 


"# OL * | 
„ 5 OM 


ton oP the logarithm of a number is now to be 
aken) log. 1 — log. 4 = log + — 4 b, whence 
it follows that log. ab = log. a + log. þ =} log; 
„ and log. 6 = log. 1 ＋ log. 4 6 — log. 43 
that is, if the fractions à and & are to be multi- 
plied together, and we are required to find their 
redut a b, we muſt add together the loga- 


ithms of the factors @ and 6, and from their 


um ſubtract the logarithm of unity, and the 
number correſponding to the remainder thence 
obtained, will be the product ſought; and if 
ve are to divide the fraction @ & by the fraction 
, and find the quotient 5, we muſt add the lo- 
garithm of the dividend @ 6 to the logarithm of 
unity, and from their ſum ſubtract the loga- 
ithm of the diviſor a, and the number corre- 
honding to the remainder thence obtained will 


de the quotient ſought. Again, fince it holds 


n all cates, as well when @ is a mixt number, 
or fraction, as when it is a whole number, that 
lie ratio of unity to the mth: power of the num- 
ter a. or to @ m, is equal to m2 times the ratio of 
unity to that number itſelf, it follows that the 
hgarithm of the ratio of 1 to am is equal to n 
limes the logarithm. of the ratio of 1 to 45 or 

8 | =". 2 0 


AIC IICRICNEEE CIALSCCERD — — — r — — — 
ad — — ꝙ X æ ] . — —————EUñä—ä6᷑— — 2 — — — 


1 RR. | a 
\ LS ag 5 


. N 8 1 4 4 j ] 
. E L EME NT S go. bat 
log. 1: a m is m X log. 1: a, that is, log. i; pend 
Al any, pu eee 
D gan 
[1 R bans 1] fact 
T 
n LE e r (according te Bra 
the new ſenſe in which the expreſſion of the 
logarithm of a number is now to be taken) log. It 
I — log. G23 = 0" log. I — M X log. 4. the 
Conſequently log. 4 m is = m x log. « a 
* — 1 * log, and log. a = 1 loge 
Eee; that is, if the fre- If =" 
tion a is to be raiſed to the mth power, we muſt I bg 
multiply the logarithm of unity into —1, and n 
the logarithm of à into m, and ſubtracting the 0 
former product from the latter, the remainder | 
will be the logarithm of the power am that was Wl 2:9 
required; and, if the th root of the fraction 50 
a m be required, we muſt multiply the logarithm un! 
of unity by :—1, and add the product to the Bi "ul 
logarithm of 2 m; and, dividing the ſum thence 12. 
obtained by , the quotient will be the loga- Wi N 
rithm of @, or the root ſought. Tis evident Wi 19: 
theſe rules will be the ſame, if inſtead of 1 0c 
1 | TID BB 
we chuſe 1 or 1 divided by any other higher 7 


power of 10, for the common fraction to which 
we refer all other numbers, provided that frac- 
tion be leſs than 3 6 and an, or than all the Wil 1: 


numbers that occur in the calculation; for 1 * 
| at 
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kat condition only the foregoing reaſonings de- 
244. We will now perform the foregoing 
zamples of arithmetical operations in which 
factions are concerned by the help of theſe 
cithmetical complements, as follows. 


„ 


Examples of operations in arithmetic- performed 
by the help of arithmetical complements. 
In the 1/7 place. let it be required to multiply 
the decimal fraction .007,34 by the decimal 
fraction . ooo, 876. Look out in the tables the 
ogarithms of the whole numbers 734 and 876, 
which you will find to be 2.865, 696, 1, and 
2.942, 504, 1; and ſince theſe are their common 
logarithms, or the logarithms of their ratios to 
unity, it follows that the logarithms of their ratios 
WE. will be (10 ＋ 2.865, 696,1 and 10 + 
Io" | | 
2.942, 504, 1, or) 1 2.865,96, 1 and 12.942, 
504, 1; that is, if we make the logarithm of 
unity = 10, the new logarithms of the whole 
numbers 734 and 876 will be 12.865,696,1 and 
12.942, 504, 1. But, becauſe 734 and 876 are 
qual to .00734 X 100,000, and .000,879 X 
looo, ooo, or exceed the fractions. 734 and 
000876 in the proportions of 100, ooo to 1 and 
1000,coo to 1, and conſequently the ratios of 
734 and 876 to exceed the ratios of .00734 
10207” OF NY 
and. oo, 876 to 1 by the ratios of 100,c00 to 
10 „ 2357 204. 10 BY 
and 1000,000 to 1, it follows that the loga- 
rithms 


1 


a 


8 | * | 2 — 2 % — | * * = o * Fs 1 8 s * 
js ELEMENTS AE 
a E I 
rithms of the ratidt of 734 and 876 to 1 
N N 7 - «43 


* 
* : * 
Ra 2 i 4 
: 4; f 


Aden ad ung en Ain. SW a6 
muſt exceed. the logarithms of — 
-00734 and. .000870 to by the- logarithms 

valid £- e logon! 
of the ratios of 100,000 to 1, and 1000,000 to 1. 
that is, by 5 and 6. Therefore log .00734 is— 
and log. ee is = log. $76 8 
12:942,504sT' — ©. =" 0.942,504,7, that iz, 
the —4 logarithms of the fractions 00714 
and .000,876 will be 7.865,696,1, and 6.942, Wi” 
504, 1. Having thus obtained theſe logarithms, WI" ie 
we muſt, according to the rule juſt now given cent! 
for multiplication, add them together, and from Wi" 
their ſum 14.808, 200, 2 ſubtract the logarithm of letert 
unity, to wit, 10, and the remainder, to wit, 
4.808, 200, 2, will be the logarithm of the pro- 
duct ſought. Now, becauſe the number cor- 
reſponding to the common logarithm, 0.808;200, 
2, or to the new logarithm 10.808,200,2, is 
6.429, 84, and the logarithm 10.808, 200,2 is 

reater than the logarithm 4. 808, 200, 2 by 6, it lis n 

Welles that the logarithm of the ratio of 6.429, nn 


84 to 1 exceds the logarithm of the ratio of ple 
128. n e e L 
the product ſought to 1 by 6, or by the lo al 


10” | 
garithm of the Fatio of 1000,000 to 1 therefore Wional 
the ratio 6.429, 84 to 1 is greater than the 
ratio of the product ſought to 1 by the ratw'cthi 


ny ners 
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ioo, ooo toi; conſequently 6.429,84 is equal 
v 1000,000 times the product ſought, ' and 
Whetefore the product ſought is = 6.429,84 


- 000,006, 429,84. QED. 


— 4 — 
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Mie, We have in this example dwelt very 
ung upon the method of finding the new lo- 
xithms of the fractions .00734 and .000,376, 
nd the fraction correſponding to the new loga- 


am 4.808, 200, z, that we might keep the 
5 rounds and reaſons of that method continually 
„ WW" view ; but theſe being now, I preſume, ſufi- 


cently explained, it will be convenient to expreſs - 

heſe things in a more conciſe, manner, and to 
ktermine the indexes of the new logarithms of 
tations at once by the number of places below * 
he place of units, at which the firſt ſignificant 

ivures of the fractions enter, and vice verſa the 

naces of the firſt ſignificant figures of the frac- 


ps lons by the indexes of the logarithms, agree- 
hto what was obſerved in Art. 243. And in 
its manner we ſhall now perform all the re- 
; q mining examples, and alſo the foregoing ex- 
of aple over again. | 


Let it therefore be required in the firſt place to 
nultiply the fraction. oo 34 by the fraction. ooo, 
070, Here I firſt find by the tables that the frac- 


Ore onal parts of the logarithms of theſe fractions are 
the ö , 90,1 and. 942, 504, 1; and, becauſe the firſt 
aufcant figure of. the fraction .00734 enters in 
aue third place below the place of units, and the 


ers in the fourth place below the place of units, 
hs « I con- 
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1 1 that the index of the logarithm 
the former fraction 18 10 — 35 or 7, and tf 
index of the latter fraction is 10 .— 4, Or 
Therefore the compleat logarithms of the fra 
tions .00734 and . O0, 870 are 7.865, 696, 1 a 
6.942, 504, 1. The ſum of thèſe logarithms 
14.808, 200, 2, from which if we ſubtract o, 
the logarithm of unity, there will remain 4. 80 
200, 2 for the logarithm of the product ſough 
But by the tables it will appear that the ſignif 
cant figures of the number correſponding to t 
logarithm 4.808, 200 2 are 642984 ; and, bf 
cauſe the index of this logarithm is 4, or 10 
6, it follows that the firit ſignificant figure 
the number correſponding to it will enter int 
ſixth place below the place of units: conſequent 
that number, or the Predus N rr will 6 
000,06, 429,84. 
Aà2aly, Let it be required to find the quotie 
that ariſes by dividing the decimal fraction. 34 
by the decimal fraction . 0478. By proceedin 
in the ſame manner as in the foregoing exa 
ple, we ſhall find the logarithms of thefe frac 
tions to be 9.540, 329, 5 and 7.679, 427, 9. T 
former of theſe logarithms, being the logaritht 
of the dividend, muſt, according to the ru 
given above, be added to the- logarithm of unit) 
to wit, 10, and from the ſum thence obtainec 
to wit, 19.540, 329, 5, we muſt ſubtract t 
latter logarithm 7.679, 427, 9, or logarithm « 
the diviſor .00478, and the remainder 11.80 
go 6 will be the logarithm of the quotie 
10 ught. Therefore that quotient is 72. 59451 
2diy, Let it be required to divide the decim! 
fraction .00478 by the decimal fraction 34 


rate 
acl 
«tl 


Wwe 


* 


* 
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7679, 427,9 the logetthm of the dividend: 


0478 add 10 the logarithm of unity, and from 
be ſum 17,679, 427, 9 ſubtract 9.540, 329% and 
je remainder 8.139,98, 4 will be the logarittim 


* 2 3 e l e | 
5M f the quotient” ſought,” which is therefore ==; 
4.86 %, Let it be required to find the ftxch 

dugl er of the fraction 05. The logarithm of 
ignit E fraction 18 8.698,90, o; multiply therefore 


this logarithm by 6, and 10, or the: logarithm” 
f unity, by (61 or) 5, and from the former 
product, to wit, 52. 193,820, , ſubtract the 
liter product, to wit, 50, and the remainder 
493, 820, will (by the rule above demon- 
Inted) be the logarithm of the power ſought, 


ent” | bt, 
i lich therefore is = . ooo, ooo, O1 5, 62 77. 
;thly, Let it be required to find the eighth 
otiel wer of the fraction .og. Here we muſt make 

oy ie logarithm of unity — 100, becauſe the 
edin ahth power of .og is leſs than 1 5 Now if 

X4 "NM | = : 10.7911: : . 5 
frad logarithm of 1 be taken = 100, the loga- 
Tm of .o5 will be = 98.698, 970,0, which'mul- 

ithif lied by 8 gives 789.591,760,0, from which, 

ruß ve ſubtract (8—1 or) 7 times the logarithm 
nit! unity, or 700, the remainder 89.591,760,0- 

neq il be the logarithm of the power ſought, 

- therefore will be = .000,000,006;039," 

1 02,40. . 8 TC 

604 %, Let it be required to extract the cube 
tient of the decimal fraction . 5. The logarithm” 

, 1 WM this fraction is 9.098,970,0, 10 being taken 

ma the logarithm of unity. Therefore, accord- 
4e the rule given above, we muſt multiply 10 


AX 2 into 


han 


332 ELEMENTS of 
into (3—1 or) a, and add the product 20. to the 

29.698,970,0 thence obtained by, 3; the quo- 
tient 9.899, 6 56,7 of this diviſion will be. the lo 


nichm of the root ſought, which, will there 
ore be . 793, 705, 4. n 


22 „ Wee acc 
From theſe examp les it is eaſy to perceive, ar 
that any other inſtances of arithmetical oper, ne 
tions wherein fractions are concerned, may be of 
perſormed in the ſame manner by the help of a 2 
table of logarithms, without introducing the 
conſideration of negative logarithms, to wit, by 
the uſe of theſe arithmetical complements, or by N. 
chuſing the ſmal] fraction 1 or 55 in ö 
ſtead of unity, for the common conſequent of lt 
the ratios whereof all other numbers are, when © 
we ſpeak of their logarithms, conſidered as thꝗ '” 
antecedents. But as this ſuppoſition, by changinꝗ * 
the language commonly made uſe of in treating © 
of this ſubject, and annexing a new ſenſe to th bel 
imperfect expreſſion of the logarithm of a num bes 
ber, may create ſome kind of perplexity anc ties 
confuſion, it ſeems reaſonable to conclude, tha and 
the former method of avoiding the conſideratioſ Ser 
of negative logarithms explained in Art. 242, bylll © | 
conſidering the fractions as whole numbers dur wy 
ing the whole proceſs, and then finally dim ; 0 
niſhing the reſults of the operations in a due pro: 5 
portion, is preferable to this latter method o dhe 


avoiding them by the help of arithmetical com 
plements. . TA : 
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07 the different manners.in which logarithms have 
| been explained by different writers. 


245, We ſhall now: endeavour to give ſome. 
account of the different manners in which lo- 
garithms have been explained by ſome of the 
moſt eminent writers on them, and particularly 
of the conception given of them by Lord Na- 
tier their celebrated inventor. 


Mr. Maclaurin's manner of explaining logarithms. 


Take any line AB, (jg. 77.) at pleaſure ; and 
let the line A M be ſuppoſed from being at firſt 
equal to the given line A B to increaſe propor- 
tionally ad inſinitum by the motion of a point M 
moving from B towards D, that is, with a motion 
ſo accelerated, that the portions of the line BM 
generated by the point M in equal times, ſhall 
bear always the ſame proportion to the quanti- 
ties to which they are added, ſo that, if B C 
and CM are any two portions of the line AD 
generated in equal times, C M ſhall be to A 
as BC to AB: and let OP be a line that begins 
to be generated from nothing by the motion of 
the point P moving from O towards T, at the 
lame time that the line AM begins to increaſe 
from being equal to the given line AB; and let 
the velocity of the point P be any uniform ve- 
locity. Then 'twill be evident 3 
In the firſt place, that AB, AC, AM are con- 
tinual proportionals, or that the ratio of AM to 
AC is equal to that of AC to AB, For fince 

= CM 
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CM is to AC as BC to AB, it follows, comp 

nendo, that A M is to A Cas AC to AB. 
2dly, Since BC and CM are ſuppoſed: to be 


generated in equal times, it follows that if OK 


and KP are generated in the ſame times as BC 
and CM, they will alſo be generated in equal 
times, and conſequently, becauſe the velocity 
of the point P is uniform, will be equal to each 
other, and therefore will be proportional to, or 


meaſures, or logarithms, of, the ratios of AC 
to AB and AM to AC. | 


34ly, If in the line AD we take any two un- 
equal ratios at pleafure, as thoſe of AM to AC 
and AD to AM, and the lines KP, -and PT are 
enerated in the ſame times as the lines CM and 
MD, they will be proportional to, or meaſures, 
or logarithms, of, thoſe unequal ratzos ; that is 
KP will be to PT as the razi9-of AM to AC, 
is to the ratio of AD to AM, This follows im- 


mediately from the laſt obſervation : for ſince 


the portions of the line OT correſponding. to 
any two equal ratios are equal, it follows that 
the portion correſponding to a double ratio will 
be double, that to a triple #atio will be triple, 
that to a quadruple ratio quadruple, and that 
to any other multiple of the ſimple ratio will be 


the ſame multiple of the portion of O T corre- 


ſponding to the ſimple ratio; and conſequently 


that the portions of the line Q T correſponding 
to the quadruple and quintuple, or in general to 
the n and 7 multiples, of the ſimple ratio, will 


be quadruple and quintuple, or n fold and n 


fold of the portion correſponding to the ſimple 


ratio; that is, the portions of the line O T cor- 
reſpond- 


* 
4 Fon 
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reſponding. to any two, commenſurable ratios - 
whatſoever, and conſequently to any two incom- 
menſurable ratios whatſoever, (for after proving 
this in the caſe of commenſurable ratios it may 
eaſily be ſhewn to be true likewiſe in the caſe of 
in commenſurable ratios by an exabſurdo demon- 
tration), that is, in general, the portions of the 
like OT correſponding to any two ratios what- 
ſoever taken on the line AD, as for inſtance, the 
ratios of AM to AC and AD to AM, are re- 
ſpectively proportional to, or Togarithms of, the 
ratios to which they correſpond, ED. 


af» ou co OTE OTE 79 INES 


: Fig. 77. 

d . $1579) * 
8 5 i a 
7 Again, let us now ſuppoſe that the line AM, 
atter having been increaſed ad infinitum, in the 
2 manner juſt deſcribed, is made to decreaſe pro- 


n Wl /-7onatly ad infinilum by the motion of the 


point Min a direction contrary to its former di- 
E . . ; . ., 
£ fection, ſetting out from B with the ſame velocity 
x it had in that point when it began to move in 
the direction AD, that is, let it be ſuppoſed to 
f (ecreaſe at ſuch a rate that the portions loſt in 
4 equal times ſhall always bear the fame propor- 


tion to the correſpondent remainders of the line 
N AB, fo that, if Bc and cu are deſcribed in equal 

umes, Bc ſhall be to cA as cu to AHA: and let 
e point P move with the ſame uniform velo- 
aty from O towards ? that it before moved with 
hm O towards T. Then 'tis evident 


1 


R 


EY 
* 
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In the fit place that Acis to A B as Auto Ml. * 
Ac, or that the ratio of An to Ac is equal to 
the ratio of Ac to AB, For fince Ap is toc y de 
as Ac to Bc, it follows, componendo, that Ay her 


F B. | | the 
2ly,- Since Bc and c are ſuppoſed to be ge. ¶ out 
nerated in equal times, it follows that if Oy and the! 
and are generated in the ſame timeg as Be bort 
and c u, they will alſo be generated Nee gire 
times, and conſequently, becauſe the velocity of I tbe 
the point P is uniform, will be equal to each that 
other, and therefore will be proportional to, or Iny 
meaſures, or logarithms, of, the ratios of Ac to Ms 
| AB and A to Ac. ; 1 20 
Za, Since the portions of the line O ? corre- deal 
ſponding to equal ratios are equal, it follows (by Mir 
the ſame kind of reaſoning as was uſed juſt now Cecr: 
in the third obſervation concerning the portions Mil 
of the line O T) that the portions of that line ev 
correſponding to any two unequal ratios taken the | 
on the line Ad, as for inſtance, the ratios of Au the f 
to Ac and Ad to Ay, will be reſpectively pro- D, t 
portional to, or meaſures, or logarithms, of, time 
thoſe ratzos. 5 5 of A 
Laftly, Since the velocity with which. the W"*>' 
point P deſcribes the line O 7 is ſuppoſed to be M'c!oc 
the ſame with that wherewith it deſcribed the o P 
3 line O T, it follows that the portions of the line bar 
3 O 7 generated in any times whatſoever are equal fourt 
= to the portions of the'line O T generated in the to th 
E , fame times, or that the portions of the line O Usa 
1 correſponding to any ratios whatſoever taken on ether 
the line Ad are equal to the portions of the line 7 
| C 11] 


= O T correſponding to the ſame ratics taken on 
= the line A D, 


246. In 


. e 8 * 
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246. In this manner of genetating logarithms 
js evident in the firſt place, that according as 
the uniform velocity affigned to the point P is 
ncreaſed or diminifhed in any proportion, while 
the velocity of the point M at the inſtant it ſets 
out from B towards either D or d, continues 
the fame, the logarithms of given Vutiots, or the 
portions of the lines O T, O, correſponding to 
zyen rat ios, will be increaſed or diminiſhed in 
the ſame proportion. And hence it appears, 
that by varying the velocity of the point P we 
may form as many different ſyſtems of logarithms 
; we pledſme. 
2dly, Tis evident that, as the line AB in- 
creaſes ad infinitum, the velocity of the point 
M increaſes ad infinitums and, as the line AB 


decreaſes ad inſinitum, the velocity of this point 
ns vill decreaſe ad infinitum: therefore whatever is 
ne tte velocity aſſigned to the point P, or whatever is 
en the proportion of that velocity to the velocity of 
10 the point M at the inſtant of its ſetting out from 
ro- Wb: the velocity of the point M muſt, at ſome 
of, Wine or other, either in the increaſe or decreaſe 


of AB, be equal to the velocity of P. Now the 
he Magnitude of the line A M at the inſtant the 
be elocity of the point M becomes equal to that 
he ef P is equal to the modulus of the ſyſtem: of 
ne bearithms generated by the point P, or to the 
aal I burth proportional, ſo often mentioned above, 
he d the infinitely ſmall difference of two conti- 
) : {Wiuous portions of the line A M, the leſſer, or 
on Neither of. thoſe lines, and the infinitely ſmall 
ne Nütterence of the correſpondent portions of 
onde line O P, as may be thus demonſtrated. Let 
ry A 


= * -w © * > 


88 * 


I 
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AE be the magnitude of the line AM at the jr. Fo 
ſtant the velocity of M becomes equal to that of 
P, and A e any other magnitude of A M taken PA 
at pleaſure. Take the point» F a little beyond 
the point E, but infinitely near. it, and let A ies 
be to A e as A F to AE. From this propoſition 6 
it ſollows, 4ividendo, that e will be to A A 


EF to AE. But becauſe the line E F is infinitely = 
ſmall, tis evident that the ratio of the yeloci- 15 
ties of M in the points E and F to each other 0 
will be infinitely near to a atio of equality, and 3 
conſequently that the line E F is equal to the ee 


line that would have been generated in the ſame 
time by the velocity in E, and therefore to the f 
line that is generated in the ſame time by the 
velocity of the point P, and conſequently (be- 


cauſe ef, and E F, being the differences of the +»; 
terms of equal ratios, are, by the definition of 1. 
the manner in which the line A M increaſes and x 
decreaſes, deſcribed in equal times) to the line gat 
that is generated by the point P in the time of "Ri 
the generation of the line ef. Therefore as the nta: 
infinitely ſmall difference ef of the contiguous of f 
terms Ae, Af, is to the Ae the lefler of thoſe ¶ nat 
terms, ſo is the portion of the line OP corre-WF,, 
ſponding to the difference e , or the logarithm _ 
of the infinitely ſmall ratio of Af to A e, tothe. 
line A E. Conſequently A E is the modulus of v 
51 ſyſtem of logarithms deſcribed by the point WF... 
0 QED. | ? 4 V2 lyſter 
34ly, It follows from the foregoing demon- ccf th 
ſtration, that the logarithms of equal ratios in 7 
different ſyſtems of logarithms are to each other Wc, - 
in the ſame proportion as the moduli of thoſe y- er tn 
tems, as has been ſhewn above in Art. 2c. Wt... 


-For 


f 
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For ſince e: Ae:: log. Af: AE, it follows 
that if, while the ratio of A to Ae, and con- 
ſequently that of e / to Ae continues the ſame, the 


of the ratio of Af to Ae, be increaſed or di- 


tity A E, or the modulus of the ſyſtem, muſt be 
increaſed or diminiſhed- in the ſame proportion: 
and therefore, as the logarithms of all equal 


ratios be finite or infinitely ſmall, the logarithms 
of equal ratios in different ſyſtems of logarithms 
are to each other in the ſame proportion as the 
noduli of thoſe ſyſtems. QED. . 
This is the account given of logarithms by 
Mr, Maclaurin in his excellent treatiſe on flux- 
ons, book 1. chap. 6. only with this difference, 
that whereas we have here, for the ſake of pre- 
ſerving a conſiſtency with the foregoing articles, 
retained our former definition of logarithms, and 
of the modulus of a ſyſtem of logarithms, to wit, 
that logarithms are meaſures of ratios, and the 
mdulus of a ſyſtem of logarithms a fourth pro- 
portional to, the infinitely ſmall difference of 
two quantities whoſe proportion 1s infinitely near 
oa ratio of equality, the leſſer of thoſe quan- 
ities, and the logarithm of their rate in that 
ſtem, and have then ſhewn that the portions 
af the lines OT. O:, are proportional to the 
ratios taken on the lines A D, A d, that corre- 
pond to them, and therefore are the logarithms 
thoſe ratids, and likewiſe that A E, or the 
magnitude of the line A M at the inſtant the ve- 
15 2 locity 


third quantity of the proportion, or the logarithm 


miniſhed in any proportion, the fourth quan- 


ratios in different ſyſtems of logarithms bear to 
ach other the ſame proportions, whether thoſe 
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Jocity of M becomes equal to that of P. is equi ii fi 
to the fore- mentioned fourth proportional, and he 
therefore is the modulus of the ſyſtem, he on the fir 
eontrary defines the portions of O T and Oz gel fo! 
nerated in any times whatever, to be the loga- 74 
rithms of the correſpondent portions: of the linea be 
A D, Ad, (for he does not in his definition as 


ſuppoſe any connection between logarithms andi cir 
ratios,) and the line AE, or the magnitude of the th: 
line AM at the inſtant the velocity of M becomes of i 


equal to that of P, to be the modulus of the iy(- 
tem, and then proves that theſe logarithms are 
meaſures of the correſpondent ratios taken on 
the lines AD, A d, or of the ratios of the por- 
tions of thoſe lines whole differences are gene- 
rated in the ſame times with theſe logarithms, 
and alſo that the logarithms of equal ratios in dit- 
ferent ſyſtems of logarithms are proportional to 
the moduli of thoſe ſyſtems, from whence the {cat 
other property of the moduli, to wit, their being and 
equal to the fourth proportionals above-men more 


tioned, may eaſily be derived. norit 

4 „ term! 
"EIS | f » . ner f 
Lord Napier's manner of explaining logarithms 3 


247. The idea of logarithms given by lord 
Napier is but a part of the foregoing; for he 
only ſuppoſed the line AB to decreaſe propor- 
tionally by the motion of 'the point M from B 
towards A. The reaſon of his making this ſup: 
poſition I take to have been this: the principal 
deſign of his invention being to abridge trigo- 
nometrical calculations, in which 'tis moſt uſual 
and convenient to determine angles by the 


ſinez 


PLANE TREGON OMETRY, 3 
fines rather than by their tangents and ſetants, 
he adapted it to the finding the logatithms of 
nes, Or of their ratiss to the radiunz and theore- 
fore, as all the ſines in a circle are leſs than tlie 
radius, he choſe to ſuppoſe a right line, fromm 
being at firſt equal to a certain given magnitude 
as A By by which he rep reſented the radius of a 
circle, to decreaſe — itinirum, and 
thereby become ſucceſſively equal to all the ſines 
of the circle, whereby! the logarithms; or pora 
tions of the line Oi — — times 
with the decrements of the line A B, would ex: 
hibit the logarithms of the ſines that were equal 
to the remainders of that line. This, I ima- 
zine was the reaſon of his chuſing to ſuppoſe the 
line A M to decreaſe — than 
to increaſe proportionally; and hence alſo, as 
in making uſe of ſines preferably to tangents and 
ſecants, (all which lines it is uſual to refer to; 
and denominate from, the radius) he found 
more frequent occaſion to conſider; ration of m 
nority than ratios of majority, he applied the 
terms affirmative and negative in a different man- 
ner from later mathematicians, and called the: 
former kind of ratios and their logarithms af 
frmative, as being the plainer and more fami- 
lar appellation, and the latter kind He 
heir logarithms negative. 
248, Further, as the given line A B Hg. 77% 
vas to repreſent the 0 of a circle, Which in 
Abiadles of fines and tangents» is moſt generally 
denoted either by 1, or by ſome: power of 16, 
r number wherein 1 is the only ſignificant 
loure; as eee eee eee lord Na. 
| Pier 
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pier thought proper, in conformity to this well. N yſte 
known cuſtom, to call it 1000,000, or to ge grri 
the name of unity to the 1, ooo, oooth part af by! 
A B, or to denominate all the portions of the x 10 
lines Ad and O:? from their relation to the figur 
4000,000th part of AB: and laſtly, among 2 
the infinite variety of velocities that might be dene 
aſſigned to the point P, he choſe the initial ve. N prob 


lecity of the point M, or ſuppoſed: the uniform nig 
velocity of Pl to be equal to the firſt velocity of 
M at the inſtant of its beginning to move from 
the point B. And hence aroſe his firſt ſyſtem 
249. Tis evident that, as the velocity of Pi; 
here ſuppoſed to be equal to the firſt velocity of 
M. and conſequently the line A B, which is 
here called 1, oco, ooo, is the value of A Mat 
the inſtant the velocities of P and Mare equal, 
and therefore is equal to the modulus of the 
yſtem, theſe numerical logarithms are ſuch: as 
would ariſe by calling the modulus of the ſyſ- 
tem 1000,000, and therefore are not exactly the 


ſame with thoſe which were called by the ſame M 25 
name, to wit, Napier's logarithms, in Art. 236, Neem, 

and which reſulted from ſuppoſing the noduus N of 
of the ſyſtem to be called 1; but they are equal num! 


to thoſe logarithms multiplied by 1000, ooo, and 
and therefore conſiſt of the ſame ſignificant 
figures, only raiſed higher towards the lett- 
hand. But, as the ſame purpoſes in calculation 
are anſwered with equal convenience by both 
theſe ſyſtems, and by any other ſyſtems the loga- 
rithms ot which conſiſt of the ſame ſignificant 
figures, tis uſual to conſider all theſe different 
| ſyſtems 
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ſtems as the ſame, or to call all ſyſtems of lo- 
garithms wherein the modulus is denoted: either 
by 1, or 10, or ioo, or 1000, or any other power 
Fo, or number wherein 1 is the only ſignificant. 
figure, by the name of ag av s logarithms. - 

250. The reaſon why lord Napier choſe to 
denote AB by 1000,000 rather than 1, was 
probably that all the logarithms of his ſyſtem. 
might be whole numbers, a circumſtance that, 
x whole numbers were formerly eſteemed much 
dearer and eaſier to conceive than fractions, was 
thought to be of conſiderable importance, and 
I chat induced the calculators of tables of fines. 
Pi ad tangents of thoſe times to denote the radius 
af of a circle by 10, ooo, or 100,000, or looo, ooo, 
ier ſome other high power of 10 rather than by 1, 
[ at that all the fines and other lines in the circle 
val, might be whole numbers. And the reaſon why he 
the Micnoted A B by 1000,000 rather than by 10,000, 
aer 10,000,000, or any other power of 10, was 
- becauſe he propoſed to calculate his logarithms 
o fix places of figures. 

251. Theſe logarithms of Natier's firſt 5 
tem, or which reſult from ſuppoſing the modu- 
lus of the ſyſtem to be denoted by 1, or ſome 
number wherein 1 is the only ſignificant figure, 


and Mie ſometimes called hyperbolic logarithms, (tho' 
ant Without any propriety, as has been ſhewn in Art. 
eft-W:37, becauſe any one aſymptotic area whatſoever 


ay as well be denoted by 1, or 1000,009, or 
ny other number wherein 1 is the only ſignificant 


ga- sure, as the parallelogram of the hyperbola) 
ant Wd ſometimes alſo natural logarithms ;, the rea- 
ent Nen of which latter name I take to have been 


rived from the confideration of 'its being 
more 
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more obvious and natural to aſſign to the point þ 
the initial velocity of the point M than any other 


ooo, or ſome number wherein x is the only 


all theſe different ſuppoſitions are conſidered 48 
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velocity greater or leſs than that initial velocity 
„ e ee e 


generated while A B decreaſes to a tenth part of 
its firſt magnitude, or (if you chuſe to ſuppoſe 
the line A B to increaſe rather than decreaſe) the 
portion of the line O T generated while AB in- 
creaſes to ten times its firſt magnitude, will be 
to AB as 2, 302, 585, 092, 994, 0 to 1, as will aps 
Dear by calculation; and therefore, if AB i 


called 1, will be = 2, 302, 585, o92, 994, o; if 


AB is called 1000,0co, to 2, 302, 58 5. 092, 994, n th. 
and if AB is called 10, ooo, ooo, ooo, ooo, to f 10 
23,025, 8 $0,929,940. | 5 ter 
253. But this ſyſtem of logarithms lord Ne. 4 
pier afterwards changed for another, which heften 
found to be vaſtly more convenient for the arith- Nner ſ 
metical uſes to which he applied them, and 92,0 


which, as he eommunicated it to Mr. Briggs 
the Savilian profeſſor of geometry in the uni- 
verſity of Oxford, and Mr. Briggs joined with 
him 1n- calculating a table of them, and after his 
death continued to proſecute the ſame delign, 
are uſually known by the name of Breggs's logs. 
rithms. In this ſecond ſyſtem the logarithm of 
the ratio of 10 to 1, is denoted by 1, or 1000, 


ſignificant figure, (for the ſyſtems ariſing from 


the ſame ſyſtem, and are all called by the fam? 
4 GE: em 


ne) or i'A'B be dil alen r, or tees, 
ificant figutè, the velocity of the point P's nc 


vint M, but tobe leſs than that” velocity in 
ch a proportion that the portion of the line'O+ 
generated while A B decreaſes to a tenth part of 
ts firſt magnitude, or the portion of the line OT 
generated While AB increaſes to ten times its firſt 
magnitude, ſhall, inſtead of being greater than 
\B in the proportion of 2-302, $95:092,994,0 
b 1, be only equal to A B. And ſince it has 
keen he wn above that the modulr' of different 
tems of logarithms are to each other in the 
ame proportion as the logarithms of Et ual ratios 
n thoſe ſyſtems, and the logarithm of the ratio 
f 10 to 1 isTefs in this latter than in the former 
tem in the proportion of 1 to 2.302, 58 5,092, 
094,0, it follows that the modulus of this latter 
item will be Teſs than the modulus of the for- 
ner ſyſtem in the proportion of 1 to 2.302, 58 f, 
02,994, 0, or of. 434.294,48 1,903, 2 to 1, and 


tem) will be = 434,294, 481,903, 2 X KAB. 
Therefore if A B is called 1, the modulus of 


n 


5 in 


poſed to be equal to the initial velocity of the 


berefore (as AB was the modulus of the former 


- 
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in the one caſe from what it is in the other, o 
the real lengths of the logarithms, or portions of 
O P, correſponding to equal ratios in the two 
ſyſtems to be different from each other; but 
if we pleaſe, we may in both caſes ſuppoſe the 
velocity of P to be equal to any given velocity 
whatſoever, as, for inſtance, to the initial ve 
locity of M. For upon this ſuppoſition, we need 
only give the name of unity, or of 1000,000, 0 
of ſame number other wherein 1 is the only ſigni. 
ficant figure, to the logarithm of the ratio of i 
to 1, (or to the portion of the line O P generatec 
while AB increaſes to ten times, or decreaſes tc 
the tenth part of its firſt magnitude) and deno 
minate all the portions both of the line A M an 
the line O P by proportional numbers; and th, 
numeral expreſſions of the portions of the. lin 
OP will be Briggs's -logarithms of the corre 
ſponding ratios. But then tis evident that A B wi 
not now be called 1, or 1000,000, or any num 
ber wherein 1 is the only ſignificant figure, bu 
being leſs than the logarithm of the ratio. of it 
to 1, (which in this caſe is called 1, or 1000 
ooo, Sc.) in the N of 1 to 2.302, 583 
092,994, o, or of . 434, 294,481, 903, 2 to! 
will be — 434, 294, 481, 903, a, or 434, 294.401 
903,2, Sc. And upon this account, as thi 
authors who have explained logarithms in thi 
manner have generally thought it to be conve 
nient, though not neceſſary, to give the fam 
name to AB in both caſes, the other metho- 
of diſtinguiſhing theſe different ſyſtems, one fron 
another, by ſuppoſing the velocity of the pail 
P to be diminithed, has been moſt common 
mad e uſe of. 171. 
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As to the advantage of Briggis ſyſtem, or 
Napier's ſecond ſyſtem, of logarithms above Na- 
tiers firſt ſyſtem for the purpoſes of calculation, 
they have been already very fully explained in 
ome of the former articles. We ſhall there- 
fore ſay nothing more of them in this place. 

255. We have hitherto ſuppoſed the line OP 
to be generated by the point P moving with an 
uniform velocity, and the line AM to increaſe 
or decreaſe proportionally : but this conception 
af the generation of logarithms is more confined 
than it need be; for if we conceive the velocity 
of the point P to vary in any manner whatſoever, 
o as to deſcribe equal lines in any unequal times, 
and at the ſame time conceive the velocity of the 
point Ml to vary in ſuch a manner that in the 
ame unequal times in which the point P de- 
ſcribes equal lines the point M ſhall deſcribe 
proportional lines, then tis evident that if the 
points Mi and P ſet out from B and O with the 
ame velocities as they were ſuppoſed to have in 
any particular ſyſtem of logarithms when the ve- 
ocity of P was uniform, we ſhall have the ſame 
1 oortions of the line OP belonging to, or gene- 
48 f ned in the fame times with, any given por- 
bons of the line AM as we. had in the former 
ale, ſo that the portions of the former line will 
be. juſt as before, the meaſures or logarithms, 
it the ratics of the correſpondent portions of 
he latter; that is, if B C is to AB as CM to 
AC, and conſequently A B to A Cas AC to 
AM, and while the point P generates the equal 
ines OK, KP, Sc. the point M generates the 
ines BC, CM, Sc. the line O T correſpond- 
ig to the line AD, or generated in the ſame 

Z 2 2 time 
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time as the line BD, will be of exactly the ſame Ml 6 
magnitude on the preſent ſuppoſition, as when IM r: 
the velocity of P was ſuppoſed to be uniform; WM 1 
for if che line A D be divided inte the fame 
parts AB, BC, CM, Gt. as before, the Tine OT I i 
will conſiſt of the ſame parts OK, KP, Sc. as it 
did before, though the times in which they are Ml th 
generated wall be unequl. e 
256. According to this idea of the generation WM de 
of logarithms, the magnitude of the logarithm MI 0! 
of a given ratio depends, as before, on the pro- co 
portion of the initial velocities of the points P fat 
and Mat their beginning to move from O and Ml for 
B; or ſuppoſing the velocity of M in B is the an 
fame in all caſes, and that only the point P va- vt 


ries its initial velocity, the logarithm of a given mc 


ratio when P ſets out with one velocity will be 
to the logarithm of the ſame ratio when P ſets «. 
out with any other velocity, as the former velo- (th 
city is to the latter. For tis evident, that the wh 
firſt little portions of the two lines OP generated vel 
by the two different velocities of the point in (cri 
equal infinitely ſmall times, will be proportio-F are 
nal to thoſe velocities, becauſe thoſe 'veloci pro 
ties may be conſidered as cofftinuing uniform oth 
during the times of their deſcription; that is the! 
the logarithms of a given infinitely, ſmall 74! line 
on the two lines OP deſcribed by the two dit ma 
ferent initial velocities of P are proportional iq wo. 
thoſe initial velocities. And, by the nature o nov 
logarithms, or meaſures of ratios, the logarithnW velo 
of all equal ratios in different ſyſtems of logaMF or te 
rithms muſt be in the ſame proportion to esch and 

and 


other: therefore the logarithms of any gives 


finit 
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aite ratio in the two ſyſtems of Togarithms ge- 
en ated by the point P meving with'two: different 
a; WW iclocities will be to each other in the ſame pri 
ne pottion as the initial velgeitics beck the point Nat 
'T WM i ſetting out from O. 1 1A nil os 
wo 257. If the lines © Py: A M are generated in 
ire me manner deſeribed NG ee laſt articles, the 
arucities of the points P and M when they have 
on Ml deſcribed any two given correſpondent lines as 
im OK and BE, or have arrived at any two giver 
ro- Wl correſ pondent points K and C, will be in the 
p WM fame proportion to each other as they were be. 
nd MM fore when the velocity of P was ſuppoſed to be 
che an uniform velocity equal to the velocity with 
ra- which on the Fer ſuppofiuon it "Dogs to to 
en move. 
be For ſince C M is deſeribed in he ſame timo 
etsM i K P on this as well as the former ſuppoſition 
lo- (though this time is not now equal to that in 
WJ which BC and OK are deſcribed) the uniform 
velocities with which thoſe lines would be de- 
ſcribed in the ſame time as they now actually 
are deſcribed, will be to each other in the ſamg 
proportion on the one ſuppoſition. as on the 
other, to wit, in the proportion of the lines 
themſelves ; and this; how ſmall  ſoever - theſe 
lines be taken. But, if we take them infinitely 
ſmall, the uniform velocities, with which they 
would be deſcribed in the ſame times as they 
now actually are deſcribed will be equal to the 
velocities with which they begin to be deſcribed, 
or to the velocities of the points M and P at C 
and K: therefore the velocities of the points M 
and P at C and K will be to each other in the 

ſame 
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Hence it follows that A E, or the length of 
the line AM at the inſtant the velocities of P 
and Mare equal to each other, is exactly the 
fame when the velocity of P is variable as when 
it is ſuppoſed io be uniform, provided its firſt 
velocity in the Point O be the ſame in both 
caſes. Conſequently it holds in general, whether 
the velocity of P be uniform or variable, that 
AE, or the magnitude of A M at the inſtant the 
velocities of P, and M become equal, is equal to 
the modulus of the ſyſ tee... 
258. Tis evident this manner of repreſenting 
logarithms differs in no other reſpect from that 
of conſidering them as abſciſſes of the axis of a 
logarithmic curve than that the continual pro- 
portionals correſponding to equal lines or loga- 
rithms, are here ſuppoſed to be taken on one and 
the ſame right line, whereas in the logarithmic 
curve they are repreſented by different lines 
placed parallel to one another. For if, at the 
points O, K, P, T, 7, Sc. (fg. 77.) we erect 
the correſpondent lines AB, AC, AM, AD, Aa, 
&c. at right angles to OP, tis evident the extre- 
mities of theſe lines will be ſituated in a logarith- 
mic curve of which O P is the axis. And hence, 
that is, on account of this great ſimilitude, and 
_ almoſt identicalneſs of theſe two ways of repre- 
ſenting logarithms, Dr. Keill obſerving, , pro- 
bably, that the contemplation of the logarith- 
mic curve was ſimpler and leſs abſtracted than 
that of the two ſeparate lines AM, OP, has 
in explaining Napier's manner of conceiving lo- 
garithms 


W443 S at; 57 


fame proportion on the one ſuppoſition as on the 


7 
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rithms made uſe, of. a. logarithmic curve for 
that purpoſe, although the logarithmic - curve 
was not known till many years after lord Na- 
pers deatn. F 


% 


Of the * manner in which lord Napier ' computed 


the logarithms of bis firſt ſyſtem, commonly call'd 
Napier s gart... TT 


259. As to the manner in which lord Napier 
computed the logarithms of his firſt ſyſtem, it 
i; not mentioned in the book he publiſhed upon 
this ſubject, entitled canon mirificus logarith- 
norum; but I take it to have been as follows, 
Since the uniform velocity of the point P was by 


him ſuppoſed to be equal to the firſt velocity of | 
the point M, it follows that the firſt decrement 


of the line AM generated in any very ſhort time 
by the point M at its firſt ſetting out from B, 
muſt be very nearly equal to the increment of 
the line OP generated by the point P in the 
fame time. If therefore the logarithm of any 


particular ratio, as, for inſtance, the ratio of 


10 to 1 1s to be found, we muſt proceed thus: 


I DT 
Between AB and * AB, or looo, ooo, and 


100,000, inſert a mean proportional, which 

may be done by multiplying A B into = A B, 
"BY I 141 ©, 

ot 1000,000 into 100,000, and extracting the 

quare root of the product; and between this 


mean proportional and A B, or ooo, ooo, ano- 


ter mean proportional; and ſo on continually, 
till you come to a number that is exceeded by 
. AB, 


5 


AB, br 1000,006, by a quantity lefs than the MY din 
_ evillionth part of it, or haf T: this quantity, abo 

which" call 5, will be equal to the logarithm MN fn 
of the laſt- found mean proportional, or of the Wl «xc 
ratio of 1000,000 — q to 1000, odo. Conſe- 
quently if q be multiplied by 2, or doubled, 25 100 
often as there were mean proportionals found in 
the proceſs made uſe of to obtain it, (or as often 100 


N * Ke, I 7 4 ; 
as the ratio of AB to 70 AB, or of 1000,000 


to too, odo, was biſected) the product, which Of 
we ſhall find to be 2,302,555, will be the loga- 
rithm of the ratio of 1000,000 to 100,000, or 
of 10 to 1. And in the fame manner, tis evi- 220 
dent, we may find the logarithm of any other ¶ pute 


ratio. . 15 diffe 
Tis evident theſe logarithms are not accurately ¶ calle 
the ſame that follow from the definition given I the x 
above of Napier's logarithms, or are not the ex- ¶ incre 
act numeral values of the line OP that would M to A 
ariſe by ſuppoſing A B to be called 1000,000, ¶ wot 
and the velocity of P to be equal to the firit ve- ¶ gain 
locity of M; - becauſe the firſt increment of OP Not 
is not, as we have here ſuppoſed it, exactly equal ¶ racte 
to the contemporary decrement of A M, but Hand b 
ſomewhat greater than that decrement. But they Wir 6 
are ſo nearly equal to thoſe logarithms that-they Whit t 
will coincide with them for the firſt fix or ſeven W319, 
figures; and therefore, where greater exact. le fo 
neſs is not required, may be juſtly conſidered Mezrith 
as equal to them. And the exactneſs of this 055,5 
method of computation may be carried to and | 
great a degree as we pleaſe, by inereaſing the " ot 
ows. 


number of mean proportionals, and conſequent!) 
q | diminiſh- 


. 


x excels 0 Sf, thay: 
Kay WE * it ſhall "be" lels than 
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| miniſhing the exceſs of A B, or looo, ooo, 


above the laſt-found, mean proportional, ad in- 


faitum, (as for inſtance, by diminiſhing that 
inſtead of being lels than 


850,580 E 

rin 7&1 

AB and makip; the co - 
7500,000,000,000 * 5 8 n- 
kemporary” increment of OP. equal to it. 


of the mene in which Mr. Briggs computed the 
. Togarithms of bis fy} em. 


0 

WI The method by which Mr Briggs c com- 
puted the logarithms of his ſyſtem is not very 
different from the foregoing. It is this. He 
called AB r, and made the logarithm of 10, or 
the portion of the line OT generated while AM 
ncreaſes to ten times its firſt magnitude, equal 
0 AB, or 1, and then extracted the ſquare- 
root of 10, and biſected its logarithm, and 
gan extracted the ſquare- root of that ſquare- 
cot and biſected its logarithm, and again ex- 
racted the ſquare-root of that laſt ſquare- root 
and biſected its logarithm, and ſo on continually 
or fifty four times ſucceſſively, till he came at 
aſt to the number 1 ooo, ooo, ooo oo, ooo, 127, 
319,149, 320,032, 344.2, the logarithm of which 
be found, by the continual biſe@ions of the lo- 
garithm of 1b, to be . ooo, ooo, ooo, ooo, o, 


955.511, 151,231, 257.82 ,02. This logarithm 
and number Ee the logarithms of 


al other numbers may be determined as fol- 
lows: Extra& the ſquare-rogt of the num- 
ber whoſe logatithm 13 to be found, and the 

c „ 


E 2 
— „rr reer FFP 


Kh. 
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ſquare· root of that ſquare· root, and the-ſquares 
root of that laſt- found root; and ſo on continu- 
ally, till you come to a number that is ſo near) 
equal to 1, that its exceſs above 1 begins either 
in the 16th, or ſome lower place of figures be- 
Ir the place of units; and call this exceſs: „Nos 
Then 'tis evident we ſhall, have three numbers, : 
to wit, 1, 1 , and [.000,000,000,000,000,127 * 
819, 149, 320, 032, 344, 2, Which are all exceed- 
ing near to a ratios of equality with each other; 
conſequently the rat ios of theſe numbers to each 2 
other, and the logarithms, of thoſe ratios, will yi, 
be proportional to the differences of theſe num- Mica 
bers one from the other, that is, as 000, O00, irſt 
000,600,000, 127,8 19, 149,3 20, 032, 344, 2, (ihe 
exceſs of the laſt of theſe three numbers above. 
the firſt, or ,) is to (the exceſs of the ſecond 
of thoſe numbers above the firſt) ſo is .000,000, 
oo, oo0, oo0, 05 5, 5 11, 151, 231, 2 57, 827, oa, the 
logarithm. of the ratio of the laſt of theſe num- 
bers to the firſt to the logarithm of the rat of 
1-+9q to 1, or of the ſecond number. to the 


creaſ 
twee 
what 
equal 
tel 
45 be 


firſt. Conſequently the logarithm of the ratio lis 
of 1 +q to 1 will be obtained by this propor- owe 
tion, And when we have got the log; rithm of Miri t 
1 ＋ 9, we may find the logarithm of, the num- Wye 
ber whereof 1 +9 is the root, by multiplying their; 
the logarithm of the ratio of 1 i to 4, by 2 er th, 
as often as we before performed extractions of lnity 
the ſquare root to obtain 1 ++ q ; for this product ton, 
will be the logarithm ſou ght. ill b 
2061. Theſe are the methods by which Lord dent! 
Napier and Mr. Briggs computed their ſyſtems lieref, 
of logarithms. But the practice of them is 10 nity 
exceſſively laborious, that mathematicians ſoon made 


let about finding eaſier methods of Worn 
L * Fa * : l « _ th, -- S 0:4 wa 3 | . em; 


* 
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e bem; and they herein ſo. well ſuocceded, that by 
u- ome of the infinite ſerieſes invented by modern 
enters for that purpoſe the labour of computing 
er I de logarithm of any given number is rendered 


ol 


e- W:moſt inconſiderable. But of theſe we propoſe 


„oy more in another place. 


27 lutber manner of conceiving logarithms different 
d From any of | the fore going. 3 
i; | 1 ? 75 £ % „ % 
ch 262. Some authors conſider logarithms in the 


vill following manner. They conceive a geome- 
m- ¶ tical progreſſion of numbers to be formed whoſe 
00, irt term is unity, and the common ratio of the 
ne ems exceeding ſmall, or exceeding near a ratio 
Ve of equality; and (as, by reaſon of the flow in- 
nd creaſe of the terms, or the ſmall difference be- 

O0, ween every two contiguous terms; all numbers 
the W whatſoever muſt occur in this ſeries, - or be 
m-Wcqual to ſome of the terms of it, either accu- 
\ of Wtcly or very nearly) they conſider all numbers 
the W's being equal to ſome or other of the terms of 
10 this ſeries, and conſequently as being integral 
or- Wpowers of the ſecond term of the ſeries, or of thę 


of Miri term after unity; and the indexes of theſe 
me bowers, which, tis evident, are proportional to 
ing their ratios to unity, they make the logarithms 
a f thoſe ratzos. Thus, if the firſt term after 
3 0 


nity is 1,000,000, 1, it will appear by calcula- 


uct Aton, that the 23,02 5, 8 poth term of the Fries 
all be (very nearly) equal to 10, and conſe- 
oF wently that 10 is — 1.900, 000, Ten f 
47 lerefore 15 or the index of che firſt term after 
don ty, or I. ooo, ooo, I, or 1.000, 000, j] *, be 


made the logarithm of 1.000;z000;1)*,,. (or of its 
= A a a 2 ratio 


* 4 — EA 
N 
5 b 
* 
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ratio to 1) 23,025,850,” or the! inden of 
7.557000 59535, will be the logarithm of 
1.000,00, 1 23.025,85 or of 10. And in like 
manner, the index of that power of the firſt 
term after unity, to which every other number 
is equal, will be the logarithm. of that number. 
And thus we have a ſyſtem of Napier's loga- 
rithms. If we ſuppoſe the common ratio of 
the terms to be ſuch that there are 10, ooo, oo 
terms from 1 to 10, or that 10 is the 10,000, 
ocoth term of the ſeries after unity, and the firſt 
term of the ſeries be called y, tis evident ic 
will be equal to ye and in this ſeries it 
will appear by calculation that 3 is the 4,771 
213th term after unity, and is therefore 
94771213, and 2 is the 3; 010, zooth term afte 
unity, and therefore is = y3:97%:3*0 ;' and eve 
other number will be equal to ſome term o 
other in the ſeries, and therefore will be equal 
to ſome integral power, or other, of y, or of the 
firſt term after unity: and the indexes of theſe 
powers are proportional to their ratios to unity 
if therefore we make 1, or the index of y, or. 
the logarithm of , or the logarithm of its 7ati 
to unity, 'tis evident 10,000,000, or the index 
of yo,, will be the logarithm of y 
or of 10; 4,77 1, 213, or the index of y677%"3 
will be the Jogarithm of 5%, or 3 
and 3,010,300, ot the index of 5% 
will be the logarithm of y3-229399, or 2. And 
like manner the index of that power of y, or 0 
the firſt term after unity, to which every othel 
number is equal, wilt be the logarithm of tha 
number. And thus we ſhall have a ſyſtem o 
Briggs's logarithms. He 1 
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263 . Ober ait e +, Bri 
Pg in a ſomewhat 8 
being the indexes . Hh — pawers of 5, to 
which the numhers w V. are the logar. 
iithms are equal, POL as * "tis indexes 55 
the powers Wel 52 or fractional, of the 
number 10 to which. the numbers whereof they 
are the logarithms are equal: for to ſome power 
of 10, either af e or fraftional, tis evident 
every number mult; be equal. They conceive 
s before, a geometrical i progrefſi n to * form- 
ed, of which unity is { term, and. the 
common ralio of whole. terms is ſuch that the 
10, oo, oooth term ;, of the ſeries after unity is 
equal to the number 10, and conſequently that 
the 4,77 1, 213th term after unlty 1 Ts) and 
the 3, 010, 3opth term after unity is 2: but 
they do not conſider 10 às being the 16,000, 
oooth power of the firſt term after unity, or as 
being = 5e o, and 3 as being — gb. 

and 2 as being — $3973, or refer all the terms 
of the — to the firſt term , but refer 
them all to the number 10, or the 10, ooo, oooth 
term of the . and conſider „ as eing. = 


1 | I 
10756051008, or 10 : - and” 3 as being 
= y+ 771. 273, Tate = o ener. 417714213 2210 OY IX44772, 2235 


— —— 


$4 4* 
= 10773, and 2 as being..C =? 3:915,J00 == 
10 co oo, N 1100 — 1099) Nor X 3,010, 00) u 120 Wr 
and in like t manner, every other number as Bos 
ing equal to ſome power, either integral or frac- 


tional, of the number 10. And the indexes. of 
8 5 theſe 


" * — * 
* 5 
. 0 
”; 
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theſe powers of 10, which it is evident are every 
here proportional to their 747705 to unity,” they 
make the logarithms of thoſe ratios; chat is Ml fi 
they take 1, or the index of 10, or 10*, for the g 
I8garichm of 10, or the ratios? of 10 to 1, and fill 
conſequentiy 477, 121, 3, or the index of ch 
10. s, for the logarithm of 0j or 3, il c: 
and . 301, o30, or the index of 10˙307, 0 ©, for the b. 
Fogarithm of 10. %, and in like manner the pa 
index of that power of 10 to which every other 
number is equal for the logarithm' of that num- 
ber. : And thus we have again a ſyſtem of 
Briggs logarithms : for, the difference between 

. theſe logarithms, and thoſe found in the laſt ar- 
ticle being only in the places of the figures that 
compoſe them, and not in the figures them- 
felves, they are, as has been already obſerved, 
always conſidered as one and the fame ſyſtem, 

and are called by the fame name of Briggs's lo- 


- 


. n nie I 
Recapitulation of the moſt. materia] properties of 
Jogarithms that have been mentioned in this dl. 

gertation. big e 
264. But of all "thoſe different methods of 
conceiving logarithms that which was given 
above at the beginning of this Diſſertation ſeems 
to be the ſimpleſt and the cleareſt, to wit, that 
they are any quantities that are proportional to, 
or meaſures of, ratios; or, when they are to be 
conſidered as numbers, that they are the names, 
or numerai expreſſions of ſuch quantities: this is 
the moſt general, clear, and ufeful idea that can, 
as I apprehend; be formed of logarithms, and 
the only one that need be remembered. As to 
what further is moſt material to be remembered 
* | | con- 


— 


7 "my | 
ery I concerning them, it may, I think, be reduced Ill Wi 
hey. WW to this, to wit, that there are two\-geometrical If | | 
is I figures more particularly fitted to exhibit theſe It 
the quantities than any other figures whatſoever, ts Ih! 
ind vit, the hyperbola and logarithmic curve; and 111108 

of WW therefore that, when areas are conſidered as lo- I 
3, W excithms, or meaſures: of rats,” we ought to 
the Wl have recourſe to the former of thoſe figures, and 
the Wl particularly to that ſimpleſt ſpecies of it, the 
her tectangular, or equilateral, hyperbola; and, 
m- vhen. we make uſe of lines for that purpoſe, we 
of ought in general to refer them to the latter figure, 
een or the logarithmic curve; that the parallelogram 
ar- of an hyperbola is every where of the ſame 
hat Wl magnitude in the ſame hyperbola, and the ſub- 
m- WM tangent of a logarithmic curve is every where 
ed, ¶ of the ſame magnitude in the ſame logarithmic 
m, ¶ curve; that the parallelogram of an hyperbola' 
lo- neaſures the ſame ratio in that hyperbola as the 
ubtangent of a logarithmic curve meaſures in 
_ that curve, or that the ratio of the ordinates in 
A hyperbola that bound any aſymptotic area that 
sequal to the parallelogram of the hyperbola is 
aqual to the ratio of any two ordinates to the 
of ais of a logarithmic curve that intercept a por- 
ven ton of the axis equal to the ſubtangent; that the 
ms parallelogram of an hyperbola and the ſubtan- 
hat gent of a logarithmic curve are, each of them 
to, Wi its particular ſyſtem of meaſures or logarithms, 
| be equal to the fourth proportional which Mr. Cotes 
mes, tas called the modulus of the ſyſtem ; and that 
s:15 the ſyſtem of numeral logarithms, (or names, or 
an, W'umeral expreſſions of the meaſures of rats) | 
and Winown by the name of Naprer's logarithms, and 
to bmetimes alſo by thoſe of natural and hyperbo- 
red le logarithms; is that which reſults from ſup- 
on- 5 poſin 2 


1 ; N 3 
» 
; 7 
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poking the perallclogram of an hyperhola, or he 


luhtangent of a logarithmie cutve, or in a 
ral, the mide/us of any ſyſtem of vl vp 4 
be es eras» is the n 
only ſigniſicant figure; and tht ſyſtem of mM. 
0 * ogari hi : uſualhy known; hy the name of 5 
each other in the proportion of 20 to 1, ur the t 

abſciſs of the axis of a logarithmic gurve that is b 
intercepted. between two-ordinates- that are. w l. 
each other in _— of 10 to 1, or, in Ye 
general, the meaſure of the ratio: af 10 tat in My 
any ſyſtem of logarithms to be called; r, or fome top 


number wherein 1 is the only ſignificant figure. 
265. Note, Though natural and hyperbolic 
logarithms are often underſtood to mean the 
ſame ſyſtem of numeral logarithms, to wit, Na. 
pier s, yet fome authors, I find, diſtinguith them 
one from another, giving only the name of by- 
perbolic to Napier's logarithm, and calling thoſe 
logarithms natural which ariſe by divi ſing all N ati 
Napier's, or the hyperbolic, logarithms by 2; 
thus, according to theſe writers, 2.302, 58 5, Ge. E:4 
is the hyperbolic, or Napier's logarithm of 10, and 
7 va or 1.151, 292, Ge. is the natural. 2 
logarithm of 10. But this diſtinction, I believe, 8 
15 not a common ne. F 
266. I have now gone through all I propoſed 
to fay concerning logarithms, great part of which Wy A 
has been added, not ſo much to explain the era 
nature of theſe quantities (which, I hope, has, 
been done with tolerable perſpicuity in the for- dat 
1 mer 


1 
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wer part of this dnedurſe) as to) ſatisfy the cu- 
rolity of thoſe who might*be'defitous of know- 
ing in what manner the firſt inventors; and ſe- 
reral other writers WhO have <bnfidered this ſub- 
jet, had Conceived of them, and of "ſeeing the 
connection of thoſe ſeveral different eoncep- 
tons of them one with another. With this 
new all the articles from Art. 243, to the pre- 
ent article have been compoſed, and they Will, 
it is hoped, contribute to cilitate to young be- 
ginners the peruſal of ſome of the moſt curious 
reatiſes upon this ſubject, particularly Lord Nu- 
er's canon mi rificus logarithmorum, Mr. Mac- 
lurins account of logarithms in the 6th chap-- 
ter of the firſt book of his fluxions, and Br. 
Keilbs, Dr. Wallss, and Dr. Halley's treatiſes 
of logarithms. Thoſe therefore who are not 
deſrous of knowing all theſe particulars con- 
crning logarithms, which, it muſt be confeſſed, 
ae not neceflary to the underſtanding” them, 
yould do well to give theſe laſt mentioned' ar- 
ticles, to wit, from Art. 243, to the preſent 
rtcle, but a fight and rranitory reading. 


End of the diſertation on the nature and. 5 Y 
logarithms. 


267. We now proceed to ads * Co 
Fa itſelf, we gave riſe to this very long diſ- 
ſertation, or to ſhe W that the variable line that is 
generated by the motion of a point that begins 
o move at the fame inſtant, of time that the are 
RA (fg. 66.) and tangent RP begin to be ge- 

erated, and continues to move during the 
whole time of their gene ration with a velocity 
dat is to the velocity of the point that generates 
B b b the 


362 E . B/M EN Th 7 'G.. 
the comment RP as, EV to FI 7 ne ſhe * 


CA to the ſecant CP, Is; ual to ogarit 
ot the ratio of the ſum Mp . zag C he 
gent RP to the radius CAin,alogarit mic curye, 
whoſe ſubtangent js the radius, . or is £qual 
to the portion of the axis of, ſuch a logarithhic 


curve ot pted between two i 1 
of the leſler * is equal to the radi s.CA, and the 
greater to the ſum of the aa P, and tangent 
RP. Now this my. be thewn in the following 
manner. kt Hh 

Put y for a line that is, 71627 5 equal to. 
the ſum of the tangent; R P and exceſs PA 
of the ſecant. C P..above. the radius * A, 
and V for the line that is generated by. 1 the 
velocity PV. Then 'tis evident, that the lines 
„ and v will be two riable ling es, that both be⸗ 
gin to be generated from nothing at the ſame 
inſtant of time, to wit, at the inſtant the are 
R A begins to be generated, and increaſe toge- ©* 
ther continually ever after, and the velocity of y 
will be to that of v.at every inſtant of time during 
their generation, as PT4- TV, the infinitely ſmall 1 
incrementof I, to PV, the contemporary increment Ml ' a 
of v; and therefore, on account of the ſimila- 10 
rity of the triangles PTV, CPR, as CP + RPF by 


to CA, or EO + PA +RP to CA, that is, al . 
CA y is to CA. We have therefore a variable 
line v k iner from o at the ſame time that . 
another variable line CA + Fr increaſes from a of 
certain given magnitude CA to a greater mag "i 
nitude CA 8 y, and the velocity of he increaſe 418 
of CA-+y is to the contemporary velocity ol 155 
the line v at every inſtant of time during the! Wie 


generation as the magnitude of the line A . 
2 


ty of the line y, or, the ſum of the velocit 
the ſecant and tangent; for if this pe done, 


* 7 7 
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jt that inſtant ef time 9 t6 the piven The CA! 
{t follows" chert fore From #2! 265; that the 
line v is edu to che abRIR Of the Axis f a'164 
garithmic e ufve whoſe” fübtangent is the given 
ine CA thatl®is intercepted Bᷣẽtween two ordi- 


nates, whereof the leſſer Is equal to CA, and the 

greater to O 4 5,168 OPA RP; or the Hine 
is equal to the logarithm of the rh Uf CP 
+ RP, thef ſumcof the ſecant and tangent, to 
CA the radius of the circle, in à logarithmic 
curve HU ſübtangent is the radius CA. 
EDP. „ , 
208. Id was ſhewyn in Prop. 23, that the ratio 
of the ſum pf hg ſecant and tangent of a circular 
arch to the, rndius, is equal to any one of the 
following, gagios z to wit, the ratio vf the ſum 


3 


of the radius and fins ta the coſine; that of the 


radius tothe difference of the ſecant and tan- 
gent; that of the coſine to the difference of the 
radius and, fine; and,: that. of the radius, to the 
tangent, of alt, the complement of the given 


arch to a, quadrant. It follows therefore, that 


a 4 


the line; v.zs egual to the logarithm of any one 


10 thels ratis, as well as to that of the Faris of 
the ſum gf the ſegant and tangent to the radius, 
in a logarithmic curve, of which the radius CA 
is the ſubtangent. WER 

269. It Will be 


19 


RN NI 
conſiderable uſe in many 


matacmatieal inquiries to determine the relations 
of the yelogity of the line, v to the velocities of 
the other ines in a circle as well 8 to 5 


ie velo- 
e velocities of 


: 


— 


W. Po "gn 1 1 f 5 } | SS 
obe de tb glei dee 
problem, a line occurs that is related to any one 


B b b 2 of 


of Taken nba to 4 "de; in —— manner 
ö here deſcribed, we ſhall be able to conclude im- 
mediately, mwakoaot any. further. reaſoning . upon 
it, that it is equal to the logarithm of any one 
of the ratios mentioned in the laſt article in a 
logarithmic curve of which OA, the radius of 
the circle, is the ſubtangent. a — Wn YOu 
that in Fig. 60, we havee 1 
R: PT :: CR: CP :: CD- 0A. 
PV: TV: : CR: RP :: OD: DA. KY 
FPV: BD :: CPA: CRxRP:;:CAg!: conan 
PV: Aa :: CP: CR : CA; CD. 
And PV: 46 :: : CPg :: CR ü CAg t CDg... 


"That is; the velocity of the line v is to that of 
the tangent RP as the radius to the ſecant, or 
coline to the radius; to that of the ſecant as the 
radius to the tangent, or coſine to the ſine; to 
that of the verſed ſine, as the ſquare of the ſe- 
cant to the rectangle under the radius and tan- 
gent, or as the ſquare of the radius to the rect. 
angle under the ſine and coſine; to that of the 
arch as the ſecant to the radius or radius to the 
coſine; and to that of the ſine as the ſquare of 
the ſecant to the ſquare of the radius, or as the 
ſquare of the radius to he by as. of the coline, 


Of the figures if tangent and fieants, 


© "290, "We ſhall now ſhew in what manner 
the A ares of tangents and ſecants may be te- 

duced to certain aſymptotic areas of an hyper- 
bola, and conſequently their areas of an h per- 

ö termined by the help of a table of logarithms; 


for it is evident from the foregoing articles that 
"ovary 


N 


— 
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ry aſymptotic area in an hyperbola -may+bs 
* — Tt the help of ſuch a table. 
271. In the quadrant n of a 
arcle whoſe center is C, and radius A, 
take any arcs A Ks A G, "A A: N. $1 and draw 
their tangents AF, AH, AO, and ſecants 
(F, CH, CO. Then, if the right line 4 & in 
fe. 79.) be taken equal to the quadrantal ar 
AB, and the portions of it, ae, ag, an to gh 
aches AE, AG, AN; and at the points e, g 
he erected the right lines T, gV, np, at right 
angles to the line ab, and teſpectively equal to 1 
the tangents AF, AH, AO, and at every other ' 
point in the line 4 n a perpendicular. line equal 
to the correſponding tangent in the cirele CAB; 
and the curve aTVp be drawn, in which the 
extremities of all thoſe perpendiculars are fitus I! 
ated ; the figure 4 TVyna is called the figure! of 15 
tangents. And, if the right line a & (in 75 80.) Fit 
be taken equal to the quadrantal arch AB, and 
the portions of it, ae, dg, an, be taken equal to 
the arches AE, AG, AN; and at the points 
, g, n, be erected the right lines, e d, g a, #6, 
at right angles to the line a6, and reſpectively 
equal to the ſecants CF, CH, CO, and at every 
other point in the line 4-2 a perpendicular equal 
to the correſponding ſecant in the circle CAB; 
and the curve Ddad be drawn, in which the 
aremities of all theſe perpendiculary are fitu- 
aner I ated ; the figure aDdaJze is called the figure of 
ant... 9%% J 1 SN 
per- 272. Let VT Ag. 81.) be a reftangular, or 
per- ©quilateral, hyperbola, whoſe center is C, vertex 
ms; V, and aſymptotes CQ and CK; and let the ſemi- 
that WW tranſverſe axis CV be equal to the chord of the 
* quadrant 
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qdadrant AB:-gf the circle CaB. 1 Then 
evident, that if; from the vertèx V we draw the 
ordinate Vn parallel to the aſymptote & O thi 
_ofdinate' wilt: be per perpendicular to tlie ther 44 
Fymbptdte: CK and will be equal to the ortic 
it Ca, and cath of ' theſe. 15 Va, Coin 
hyperbola'JVT”' will be equal to the ads g 
of the circle CAB, and canſe- equently the rect 
aflgle under them, or the par walleleg z hf of the 
h Rn will bs: 6qual to” the ſquare” of "the 
8 FR 4 2 33 $5995 * 
* 299 Now: the fig hve of -tangenit IV} 7 
tofteſponding to the *rcutht arch AN, is equz 
lee logarithm'of the ratio of the ratlius CA 
to the 5 the arch AN meaſtred in this 
hyperbola; or tothe aſymptotic area intetceptes 
between any two ordinates in it that are to eat 
other in the proportion of the radius CA to the 
boſine of che Ars AN; 4s may be khus demon 
Rrated. 

Drav- the fine Ns of the circular arch AN 
150 in the afymptote Ca of the hyperbola IV 
take C equal to the coſine CS of the arch AN, 
and through the point s in the aſymptote Ca 
draw the ordinate 5 meeting the hyperbola in 
Then, ſince, by the DROhEry of the aſytyptotes | 
is to Va as C to Cs, and Ca and Cs are te © 
ſpectively equal to the radius CA and coſine Co 
it follows that the ordinates d, Va are tò eac 
other in the ſame proportion as the radius C- 
and coſine CS. We are therefore to ſhew that 
— figure of tangents 4TVynaà is equal to the 

ptotie area Va . 18 betyreen thx p 
ordinates $50 ind 295 ben an 4 


iS 3 £1 1 9 $/ "#81 £33 IS 
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In the circular arch AN take 4H point . of 


te tangent, and © CM the ſecant of the arch A 
h the line an (fs take 1 equal to te 1 


md f rom draw 'the line 27 5 to 
neeting 7 5 in 9. Laſtly, in the aſymp 
Uke 6 7 equal 2 the infinitely fall ah 2 
R of the coſines ES, CR ys 


\fmptote draw the ordinate. Pt the 


= A M, and 4 Q X x V's =C Aqvzs 


Th 5 & i glod 
OM. Therefore 7 & is to TK 40 C M t A. NM. 
was CL to L. „ 5 But, by Art. 162, 45 15 
bsr (or L N to SR) as UW: to ER. There 2 
4: IH: IA , whence R X I is = 2 
x 57, But becauſe the ordinates s 8, 7 3581 af 
lyperbola J V T ate.infinitely near.to each o 
t elle that the rectangle ? 4 Nr is equaF 
the mixtilinear area Fr d; and for he fame 
reaſon the rectangle IE ln in the figure of 
tangents a LVyna is equal to the,mixtilinear Arta Area 
Tr p. Therefore the mixtilinear area E An 55 
s equal to the mixtilinear. area d s r e And in 
Co the ſame manner it may be ſhewn that, if 1 
figure a T Vp a be divided, by. otdinates 
CA drawn infinitely near to each other, into an In= 
tall finite number, of ſuch little areas as E I 5. and 
the he aſymptotic area 9g a V be divided into the 


cha bme number of ſmall areas, ſuch as f 7:4; core 


reſpondin g to thoſe vf the figure a I Vyn a, every 
ittle area in the one figure will be ; equalite-the 


E „ eprteÞ 
© 


intely near to Wh and draw'ER'the fine AM 


. — — — 
— — 2 jͤ . N 


jnitel 0 weten NI. 2 draw the eee | 


ches AN, AL, and through the * 3 


rel dele ind; and from 4 gers de Tine . 
rallel to C a, meeting s d in r. Then will Be 


of 22 = 4 9 F : b 
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=_— _- _ Correſponding little area in the other figure. Con⸗ 
| © Tequently the Whole figure 4 LV p n @ is equal 
to the whole figure $5 aV. QED... 3-7 
274 The figure of ſecants .@ Da dn a,  corre- 
ſponding. to the circular arch AN, is equal to 
the] lagarithm. of the ratis of the ſum of the ra- 
dius C and fine NS to the cofine CS meaſured C 
in this hyperbola, or to the aſymptotic-area in- 0 
tercepted between any two ordinates in it that Wl c 
are to each other in the proportion ot CA NA ; 
to C 8; as may be thus demonſtrated, \  _ 
Take aN (in fg.81.) equal to the fine NS, and 
thro N draw the ordinate Ne meeting the hyper. 
bola in a; and, by the property of the aſymptotes, 
a will be to Nn as CN, or Ca+aN, to Cs, and 
conſequently as CA+ NS to CS. We are 
therefore to ſhew, that the figure of ſecants 
4D Jn a is equal to the aſymptotic area J NI 
intercepted between the ordinates s 4 and Nn. 
In the right line 2 u (jg. 80.) take u] equal to 
the infinitely ſmall arch LN, and draw the or- 
dinate'/y; and from y draw the line 5 p, paral- 
lel to /, meeting n in p. From L in the cir- 
cular arch A B draw the line L P, parallel to 
CA, meeting NS in P. And laſtly, in the 
aſymptote C N (g. 81.) take N a equal to NP 
the infinitely ſmall difference of the fines NS, 
LR, and draw the ordinate a /; and from 
draw the line In, parallel to x N, meeting N 
(produced) in . Then, by the property of the 
alymptotes, we ſhall have Ca: Ca:: Va: A5 
195 90 TA i } Ca x VA CaxVa _ 
ut conſequently x7 = 25" = Ln. 
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ul C Therefore IX N i E 1 
re i = CA CAR AN LN 
CAg 


” 


'f + 


to | | 
1 * — CA — L — 0 * - + 
ted MAM * —CM-+AM * LN = 


in- MAM x LN =CM x LN — AM x LN. 
hat Conſequently CM x LN, or its equal the rect- 
NS angle /y XI in the figure of ſecants Dada, 
M:=AMxXLN AIX. But Aux LN is 
and f equal to the rectangle JK X I M in the figure of 
per. tangents T Vpna, or, by Art. 273, to the rect- 
tes, angle 4 x 57 in the hyperbola VT. There- 
and pre the rectangle 17 X In in the figure of ſe- 
are I cants a Daòna is equal to the ſum of the two rect- 
aut angles d xX gr and a / X AN in the hyperbola 
Ne VT. But, becauſe the ordinates /y,.z (in 
. Wir. 80.) are infinitely near to each other, the 
al to :Qangle // X In will be equal to the mixtilinear 
| may /ndg; and for the ſame reaſon the rect- 
ugles 1d x $7 and a7 x aN will be equal to 
he mixtilinear areas qr d and /a NA. Con- 
quently the mixtilinear area 1d in the figure 
a ſecants Daqdua is equal to the ſum of the two 
nixtilinear areas 4s rd and x Nn in the hy- 
perbola VT. And in the ſame manner it may 
be ſhewn, that if the figure Dadua be divided, 
y ordinates drawn infinitely near to each other, 
nto an infinite number of ſuch little areas as 
In d, and each of the aſymptotic areas Id a V 
ud Va Nu be divided into the ſame number of 
inall areas, ſuch as 95rd and Ix N n, correſpond- 
ls to thoſe of the figure a Dadha, every area in 
ec S e 
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. if 
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tions, that the figure of ſecants'aDadna is equa 


gents I Vpna and the alymptotic area $59 V. 
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the figufe Dadua, will be equal to the ſum 0 
the two correſponding; little portions of the; 
ſymptotic areas 45 4 and IXN u. Conſe 
quently the whole figure of ſecants DAA 
equal to the ſum ef the two dſytnptotic area 
J V and VA IN u, or to the aſymptotic are 

275. It follows from theſe two - demonſt; 


to the ſum of the correſponding figure of tan 


276. And, becauſe, by Art. 213, the alymp. 
totic areas correſponding to the ſame ratio in dl. 
ferent hyperbolas are always in the ſame pro- 
portion to each other as the parallelograms of 
thoſe hyperbolas, however the ſpecies of thoſe 
hyperbolas, or the proportion: of their axes, may 
differ one from the other, it follows that the 
Agure of tangents 41 Vynd correſponding to an 
given circular arch AN is equal to the loparith 
of the ratio of the radius of the circle to the co. 
fine of that arch in any hyperbola whatſdeßef 
(as well as a rectangular one) the parallelogram 
of which is equal to the ſquare of the radius 
the circle; and the figure of ſecants aDadna cor 
reſponding to any given circular arch AN is 
equal to the logarithm of the ratio of the ſum 
of the radius of the circle and the fine of tha 
arch to its coſine, or to the ſum of the logarithm 
of the ratzos, of the radius of the circle to the 
cofine of that arch, and of the ſum of the radius 
and the fine of that arch to the radius, or laſtly 
to the ſum of, the figure of tangents aT Vpnd 
correſponding to that arch, and the logarithm d 
the ratio of the ſum of the radius of the circh 
and 


one) the paraliclogram of Which is equal to the 


(uare of the radius of the circle, 


'277. The figures of tangents and fecants are 
widently infinite in length, or the points u (in 


* N 


points 6 that the diſtances of the curyes aTVpy 


+ - - 
4 


ind aDady from their baſes at thoſe points, or 
the lengths of the ordinates 3% xg, ſhall be a 


For, as the ar ch AN may be taken ſo nearly 
equal to the quacrant AB, that its tangent A0 
and ſecant CO ſhall each of them exceed any 
ſigned line, whatſoever, and the whole baſes 
are equal to the quadrant A B, the abſciſſes 
n to the arch AN, and the ordinates 28, ns 
to the tangent A O and ſecant C O, it follows 
that the abſciſſes @ n may be taken ſo nearly 


yhatſoeyer,, EDU. pF 
ines & * perpendicular to them, the u 


$ 1 * 
: — 
* 


aTV py and D ad will approac 
to theſe. perpendiculars, and may be made to 
come ſo near them, that their diſtance. from 
them ſhall be leſs than any aſſigned line whatſo- 
erer, but will, never actually meet them; or, in 
other words, rhe perpendiculars þ x are a/ymptotes 
t the curves T Vpy and Dadſů p. 


* 
q y # 4 1 


continually 


# 


279. Further, the figures of tangents and 
ſecants are infinite in magnitude as well as in 
length, or the abſciſſes 4 M (in 5g. 79 and 80.) 

| REES may 
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jr. 79 and 80.) may be taken ſo near to the 


greater than any afligned length Whatſdeyer. 


equal to the whole baſes 4 56 that the ordinates 


278. Hence it is evident, that if, through the 


* 


i; . 
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may be taken ſo nearly equal to the Whole baſes 


4 6 that the ateas T Von and Dadua ſhall each 


of them be greater than any aſſigned area how 
great ſoever, For fince theſe areas are equal to 
the logarithms of the ratios of the radius C A 


to the coſine of the arch A N, and of the ſum 


of the radius and the ſine of that arch to its co- 
ſine, in any hyperbola, as q VT, the parallelo- 
gram of which is equal to the ſquare of the ta- 
Hus c A; and the arch A N may be taken ſo 
nearly equal to the quadrant A B that the ratis 
of the radius to its coſſne, and, à fortiori, the 
ratio of the ſum of the radius and its fine to its 
coſine, ſhall be greater than any aſſigned ratio 
whatſoever, and conſequently that the logarithms 
of theſe ratios, or the aſymptotic areas in the 
hyperbola d VT that meaſure them, ſhall be 
greater than the logarithm of any aſſigned ratio, 
or than the aſymptotic area in that hyperbola 
that meaſures any aſſigned ratio; and the lines 
a b are equal to the quadrant AB, and the ab- 


ſciſſes a 1 to the arch AN; it follows, that the 


abſciſſes a ½ may be taken ſo nearly equal to the 
lines a 6 that the areas aTVpna and aDadne 
ſhall each of them be greater than the aſymp- 
totic area that meaſures any aſſigned ratio how 


great ſoever in the hyperbola VT, and conſe- 


quently than any aſſigned area how great ſo- 
ever. QED. N 5 
280. The curves aTVpy and Dad y of the 
figures of tangents; and ſecants 4 T Vyna and 
a Daoͤna are convex towards their baſes 46; 48 
may be thus demonſtrated. Let the arc E G be 


ſuppoled to be equal to G N, and cog 
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the portions e g of the abſciſſes a in fig: 79 
Draw 


and 80) to be equal to the portions g 1. 
the ordinates T, gV, np, and ed, ga, nd; and 
the chords Tp, 48, cutting the middle ordi- 
nates gV, g « (produced, if need w in h and 
n. From V draw VI, parallel to a5, meeting 
1þ in N, and from T draw. Tz, parallel to'a &, 
meeting gV inf and np in z; and in like man- 
ner from @ draw @ 0 parallel to'ab, meeting a 
ind, and from 4 draw 4@, parallel to a b, meet- 
ing g a in , andnging =» * 
Then it is evident, in the firſt place, that we 
ſhall have 2 V ( gV —gt — gV —eT —AH— 
— AF) = FH, and fIp (= p — m1 = — 
V= AO-AH) = HO. But, becauſe the arcs 
EG, GN are equal, tis plain HO will be greater 
than FH. Therefore II» is greater than V, 
and contugyently fV is leſs than half the ſum of 
ny and V, or than half 2p. But from the 
ſimilarity of the triangles hr T, pm T, it follows 
that t h is to gpas Tr to Tr, oreg toe n; and 
eg is half of e n; therefore 7 þ is half of , and 
W is greater than V. Therefore the 
arch T' falls below its chord, or is nearer than 
its chord to the vaſe a b, and therefore is con- 
rex towards that baſe ; that is, the curve of the 
Vp of tangents is convex towards its bale. 
D. 1 F: #1 to 

Secondly, *Tis plain that in Fig. 80, we ſhall 
hare 2 ( g - g= g - ed) = CH — 
CF, and % (und — nf =n&—g a) = CO — 
CH. But, becauſe the arcs EG, GN are equal, 
it follows, from Prop. 24, Corol. 3 and 4, that 
CO— CH is greater than CH- CF. There- 
fore 88 is greater than a, and conſequently 8 
is 


- eg ont > = no eve. „5 


* * ” 
* 
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| is less ha half the ſum of bd and ga, or than 
8 half G0. But, from the ſimilarity of the triangles 


m4, d ꝙ d, it follows that 5 in is to ꝙ das ds 


wks. or eg toe; 90 is Pa, of, en; 


therefore s m is half of ©. , and conſe uently 
is greater than ga. Therefore the arch 55 95 fall 


below its chord, or- is nearer than its ord to 
Wards 
that baſe; that is, the curve of the g of | 


the baſe 4 b, and therefore, is. convex 


ſecants is convex towards its baſe. 

281. If, inſtead of the arch A N. We make 
its tangent A O the baſe upon which we erect 
the ſecants perpendicularly, the curve that will 
be thereby formed, or in which the extremities 
of all the ſecants will be ſituated, is a rectangular 


hyperbola, whoſe axis is equal to the diameter. of 


the circle CAB. Let the right line 4 0 (ig, 
be equal to the tangent A O, and the 
* it of, à b, a E, a m to the tangents 
AF, AH, AK, AM; and at the points a, 
55 þ, m, o, erect the perpepdiculyrs aD, T6, ht, 
kd, me, og, reſpectively equal to the radius 5 
a the ſecants CE, . CK. CM. 125 5 


r 


CAB. For tis evident, from 55 generation of 
this curve, that the 1quare of every perpendicu- 
lar to the baſe 2 0 is equal to the tum of the 
ſquares of the correſponding abſciſs of that baſe 
and of the line aD; thus, 4 4 % is 11 58 CK 
AK + Cag) =akg+eaDg; which 1s the 


| Property of an i e whoſe ver- 


ter 


4 \ « 
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er is D and center 4, or hole. ſemi-axis is 4, 
and therefore is Eq daf to the radius CA, at 
conſequently its RAE axis to * or the fla 
meter, of the circle CAB. QED. pede; 
282. 18 manner of generating an Seits | 
teral hyperbola, by deriving it from the circle, 
we have here mentioned, partly as a previous 
ſtep to the demonſtration which we ſhall Juſt 
now gie Of 4 very curious and remarkable afia- 
logy be etween the external area 4g of an equi⸗ 
lateral by Perbola and the curve of a parabola, 
and part 4 an inſtance to ſhew, that the pro- 
jerith of the lines belonging to a circle, may be 
of uſe in determining thoſe of other eats: 
with which one would not at firſt fight imagine 
it was ſo nearly connected: indeed, not onlythe 
equilateral hyperbola, but alſo ellipſes and pa- 
rabolas may be derived from the circle: by very 
eaſy and obvious methods; for, from the equa- 
lity between the ſquare of the chord of a circu- 
lar arch, and the rectangle under the verſed fine 
of that arch, and the diameter of the circle, it 
follows thats if the chords of a ſet of circular 
aches be placed at right angles to the, diameter 
of the cirelè at the extremities of the reſpectiv we 
rerſed fines of thoſe arches, or in thoſe points of : 
the diameter where the fines of thoſe arches 
meet it, the extremities of thoſe chords wilt be 
ituated 3 in the curve of a parabola, whoſe p prin-. 
cipal parameter is equal to the diameter * the 
circle; and *tis well known that, if a FOR ot | 
lines, or of lines drawn perpendicular to a giver 
dameter of a circle, be all either increaſed © „ Or, 
iminiſked in the fame proportion, the curve 
that 


% 7 
4 


that will be thereby formed, or in which: the 
extremities of theſe lines will be ſituated, will 
be an ellipſe. And in like manner, many other 
uſeful curves may be derived from the circle, to 
the ready underitanding of which, the know. 
ledge of the properties of the lines belonging to a 


— 


led? 
805 will be found extremely uſeful, 
283. Another thing to be obſerved concern- 
ing the foregoing manner of generating the hy. 
perbola Day, is that it is as good and as eafy a 
practical method as can be deſired, 0 actually 
deſcribing a rectangular hyperbola, by finding 
as many of its points D, 5, c, d, &c. as we 


pleaſe. ON | 
4 | f x 185 { 8 
* - „ * - 
* : 


1 


A remarkable analogy between the external area 
a rectangular hyperbola and the curve of a 


284. The analogy juſt now ſpoken of be- 
tween the external area aDgo of the rectangular 
hyperbola D4y and the curve of a parabola is 
this. If in the parabola GVH (Vg. 83.) whole 
vertex. is V and focus F, and whole parameter is 
equal to aD the ſemi-axis of the hyperbola Day, 
we take the ordinate GH to the axis equal to the 
abſciſs a 0 of the ſecond axis of that hyperbola, 
and cutting the axis of the parabola in E; the 
parabolic arch G V will be to the ſemi-ordinate 


GE, and conſequently the parabolic arch GVH. 


to the whole ordinate GH, in the ſame propor- 
tion as the hyperbolic area aDgo to the rectangle 


under the abſciſs 4 o and ſemi-axis @ D; or, if 


4VF 


of 


nal! 
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Be IVF is — 4D; and GH is == 4 0, cee t, 
10 WH GH:: aDgo : ee 11 453.03 

r Conceive the parabolic. e GVHG. , 

o be divided into an infinite number of infl--; 

mtcly {mall parts, (whether equal or unequal, is 

nſequence) by the ſeveral ordinates to 

he Kis, tu, rs, rs, rs, & of which let f 


1 e the ofdints: next above the\bafe GH. Take 
f * the portion am of the line 20 equal to the ordi- | 
a nte / v, and the following portions of à o, to 
: ) Writ, az, a2, az, &c. equal to the following 
ng erdinates Fs, rs, Fs, &c. and through the ex- 


tremities , 2, , 2, &c. of theſe portions 
fa 0 draw the ordinates me, 2, 2p, ap, GC. 
neeting the hyperbola in e, p. P, p, &c. From 
D, the vertex of the hyperbola Day, draw DP 
prallel to 40, meeting og in P; from t, the 
extremity of the ordinate 2 v, draw f I, arallel 
b the axis EV, meeting the ordinate GH in , 
nd from the ena 7, r, r, &c. of all che 
der ordinates 2 75s,” 7s, &c. draw lines pa- 
nllel to the axis EV, meeting the next lower 
edinates in the points 5, 6, b, &c. and con- 
ceiye theſe lines to be produced till they meet 
he loweſt ordinate G H in the points 7, 1, n, &c. 
Tis evident, that by this means the hyperbolic 
rea aDgo, and the rectangle aDPo will each of 
nem be divided into the fame number of infi- 
litely ſmall parts by the ordinates m e, 2p. 2p, 
, &c. as the parabolic arch G V is divi ed. in- 
o by the ordinates to, rs, rs, rs, &c. and the 


45 kmi-o:dinates GE by the lines ., Fn, VI, rn, : 
ie kc. If therefore we can ſhew that the inuanely 


ſmall mixtilinear area e go m is to the infinitely. 
mall rectangle n P in the lamps proporion as the 
D inbnitely 


* 
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infinitely ſmall portion G f of the . hs 
GV to the infinitely ſmall portion G /of the ſemi. 


ordinate G E, and that every one of the following 


mixtilinear areas P e m , pp x a, &c. is to the 


correſpondent portion of the rectangle 40 Po inf 


the ſame proportion as the correſponding portion 
tr, or rr, of the patabolic arch GV is (to the 


| aiffaecence th or r hof the halves of the two con- 
tigudus ordinates fv and 7 5, orr s and rs, be- 


tween which that portion of the arch GY 
is intercepted, or) to the correſponding , por- 


tion In, or un, of the ſemi-ordinate G E, if 


will follow that the ſum of all the mixtilinen 
areas eg o m, pe m, pp 2, &c. will be to 
the ſum of all the correſpondent portions of the 
rectangle D Po, in the ſame proportion as the 
ſum of all the infinitely ſmall portions Gt, tr, 
rr, &c. of the parabolic arch GV, to the ſun 
of all the portions G1, In, un, &. of the ſemi 
ordinate GE; that is, the whole hyperbolic are 
aDgo will be to the whole rectangle aDPo in the 
ſame proportion as the whole parabolic arch G 
to the whole ſemi-ordinate G E, and conſe 
quently as the parabolic arch GVH to the who 
ordinate GH. 

Draw GK touchin 8 the permits GVH.in 6 
and meeting its axis in K, and from the extre 
nity g of the ordinate og in the hyperbola Dy) 
dra W g parallel to as, meeting e (produced 
in 9. This done, the Perun en may be de 


monftretsd as. follows. 
" Becauſe the arch Gt is infiuitely ſmall, ita 


be confidere's as coinciding with the tangen 


GK; conſequeatiy the triangles Gr] and GK 


will be fimilar, and C Gf will be to G1 as 99 i 


- 
G F4 „ 
o - 


— 
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GE. But, becauſe the parameter of this para- 
hola is = 4 D = the radius CA of the circle 
CAB, it follows, that CA: GE:: GE: EV, 
nd conſequently CA: 2 GE :: GE: 2 EV, and 
therefore (becauſe the tangent A O is = 40 — 
GH = 2 GE, and, by Srm/on's Con. Sect. lib. 1. 
op. 10, the ſubtangent EK is = 2 EV) CA: 
AO :: GE: EK. Therefore (by El. 6. 6.) the 
angles CAO, and GEK are fimilar, and con- 
quently GK: EK :: CO: CA. Therefore Ge 

Pers to G/:: CO: CA::og:aD:iiog;oPiogX 
m: OP v m; that is, the infinitely ſmall 
rctangle og qm is to infinitely ſmall rectangle 
„P as the infinitely ſmall portion G? of the 
parabolic arch GV correſponding to the rect- 
mnele g 94 mn to the difference G of the 
halves of the two contiguous ordinates G H 
and 1, between which the ſmall arch G? is in- 
tercepted. But becauſe the ordinates e, o g 
are infinitely near each other, the mixtilinear 
ea e £ om will be equal to the rectangle og mg; 
therefore the mixtilinear area eg om 's to the 
rectangle m Pas Gf to G/. And in the 
ame manner it may be ſhewn that every 
following mixtilinear area p em , PP & &, 
&c. in the hyperbola Ddy is to the corre- 
ſponding portion of the rectangle D Po, as the 
portion Fr, or rr, of the parabolic arch GV, 
correſponding to that mixtilinear area, to the 
difference of the halves of the two contiguous 
orainates, tw, and 75s, or s and 75, between 
hich that portion of the arch GV is intercept- 
ed, or to the portion / n, or u, of the ſemi- 
ordinate G E correſponding to that portion of the 
ach GV. Therefore the whole hyperbolic area 

DUda 3 aDge 


aDgo is to the whole rectangle 2D Po as the 
whole parabolic arch GV to the whole ſemi 
ordinate GE, and conſequently as the parabolic 
arch GVH to the whole ordinate GH. QED. 
2285. From the foregoing. article. it follows, 
that the hyperbolic area aDgo is equal to 
rectangle whoſe baſe is equal to the parabolic 
arch GVH and altitude to the parameter of that 
parabola, or to the ſemi- axis a. For aDyo; 
a Ja D:: GVH: GH:: GVH : 20 :: GV 
4D: 4 Xx 4 D. Therefore 2D o is — 
GVH x 2D. 5 


Mr. Cotes's conſtruction of a parabolic arch. 


286. Having thus demonſtrated this analogy 
between the hyperbolic area aDgo and the. pa- 
rabolic arch GVH, it will not be difficult to 
deduce from it the elegant conſtruction which 
Mr. C:tes has given for finding the length of a 

arabolic arch in his Harmonia menſurarum, p. 22. 
This conſtruction is as follows. Biſe& the ſe- 
mi-ordinate GE in L, and draw the line LV, 
and produce it to M, fo that LM-ſhall be the 


logarithm of the ratio of the ſum of the lines 


LV and VE to the line LE in a ſyſtem of lo- 
garithms whoſe modulus is VF, or a fourth part 
of the parameter of the parabola GVH, or ſhall 
be equal to ſuch a portion of the. axis of a loga- 
rithmic curve, whoſe ſubtangent is equal to VF, 
as is intercepted between any two ordinates that 
are to each other in the proportion of LV + VE 


to LE ; the right line VM will be equal to the 


parabolic arch GV. 
A (. 


/ 


al 


tho 


emi 


bolic 


D. 
ows, 
to 2 
holic 
that 
Joe 
VII 
8 = 


"a 2 FA 


ff 22 75 this en Fry in,” 


In eto e > 
draw the aſymptote a R of the hy hots Da. ly, 
cutting the ordinate g in a, and f rom the nts 
D and draw the lines DN, zR per rpenic cular 
to this aſymptote, and meeting it iu N and R. 
Then *tis evident in the firſt place, that the 
right angle D as is biſected by hg alymptote « R, 
and conſequentiy, that the angles Rao, R D, 
DN, aas, Rag, and Rga, are each of them 
equal to 2 a right angle. Therefore o! 1 
0d, & R = » and D N= a N. Therefore 


angle ND 3 


R 94 
awe 75 = ==" and the triangle au ===. 


* 
ther the parallelogram of this hyperbola W— 
DN x aN aN? == ; and, becauſe the 


triangles DaN, gæR are ſimilar, and at 
quently, aD is to ag as DN to gR, the; aſymp- 
totic area DNRg, which meaſures the ratio of 
DN to gR, will alſo be the meaſure o, the ratio 

of aD tO *. 
2diy, Becauſe GL is taken — LE, 20d VK i 18, 
by the nature of the parabola — VE, the: tri- 
angles GKE and LVE are fimilar; but it was 
ſhewn in the preceding demonſtration. that the 
triangles GRE and COA are ſimilar; therefore 
the triangles LVE and COA are ava: and 
LE is to LV as CA to CO, and conſequently 
'CO 
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28 
CO is Se. Alſo. the ratio of! LV. + 


VE. 20 LE will be equal to ef of ©0440 
to. 1 
| ' Therefore GVH 10 CAi is 
=GVH x aD_ 
= hyperbolic area aDgo. 


U 


* 75 3 
— 1 


= Fabia, ox a) -+ triangle TEE mixtilines 4 
area g th 
= triangle a + triangle DN >. aſymptotic E 
area DN Re triangle Rg 5 th 
a aD* L 
| ar 

in 

4 

/ 

IT ES: ar 

. aD — 24209 X 4908 D 
RENT ICE "oy if 
—=401 - a — ove. = log. . 2 0 
11 4 80 : 

* Ao. r Oooh CA ; C. 
rene e 

* CO x AO w! 
00 th 

5 F " 
a4 log. SEED. + 87 


* + Nis - CO X GH 


/ 


+ = log. LY4YE * 0 dn. 2 i a 4 
0 = log N — * 215 FO 
3 . $309 
LV+VE. I 
— log. LE - +2 ca X LY, 0 conſt 


ear 
that is, "OR ſony arte the 2 G an 
CA, the parameter of the parabola, is equal to 
the ſum of the rectangle under the right” line 
LV and parameter CA and half the aſymptotic 
area that meaſures the ratio of LV VE to LE 
in the hyperbola Day) whoſe Parallelograim i is 


Der But the half of the aſymptotic 


2 
area that meaſures this ratio in the. hype rbola. 


9 


Day whoſe parallelogram | is Sn is equal to the 


tic 


whole aſymptotic area that meaſures the fame 
ratio in an hyperbola whole parallelogram is but 
half of tne parallelogram of this eee WF 


CAL. 
18 equal to 8 : Therefore GV X CA is 


CAX LV I the aſymptotic area that ** 
the ratio of LV VE to LE in an byperbola : 


whoſe parallelogram 8 But (by Art. 2 16) 


this aſymptotic area is equal to the rectangle 
whoſe baſe is ſuch a portion of the axis of a lo- 


garithmic curve whoſe ſubtangent i iS _— or VF. 


as meaſures the ſame ratio of LV 7 VE to LE 
Nenn 


+ 


* 


a —— a PRE? | Ry * 2 rn * 9 I * F 
— v4, V, Frog Th, 1 * * 5 - 
— ©. * Ko 


5 Wes * 


us 1 2 1 5 E M EM 8 „ 

in that curve, and whoſe Atitude 18 equa e 
that is, to the rectangle LMX CA. Therefore 
GV Xx Nis S LV XC ALM X CA, and 
5 £ e — "S007 1 IM = 'VM. 


* + 
*. 
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6 JT, — 991 . * 5 
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| CE een of the radius of curvature of the 
logarithmic curve at any point aſſigned, and of 
the point where this radius is leaſt, or the cur- 
vature of this curve is greateſt; for tis eaſy to 
perceive that the curvature of this line decreales 
ad infinitum on both ſides of any given point in 


it, and conſequently that there muſt be ſome 
one point in it at which the curvature is greater 
than at any other point in it whatſoever, But 
firſt we muſt obſerve, that in the following de- 
termination of the radius of curvature it is taken 
for granted that, the limit of the interſeQions 
of two contiguous perpendiculars to the tangents 
of a curve; or the point to which, as the di- 
ſtance of theſe perpendiculars, or the arch in- 
tercepted between them, is continually dimi- 
niſhed, their interſection continually approaches, 
and to which it may be made to come nearer 
than within any af gned diſtance; or, in the 
language of infiniteſimals, the ultimate inter- 
ſection of theſe perpendiculars when the arch 
intercepted between them is infinitely ſmall; 1 
fay, it is here taken for granted, that this point 

is the center of the circle, which has the ſame 
curvature with the curve in the point where the 


upper extremities of the two perpendiculars 2 
| ö 


— 


k 


c * 
. * 
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acide ; or of the tircle which has the fame 
ungent with the cutve in that point, and tonches 
it lo cloſely that no other eirele can paſs between' 
hat circle and the curve. Thus let BF (Fir. 84 
be a ſmall arch of any curve, BG a line perpen- 
licular to the tangent at B, and G the point to 
which, if We ſuppoſe the point F ö to move to- f 
vards B, the interſection of a perpendicular to 
he tangent at F will continually approach as to 
is limit; it is here ſuppoſed that the point G 
will be the center, and the line BG the radius, of 
he circle that has the ſame curvature with the 
curve BF in the point B, or between which and 


to he curve BF no other circle can be drawn. 
les Whoever is deſirous of ſeeing an accurate de- 
in Wnonſtration of this may find one in the 4024 
me Witicle of Mr. Maclaurin's fluxions ; for it is 
ter here demonſtrated, that the tangent to the evo- 
zut White curve is the radius of a circle of gqual cur- 
de- Nature with the curve of evolution at the point 
gen Irhere it meets that curve; and from the nature: - 
ons Wot evolute lines 'tis evident that the other ex- 
nts MWicmity of this tangent, or radius of curvature, - 
di- Irhich is ſituated in the evolute line, is the limit 
in- W: the interſection of two contiguous tangents 
mi- MW the evolute, or of to contiguous perpendicu- 
des, W's to the curve of evolution. This article of 
er Wir. Maclaurin's fluxions contains a definition 
the If cvolute curves and curves of evolution, as 
ter- rell as a demonſtration of the property of them 
urch ere mentioned, and is totally independent of 
|; II that goes before, and therefore may be read 
oint Nad underſtood by itſelf without conſulting either 
ame ay other book, or any other part of that book. 
the OD „ 5 
co- 

ide; 


— N 
* — 

* K . 

f 
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As to a demonſtration of this property of the 


limit of the interſections of two contiguous per. 
pendiculars (or of the co-incidence of this limit | 
with the center of curvature) independent of. 
the properties of evolute lines, and derived 


merely from the confideration of tangents. and 
perpendiculars, it is what I have not been able 
to meet with in any of the authors I have ſeen; 3 
and, I believe it would be pretty difficult toll. 
make. This being premiſed, the radius of cur. 


vature in the logarithmic curve may be found a 
follows. W Re | 
288. Let ABT (Fig, 84.) be a logarithmic B 


curve whoſe axis is SM; B and F any two points 


in it infinitely near to each other; BK and Fl B 
perpendiculars to the axis SM, drawn through 
thoſe points, and meeting the axis in K and L;M cu 
BH and FS tangents to the curve in thoſe points, MM BI 
meeting the axis in Hand H; and BG and FG — 
perpendiculars to the tangents BH and F, 
meeting each other in G, and the axis in M KI 
and N. Lafily, draw BO, parallel to the axis, 
meeting the ordinate LF (produced) in P, and — 
the perpendicular FG in O. no > MD 
Ihen tis evident the triangles GBO, GMNI BK 
will be ſimilar, and conſequently GM will bel 
to C3 es MN to BO; and, d:iv:dendo, BM: 2B! 


BG :: MN — BO: BO, If therefore we can 
find the magnitude of BM, and the. proportion 2Bk 
of MN—BO to BO, or, which amounts to the — 
fame thing, the proportion of MN to BO, theW (her 
magnitude of BG will be thereby determined. ¶ KE 
Nov, becauſe the arch BF is infinitely ſmall, 
and conſequently muy be confidered as coin- 
ciding with the tangent BH, it follows that the 
: triangles 


tion 
the 

the 
ed. 
mall, 
Oin- 
- the 
11cs 


% 
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triangles BPF, BOP will be rectilinear triangles 
ſimilar to — and to the triangles BHK, 

BKM, BHM. *tis evident likewiſe, that 
the triangles F i, i LN, and FEN are ſimilar 
to each other. 


11 in the an r we have KH : 
BLI X BK 


** We 4 KH 2 BK „ BK KV; 
and LH: LF, or BK — PF LF: or BK 


PF: LN; and BP, or RL: 4001 


BRK 


BK. Therefore KM I is —= KIT LN is 


Ky E - (becauſe by the nature i6fs the 


curve the the ſubtangents K H, L+ are equal) 
BK — - PF" 4 BK —2BK x PF+PF+ , ad 
KH - BO 

7 - "USER 
KL 1s = Fo" 
BK: 


— KN =2KM = LN EAT is = Pos; 
—— ) is Kn 


BK'+2BK xP PF—PF1 oe KH x PE... _= 
KH | "BK: 
BK PF PFa KH XPF 
KE IM: 
2BK1 x PF — BR x PF4 + KHz x PF — = 
7 BR-AAH 7: 
(becauſe PF 3 is infinitely ſmaller than BK and 
KH, and conſequently BK x PF4 than 2BKa x 
p 2 BK4 x PF + KHixPF . 
F and KIT x PF) — BK x KH 
E e e 2 . 2BK? 


% 


Therefore MN (= KM 


—— — ayers 
— 


—— 
— E 200 — * = ly = hs - I E 8 
— as a : 1 3 Ce n 
- — — nn i Py —— — 1 — 
— — tp — — — — 
— — g — — . g —— — = 
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— — . — a — . : _ be — — 
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2215 kerefore: gdly, . IN is to KL as 
2B 85 EK HA x PF, KH *. E. 8 
BK XKR to BN or 


Kiv - NP and therefore as 2 BRA = Ki to 


| 

| 

/ 

KH, or as BRA -+- BH: to K HI). But KL: 
I 

; 


0 : BF: BO :: BHR; BFA KH: BH. 
4 kertfore” ex æguo, MN is to BO: a. EKA . 
-BHa : BH, and, dividends,” MN — BO: B0 
BK: H. But BM: BG :: MN: — BO: 
'BO/; therefore BM: BG*:: BRA: BH.. And it 
BH x BK 0 


was before ſhewn that BM is +5 — KH F there 1 
BH x BK 6. rp dp $4 ü 


1 BK.: BH* :: — KHE : BG; conſequent: n 


1 BM -7 BY x BK BB > 
ly BG 3 wes BK) * KI R Kr 


— K —ſ 15 we may derive the followike 
very elegant and ſimple conſtruction of the ra- 
dius of curvature BG at the point B. From F, 
the point in which the tangent BH cuts the axis 
SM, draw HR perpendicular to the axis, meet- 
ing the perpendicular to the tangent BH in R: 
in line MR will be equal to the radius of curva- 
ture BG. For MR is to MH :: MH: MB:: 
BH: BK; and MH : KH :: BH.; KH". 
Therefore MR: KH:: BHS: BR X KB: and 

= BH > & 7 Shs |< 
| conſequently Þ MR — BKX KH" = = BKKKA 
o,, 

This conſtruction is given by Mr. Fobn Bere 

nouilli. See vol. ii. of his works, p. 383 ] 


290. Since 


BH? 
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290. Since the radius of curvature BG i Is = 
BH KH 
BK KKH = —=BKx KHT 

rtion to the ſubtangent KH as BH; to BK * 
KH", it follows that it muſt always be greater 
than that ſubtangent. For, as BH ſubtends the 
right angle BKH, tis evident it muſt always be 
greater than either BK or KH, and conſe- 
quently. BH“ will always be greater than 1 
x KH". 

291. Further, as the ordinate BK 150 05 
* infinitum, the tangent BH increaſes ad infi- 
nitum likewiſe; conſequently its proportion to 
the ſubtangent KH, which is always of a given 
magnitude, and the proportion of its ſquare to 
the ſquare of KH, increaſes ad inſinitum. But 
its proportion to the ordinate BK evidently ap- 
proaches to a ratio of equality as its limit. 
Therefore the ſum of the ratios of BH* to KH. 
and of BH to BK, or the ratio of BH* to BK 
XH, increaſes ad infinitum ; that is, the ratio 
of the radius of curvature.BG to the ſubtangent 
KH increaſes ad infinitum as the ordinate BK in- 
creaſes ; and conſequently, . as the ſubtangent 
KH is always of a given magnitude, the radius 
of curvature increaſes ad inſinitum as the ordi- 
nate BK increaſes. | 

292. Again, as the ordinate BK decreaſes ad 


or is in the fame pro- 


mfmtnm, the tangent BH decreaſes to a certain 


given magnitude as its limit, to wit, the ſub- 
tangent KH; conſequently its proportion to BK 
increaſes ad infinitum, and its proportion to KH, 
and conſequently the proportion of its ſquare to 
the quare of KH, approaches continually to a 
| ratio 


: FP 


- W 
o 
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ratio of equality as its limit. Therefore the ſum of 

ratios of ne BH to BK and of BH® to KH or 
the ratio of BH? to BKM KH), increaſes ad in. 
Fnitum; that is, the ratio of the radius of cur- 
vature BG to the ſubtangent KH increaſes ad 
inſinitum; and confequently, as the ſubtangent 
KH is every where of the ſame magnitude, the 
magnitude of the radius of curvature BG in- 
creaſes ad inſinitum as the ordinate BK de- 
8 e 2 4X1 
293. It appears. therefore that the radius of 
curvature of the logarithmic curve increaſes ad 
infinitum both when the ordinates to its axis in- 
creaſe ad inſinitum, and when they decreaſe ad 
inſinitum, and conſequently that its | curvature 
decreaſes ad inſinitum on both ſides of any given 
point in it, as was aſſerted in Art. 287. 


* 


Of the point of greateft curvature in the loga« 
Rü. rithmic curve. at 


294. To determine the point at which the 
_ curvature of the logarithmic curve is greateſt, or 
the radius of curvature leaſt, we muſt de- 
termine the magnitude of the ordinate BK, of 
its proportion to .the ſubtangent KH, when the 
proportion of BH* to BK x KH* is a minimum, 
or is leſs than when BK has any other magni- 
| tude. For when the ratio of BH? to BK x KH 
is leſs than in any other caſe whatſoever, the ra- 
tio of BG to KH will be leſs than in any other 
caſe whatſoever ; and conſequently, becauſe KH 
is every where of the ſame magnitude, and BG 
is always greater than KH, the 1 
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3G wil be leſs than in any Other cale whatſo- 
ever. 3 4 1 tf, 4 
Now, FRET H a8 a center pave HK. as a ra⸗ 
dius, We- deſcribe the eirculat areh KC cutting 


BH in C, and from C draw CD, parallel to BR. 


meeting KH in D, tis evident BK. will be the 
tangent, BH the ſecant, CD the ſine, and HD 
the coſine, of the arch BC. or of the angle 
BHK. Therefore HC or KH is to CD as BH 


to HK, and HC or KH is to HD as BH to KH, 


and conſequently KH*: HDA :: BH: KE, 
and KH *; CDXH DI:: BH: BRN KH. 
Therefore the radius of curvature-BG-will be the- 


eaſt poſlible When the ratio of KH» to DE 


HD is the leaſt poſſible. But the ratio of KHz 
to CD x HD is the leaſt 


is always of the ſame magnitude. Therefore 
the radius of curvature BG will be the leaſt poſe 


ſible when Oh C DXHD, (or CD He. CD | 


or CD * «MN! Ic ) or KH CD — CD is. 
the g. aa poſſible. Now, if the angle BHK 
be conceived to increaſe gradually from 0. to a 
right angle, and conſequently 1 its fine CD to in- 
creaſe grad ually from o till it becomes equal to the 
radtas KH, 'tis evident the quantities KH* x CD 
ind CD will both of them increaſe at the ſame 


ume, from being at firſt infinitely ſmall till they 


each of them become equal to KH*., Conſe- 
quently the difference of theſe quantities, or the 
quantity KH* x CD — CD, will, during the 
time of this ancreaſe, have increaſed from o to a 
certain finite magnitude, and have decreaſed 
from that — to 0 agality. for when CD. 

| is 


poſſible when CDN 
HD! is at its greateſt magnitude, becauſe KH? 


—— 
2 _ — 
— — ” > 


rr 


» 
= 


LY Reo 


is equal either to o or to KH, the quantity KH» 


1 U ? 3 
2 N 6 — 5 n = 
\ . ' i art, 4 f l at » 
by bd fi \ oo = 5 
r 7 
. —— ... ̃ ̃ LEY D ———p— 
— — — — - 
— 2 —— — — = CI IS — — 8 2 
— ——— ab. A} r . 
— eg, 4 1 


D-: will evidently be = o. And this 
i finite magnitude to which the quantity KH MI ; 
CD—CD? increaſes from o, and from which it Wl : 
= again decreaſes to o, is the value of that quanti-. 
, 2 at the inſtant the infinitely ſmall increment of i; 
l NH KF x CD becomes equal to the contem orary Ml - 
* increment of CD:. For as long as the former 10 
| Increment is greater than the latter, tis evident “ 
the quantity KH* x CD — CD will increaſe | 5 
continually; and when the latter increment be- 0 


comes greater than the former, that quantity 
will continually decreaſe: conſequently at the c 
Inſtant the former increment ceaſes to be greater, IM; 


and begins to be leſs, than the latter increment, iy 
that'is, at the inſtant the two increments become * 
equal, the quantity KH* CD- CD: will ceaſe Ie 
to increaſe and begin to decreaſe, or will have 8 


attained its greateſt magnitude. We muſt there- 
fore ſuppoſe theſe increments to be equal, and the 
value of the ſine CD thence reſulting, will be 
that which makes the quantity KH* CD 
CDs the greateſt poſſible. Now, if KH be put 
r, CD Ss, and its infinitely. ſmall incre- 
ment — 5, we ſhall have KH" x CD S rei 
CD? = 53, the infinitely ſmall increment. of 
KH* x CD — ves, and the contemporary . 
increment of CDs, or , = 2s*s 3 there- 
fore rrs is = 34; whence rr is = 3% 
and 55 = 8 Therefore the radius of curvature 
BG is the leaſt poſſible when 6s is —= 8 or CD 


* 
* [ 
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4 . 7th 18, E's cus ol dire of ay 


der 
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de Mek the 8 as | 
4 295. It ago fe rom . PI he tdi 
the Wl - curvature. at the point of greateſt curvature in 
ter, I logafithmic curve (which is about the point 
nt, 

ſq) in fig. 84. )1 is to the bangen of the curve in 


ae de ſub- duplicate proportion of the numbers 25 
. md 43 or very nearly in the proportion of 
5 2598, 557 to 1. For if we put KH S a, and 
the X , the general expreſſion of the radius of 


BH 
* curvature BG, to 1 me kr vill be (= 
put II BR BEI „ 51 
Frs, KHa - —+ BK BRA © IBN = 24 | 
er fa 
rar) ms a XxX X N EN 1 24 2 Dy £7 which, 


ax 


"BM XX 15 = 2. becomes OY X a, or 
nearly 2. 598, 557X a." For in this caſe We e hall 


as — 
we aa + xx = 88 +) = = = , aa 


1 227 


F * * 


8 re 


hk A. % 
2 _— 55 co 
2a 
df, ax d X,—— = e, Ng 
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1 7 
ed 4 N d 55 , f 
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731 7 The angle BHK, ntained lite, 
the tangent BH of the. logatithmic curve ABT 
and its axis SM, when the point B coincides 
with Q, or the point of the greateſt curvature, is 
— 35*, 16! and conſequently the angle HER, 
contained between the tangent BH and the or Ml ; 
dinate BK, is = 54% 44. For the radiub f is toll ; 
the tangent. of the angle BHK as KH to BK, 
that is, in the preſent Caſe, as d to f, or as 100 - 


1 1 


Ne * 1 "Ing 70 Shang. 35's 16% 3 


When the angle BHK is — 455, and 2 
ny the ordinate BK is equal to the. 
ſubtangent KH, the radius of curvature BG1s -M :; 
2,/2X a, or, nearly, — 2.8284 Xx 42. When 

the angle BHK is = 30% and conſequently the - 
ordinate BK (which is the tangent of that angle 
in a circle whoſe radius is KH, or 4) 1s is 2 7 as 
or „ the radius of curvature BG i 11 of X off a 
& . 
= 2.6566, Sc. x a. And when che angle BHK 1 wi 
= (oe, and conſequently BK is = AN x RH, o 44 


* 3 xa, the radius of curvature BG . 


_— 1 


7 
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of BG are rd than 2. 05. 557K 5 or the 
25 value of BG when BRA is N and there- 


| - SS .08 N 8 
fore ſerve to confirm the determination of the 
point of greateſt curvature given in Art. 298. 


298. That the ſeveral values of BG are ſuch as are 
8 here aſſigned, will appear by computing the values 
Abri of the expreſſion” 08 I- *s . when x18 ae to 4, 
cides ax 

re, is 


e or we have 44 + 5 = 24a. aa 2 won, 75 | =. 8 as, | 


3 07 +l = x N and 41 = 
1. 4 xx 2 2 2 ; 
$1tol 42; and conſequently. +- * . 2 
; = 2d" (nearly) 2 * 1 4¹ N = = 


2.8284 X 4. When x 1s = * we a have 


44 | 


1 


N e . Age 
27 


* — 3 3 and conſequently 


4 
when x is = Vz Xa, we ſhall have ] ð = 3aa, 


* 


70. Ca = 4oa, e — ee a8 F. Nr 
es 


„ x V3. =Þ x0= 2666, Ge. x 4. "And 
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xii 22 * deal) 4.6188 x 0, All which values 


7? — — und V3 Xo 275 a8 follows, when * is =, 


d £ ) 
* 23 Fs | " 
— — 
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=8 48 ahd e = WAY 
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of hs relation: —.— dar, points of equal, Cure 


vature in a ie cur ue. 


299. Since there! is in 1 every INS OY curve | 


a certain point at which its curvature is greater 


than at ay other point of it, and on each ſide 


of which its curvature decreaſes, and the radius 
of curvature increaſes, ad infinitum, it follows 
that, if we. take any poirit-in this curve on one 
fide of the point of greateſt curvature in it, there 
will always be another point in it on the other 
ſide of the point of greateſt curvature at which 
the radius of — 45 will be of the ſame mag- 
nitude as at the former point. Thus, if in Eng. 
84, we take the point B on the right-hand of 
the point , or the point of groateſt curvature, 
there will be another point & in the curve ABT 
on the left-hand of the point Q, at which the 
radius of curvature 6 g vill be egual to the ra- 
dius of curvature B G at 2 > 1 B. Now, 
when one of theſe points (or t Bo proportion of 


w4 «> % * , , 8 2 A . 4 ; 1 
A f 8 
> 1 1 # 1 4 
» * E 13 


the ordinate that paſſes through it to the ſubtan- 
; gent) is given, the other point, or the propor- 
tion of the ordinate that paſſes through it to the 
ſubtangent, may be determined in the following 
manner. Put the ſubtangent K H = a, the 


greater ordinate BK = = =; and the leſſer ordinate 
þ k 


nt- 


> * 
: . 
. * 
1 of * 
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7. * 3 and ww. ſhall have BG = 44 HIPS 
_ 


and bg = = 485 , and therefore becauſe wt 


15 ſuppoſed to TINY ago» 3); 7 will be 


- ax. 


2, ; therefore 2 ELES will be e Bu 


ay 4 * 
t 7a +39” of © *+30*x* +30" =. will be = 
a 8 hn a*x* : 
61 1 8 a i | 3 
N . e +30'y . and oy Tr 4- 


34 1. x 65 — © x * +30%*x* +34 A + ys 

x*, and 3a 2 Za N E e 

- a * and conſequently 4 . 

* 1 +3 a a. By the reſolution of this 
equation (which tis i may be performed in 


the ſame manner as that of a quadratic equation) 


we may, when x is given, determine the magni- 
tude of y, and, when y is given, we CRY deter- 
mine the magnitude of x: . 


I 
0. Thus, for inſtance, if * Is = = Lo we 


(ball have... ax a= * 975 and 34*%x* = 
| EL Q 1 14.1 


py * =" and conſequently « 45 (= 200 wy. 


> 
4 a* og. 4*y : 27649" 
1 + +) Pa” my ＋ 9 Br ..- | 5 


1 aty .; 2 20aty* Bf es 2) a Therefore 
8a 


+Y F 4b Tg. 


Gent 
—— rings to 1 , 
oe Ty wer 
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CE HARE a 8 an WT NS 1 W 2 8 
KA = 2 . . 4 e 4 1 I wy 


. s Nr 


— — — Org: 
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Gnas = FY 4 ;Þ A 4 196at 

N e an Lt 1 


I 

_ =9a* EM 9 IC bs 2 

| * 

e 54 . 5. = eee 75 
20. 4138 


Xi 55 and therefore 5 is = 


— 


4 


495 „ 6135 x 04. 1 8 AT 


Again, let x be = 12 2 Xa, 20d we hall have "© 


2401 
100 10,000 5h Rc, 

a> 3292 =. and — peat! 45 ( 

32 * r 8 
ie | 2 5 425 _— 

a*y* x2 4x2 $92 x4) —= 147 | | 
e wands '- vl © 
2401343 147004*y* 42 5%  24018%* | 
0 1 1479999 + 929 4 l 
28122 494 Therefore 00a. 4 

10, ooo ＋ 100 49 $7 

Ws fa 2: I71014*y* andy. . . > 
F 1 4900 5 — id | 2 
7101 . 292444101 X F 
oy ay 4 8 2 ul 
| 6.0/5 2:61.95 mn nova — 408 X.a*+ 3.0450 X FF —+ 

_ 4X 24010000 s = 

17101 Os 


= 5.0858 x 44, and conſequently * * <5 


* 4* is = 2.2551 * 47, and y* 2.2551 K 59 
— 17101 | an 


1 

* * - - 

9 ———— — — 
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se — 5 — 2.2551 *4— 1.7450 X 6% 


= 510f N and 'y = 714 Xa, 


— OP OY 
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1 — 
. * 1 
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Again, if x is . We ſhall have x = 
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| a | « 
Sw L, and 3 "x . K 

| and Esa as (= 34 ES: gt *) 
a y* ö 2 9a * a5 bu 


— . IG ade Throne C 
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dl = G 24 . 
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Eg 97 Ford vg 
| e e ws therefore ze” is =9* 
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28 | 224285. 52a 2 conſequently | 
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= why UV a: 9 


. 0 A 
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2 N 
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2 211, 10 
ae 222792 Xe a?) = 2.403,700.X 
n Pa TEST 208. 1 
FI 48 
s 4, and y: iS = ens 700 N — 8 


1 2 40g, 700 * 4 — 1,666,666, Sc. X 4“ 
737,34 K a*, and conſequently y . 8 56 45 
In like manner, when y is given, we may 
2 x. Thus, if y is = 4, we ſhall have y*= 
„ s , and 46 (= ga*y*x* + ytx? + xt) 
= = 3a*x* ＋ a*x* + a*x* = gatx* + ax, 
and x* + 44*x* = a+ ; therefore x+ + 44*x* 
* + 44“ is = 5a, and x 5 ELLA 
2.23606 a*, whence x* is = 2.23600 X a* 
I — 20" == 23000 Xe" „and x is = 405 K. 
) If y is = v3Xa, we ſhall have LE = 74a, 
EE y; =,.34; X. 36 ane” 
21 and conſequently a5 (= 3a 1 22 
= 9e + gatx' 34 = 184 A = 
f a* 


— r 
ny 1 
- o 


4 . * 5 . a ; \ 
466 -EEEMENITS „ 
| » £ #4 * 8 75 = 


== 9 33333333 wats therefore «57, 34 is — 


3.0550 Had and e = 3-0559X @' 1 ny! ; = 


05504” » and x = 23 * 5 0 SIHgE 
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301. Fre rom m the foregoing N 30 * 7 + 
9*x* +3 *x* = 45, for determining the points of 
equal curvature on the oppolite tides of the point 
Q, at Which the curyature is greateſt, we may 
deducè the following obſervation concerning the 
decreaſe of the curvature of a logarithmic c curve 
on the different ſides of the point of greateſt 
curvature; to wit, that its curvature decreaſes 
faſter, or the radians of curvature increaſes faſter, 

on that fide of the point of greateſt curvature on 
which the ordinates to the axis increaſe than on 


the fide on which the ordinates decreaſe ; or, if | 


we take any two points as 6 and Qin the logarith- 
mic curve ABT on different fides of the point Q 
where the curvature is greateſt, and at equal di- 
| ſtances, meaſured on the axis of the curve, from 

that point, ſo that the abſciſs EV intercepted be- 
1 the ordinates QE and Q ſhall be equal to 
the abſciſs Ex intercepted between the ordinates 


QE and 5, the radius of curyature at the point 


| Q will be greater than the radius of curvature 


at the point 5. 

2302. Now 'tis evident this will be true if the 
point B, at which the radius of curvature is of 
the ſame magnitude as at the point &, falls be- 
tween the | points Q and Q. For if this be the 
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2 FIT NOE is 
4 radius of curvature at Q (the point 12 


being more diſtant than the point B from the 
point Q here the curvature is greateſd) will be 
greater than the radius of curvature at B/ and con- 
4 uently chan the radius of curvature at 5. We 
will therefore ſhew that the point B falls between 
the points Q and Q, or that the abſciſs EK is 
leſs hi the abſciſs EV, or than its equal the 
abſciſs Ex, or (which amounts to the ſame. thin g. 


becanſe The? abſcifles EK, EE are meaſures of 


the ratios of BK to OE and OE to 4). that the 
ratio of RK to OE is leſs. then the ratio of oy 


to 64, or that the ratio of BK to OE, 


* ; is les Than” the, ratio of 0E. 


KI. 0 8055 or that BK G x - third 
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303. In order to 3 this aſſertion, 
we muſt reſolve the equation 3a px + p* x? 
+ y*x* as, in general terms, or find a gene- 
ral expreſſion of the value of ” in the follow- 
ing manner. Let the y Ba er of à to x be 
repreſented 1 in general that of the numbers 


m and 15 ſothat 5 X 4. Then 
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304. As an attac of this method of finding 8 
the value of y, we will reſume the firſt of the tb 
examples reſolved above in Art. 300, in which 
* was taken IXa. Here n we thall tl 


| have m = 3; n= , * 122 3 m*—g, 
ns ==! 65, and * * and conſequently 
5 =o 


ore 


n- 


Prank #8160N6HETh v. 43 
1 5 = 2 4* 729 K 50 8 29 164%, g d = ME 


9X. 81, XI 4: = 7298%, om n*at —bXgX., 
1 = 544“, 1. — a+, and therefore 


4 — 4. 


V 291 EL * ⁴ — e -. 
2 808 Hp * 4 which wa 'by zm, 


* (2 * 9 i= Ji$ gives 32757 K 4% 
from which if we take © 3's ITE; 


oy 


: IE | or 
En * Ae te 2 
. 2 * F B wy 8 KS "WG "4 Ty ens 
144 
or 1.5555 x4, we ſhall have Pr = 1.8238 


X 4*, and conſequently 3 9 Fill be — 1.3 5 X 


which, agreeing exactly with the value of y ob- 
tained 1 in this example 1 in * 300. by reſolving 


ticular. numbers, ſerves a8 a e of the 
foregoing general expreſſion of the value of . 
or as a proof that it is rightly computed, 1 


na 1 
zog. Now becauſe x is =, --, and conſequent 


24 mi 
, tis evident will 8 — — 150. 


4xx | 93 ++ ; 


=» wat”, We are therefore to detnonſtrate, that 
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y I 


the foregoing expreſſion of the value. of Vis leſs 
than ——_ 3 which may be thus ſhewn. 
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306. "Since When! the point 3 coincides with 


15 point 12 5 the value of B, of xx, 18 only = 


ad” 
==» It follows, that in the preſent caſe, in 
Geg2 which 
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Therefors the ſquare Fj * Ann muſt de: as at 
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= - eee 
— 2 8 Aer 7 — 1 8 — 
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4 . . .. g. — 25 
„ 48*8*--..;. | 
4 LL + -u. 4. * —_ | 
/ 4 GUIRM: 7 [1607 
and conſequentl the {quare-root fof the former 
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ng WOE IE I a. which is the expreſſion found 

„above for the value of 4 *. and therefore 


ts mat. 8 A 
N or — 1. teater than D. 7 2 


A, 


Ty, 


The in 


a" + 


"fi e en ae ONE: in 4 . 


1 2100 475 9 


30. There . one 1 Soong which it 


may be worth out while to hn concerning 


the equation 3 4-54 x* + 144 “ found 
8 2 for — 598 the N of the or- 
| dinates BK, 84, at the points B, and b, that have 
the ſame degree of curvature; to wit, that it af- 
fords a method of finding the point q of greateſt 
r e cucvature different from that uſed in Art. 294. 
For we need only ſuppoſe the points B and 6 to 
t approach continually to each other, till they co- 


1 incade; in the point a, and the ordinates BK 127 


138 


= "25970 curvature "arm by 


„ 1 b MEN T 5 . 


* or y and x, become equal to each other, and 


to the ordinate QE, and. the value of *in dee &. 


this caſe will be 34 . L oat = = 4, or 4s + 


: [15d 
| 323 = 25 will be the magnitude of the ordi- 


— ak that paſſes. through the point Got 


8 6 I the nat of x xx in 8 


. — '% f dat 


22 10 in I a Read i in the terms 51 and 22 5 5 fer if 


2 


4 


this be dons, we thall have, x «EI 2 


1 4. 1. 9 . 45 
13 
g= as in the equation * root was 
to be found. It appears therefore, that the de- 
8 of the point Q of greateſt curvature, 
derived from this equation, agrees exactly with 
the determination of the ſame point, obtained 
by another method in Arr. 294; and thereby 
ſerves as a confirmation of that determination, 


or as a farther 2225 _ the cer 2 is „ 


aſſigned. 
Here ve pot an endto this toth u. 


e 11. We now f * bye al: help of 
| the foregoing Gorollaries to determine the areas 


of the figures of fines, verſed: fines, and chords. 


And firſt we will conſider the figure of ſines. 


Let 
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let ABD (fg. 85), be the arch,of a; ſemi» 


circle whoſe center is C; AB the arch of a qua- 
drant; AE, AG, AN, any arches leſs than AB; 


and AF, AH, any arches greater than AB, but 
leſs than the ſemi-circle ABD; and EM, Gr, 


NS, Fy, Hg, the fines of - theſe arches: Draw 
the right line 2 4 (Fig. 86) equal to the ſemiy 
circular arch ABD, and take the ſeveral por» 
tions of this line, 4e, ag, an, ab, af, ab, re- 
ſpedtively equal. to the arches AE, AG, AN, 


5 3289555 1 | 3 | 
AB, AF, AH; and through the points e, g, n, 


% b, draw the lineseT, gV, np, 4K, fy, Md, 
at right angles to ag, and reſpectively. equal to 


: Ty ” ”> a y a 


the ines EM, Gr, Ns, BC, Fry, H2, of the 
arches AE, AG, AN, AB, AF, AH; and let 
the curve TUK be drawn, in which the ex- 
tremities T, V, bp K, 5, d, of theſe perpendiculars 
are fituated. The figure aTUKazs.is called the 


- 


309. Now concerning this figure, we may 
obſerve in the firſt place that the latter half of it, 


to wit, Ka, is exactly equal and ſimilar to 
the former half of it, KU T2. For, as the 


fines of arcs that differ equally from a quadrant, 


or whereof the one exceeds a quadrant as much 
as the other falls ſhort of it, are equal, tis evi- 


dent that the ordinates of the figure of ſines- 


aTUKga at equal diſtances from the middle 
ordinate 5K. will be equal to each other: thus, 
for inſtance; if 6 f'is = bn, the ordinate / will 


be equal to the ordinate x p. Conſequently, if 
the latter half Kydab of the figure aTUKaa 
was laid upon the former half KU'Fas of that 


figure, it would exactly cover, or coincide 


with 


— a 
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Art. 1 98; : 
the logarithmic” curve, and the curves of the 


EG, GN will de equal to each c 


df the ordinates np, V, 
equal to the fines NS, Gr, will be leſs than the 
difference of the ordinates V, T, which are 


yes E Ut MENTS 4” 


with it, and therefore i is exact. 
—_ to il. an u qual © wich 


in butt Fea UK of. the Egure NF | 
| 2 ZTUKie i is every where Coficaye towards its 


baſe 4d, * pears from the demonſtrations i 
nd 280, in which it was ſhewn that 


figures f tangents And ſecants were Convex tos 
wards their baſes, that any curve in general! is 


convex towards its baſe, when, if two contiguous 


tions of the baſe be taken equal to each other, 


and the correſpondent ordinates be drawn, thel 


difference of the greateſt and middle ordinates 
is greater thats the difference! of the middle and 
_ ordinates: and by the ſame kind of reaſons 

ng it will follow, that, if the difference of the 


85 Arent and middle orditiares is leſs than the 


erence of the middle and leaſt ordinates, the 


curve will be concave toward its baſe. Now, if 


the portions eg, gu of the ſemi- baſo ab of the 


figure of fines aTUKda (Fig. 155 be taken 


equal to each other; the correſ dondent arches 
r, and there» 
fore (by Prop. 24, Corel. 1.) the difference of 
the fines NS, Gt will be lefs than the difference 
of the fines Ge, EM; therefore the difference 
which are reſpectively 


reſpectively equal to the ines Gl, EM. There- 
fore the curve. TUR is concave towards ab; 


And e atm y the Se which is ex- 
uy equa 


10 fimilar i A. is concaye to- 


YE 


wards 
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—_ concave towards the baſe 4 . ED. 

3, The area of any portion, as 21 Vpna, 
ecke figure of fines TUK da is equal to the 
rectangle: under the radius of the circle ABD 
e verſed fine As of the arch AN to which 
thc baſe of that portion is equal; or, if A's 
r. 87.) is taken equal to the verſed fine AS, 
nd Ax be drawn per icular to As and equal 


pleated, the area aT V pre will be equal to the 
wectangle A Meg. | 


SER; and in the line an take / equal to the arch 
LN, and draw the ordinate IE; and from & draw 
, parallel to a , meeting p in 9. Lefth, in 
the line As (Fig. 37.) take 75 = RS, the dif- 
ference of the verſed {ines AR, AS, and draw 
Fe, parallel to Ax, meeting xp in e. Then, fince 
by Corol. 6, the infinitely ſmall difference LN of 
of the arches AL, AN, is to RS, the difference 
of the verſed fines AR, AS, of thoſe arches, as 
the radius AC to the fine LR, and (by the na- 
ture of the figure of fines) the ordinate J E is 
equal to the fine LR, and the lines re, 75, In, 
are reſpectively equal to the radius AC, the dif- 
ference RS of the verſed fines AR, AS, and the 
difference LN of the arches AL, AN, it follows 


reps is equal to the rectangle /# 4 n. But, 
becauſe the ordinates IE, np are infinitely near 
to each other, the mixtilinear area / A n is 
equal to the rectangle /&qn; therefore the 
© rnixtilinear area IE p 7 is equal to the rectangle 

C AKA 1 


jards 64; therefore the whole curve TUK IA 


7 ee radius CA, and the rectangle Aaps be com 


In the circular arch AN take the point L in- 
finitely near to the point N, and draw the ſine 


chat In: :: re: li; therefore the rectangle 
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reps. And in the ſame manner it may be 
ſhewn that, if the area aT'Vpne be divided into an 
infinite number of ſuch little mixtilinear areas a8 
 {k p n, and the reQangle A xp , be divided into 
the ſame number of correſpondent rectangles, 
ſuch as the rectangle 7 # ps, each of the rectangles 
into which the rectangle Axps is divided, will 
rs equal to the correſponding mixtilinear area, 

r portion, of the area aTVpna. Therefore 
the whole area aTVpna is * to tho whole 
rectangle Aaps. QED. 

This demonſtration, 'tis eaſy to perceive, is 
equally juſt, whether the arch AN be leſs or 
greater than a quadrant, although the figures repre- 
ſent the former caſe only. For it is evident from 
Corol. 6, that in both caſes the proportion of LN 
to RS, or of In to rs, is equal to that of AC to 
LR, or of re to / 4; which is the faundation of 
the foregoing demonſtration, 

310, It follows from this demonſtration, that 
the area of half the figure of fines 4 T VKda, or 
of the portion a TU Ka, is equal to the ſquare 
of the radius, and the area of the whole figure 
of fines aTUK 2 is equal to the rectangle under 
the radius and diameter. 

311. It follows alſo that the area pK intercept- 
ed between the portion 57 of the baſe, the arch 


radius CA and the difference of that radius from 
the verſed fine AS, or to the rectangle under the 
radius CA and *. CS of the arch AN, or ſine 


tion _ is equal, 
Kos 312. Note, 


PK, the ordinate 2p, and the middle, or greateſt, 
ordinate 5K, is equal to the rectangle under the 


of the arch BN to which the baſe on of the por» 


— 
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312. Note, Dr. Keill has made uſe of this 
figure in computing the heat of the ſun in a par- 


ticular caſe mentioned in his examination of 


Burnet's: theory of the earth, chap. vii. edit. ad, pe 


122. And we may further obſerve” concerning 
this figure, that, if the ordinates np, bK, /, &c. 


be all diminiſhed in the ſame proportion, the 
curve aTVKydd will be that curve to which Dr. 


Smith and other mathematicians have given the 
name of the harmonical curve, and in one of 


which they have demonſtrated, that a muſical 


ſtring actually vibrates. [See Smith's Harmonics, 


313. Corol. 12. In Fig. 88, let the right line 
ad be taken equal to the ſemi- circular arc ABD 
in Fig. 85, the line 4 ô to the quadrant AB, and 
the lines ae, ag, an, af, ab, to the arches AE, AG, 


AN, AF, AH: and through the points e, g, u, 
b, f, b, d, draw the ordinates eP, 
fF, H, and dT at right angles to the line ad, 
and reſpectively 
At, A8, AC, A , Ad, AD, of the arches AE, 


AG, AN, AB, AF, AH, AD; and let the curve 
KFH T be drawn, in which the extremi- 


ties of all theſe ordinates are ſituated : the figure 
KTga is called the figure of verſed fines, 


314. Now, concerning this figure it muſt be 
obſerved. that the. curve @pK.T. is not in every $ 


part of it bent the ſame way; but the firſt part 


of it, apK, correſponding to the ſemi-balt a b, 
or to the quadrant A B, is convex towards the 
line 4 d, and the ſecond part of it, KFHT, cor- 
reſponding to the latter ſemi-baſe 4d, or to the 


quadrant BD, is concave towards the line à 4. 
= 6:4 He 


Q., Ap, bK, ; 
equal to the verſed fines AM, 


If, 


For ſince, by Corol. 6, the infinitely ſmall in- 
crement of a. circular arc is to the contemporary 


increment of its verſed fine, as the radius of the 


- circle to the. fine of that arc, it follows: that, if 


in the ſemi- circular arch ABD in Fg. 85, we take 

three equi- different arches, whoſe differences are 
infinitely. ſmall in compariſon of the arches them - 
ſelves, the difference of the verſed ſines of the 
greateſt and middle arches will be to the differ- 
ence of the verſed ſines of the middle and leaſt 


arches as the ſine of the middle arc is to the 


ſine of the leaſt arc: but the ſine of the middle 
arc is greater than the ſine of the leaſt arc as 
long as theſe arcs are leſs than a quadrant ; and 
afterwards, when theſe: arcs are greater than a 


quadrant, it is greater than the fine af the leaſt: 
are: therefore, when theſe arcs ate leſs than a 


quadrant, the difference of the verſed. fines of 
the greateſt and middle ares is greater than the 
difference of the verſed fines of the middle and 
leaſt arcs; and when theſe arcs are greater than 


a quadrant, the difference of. the verſed fines of 


the greateſt and middle arcs is leſs than the dif- 
ference of the verſed fines. of the middle and leaſt 
arcs. Conſequently, if we take | three equi- 
different portions of the line ad ( Fig. 88.) whole 
differences are infinitely ſmall in compariſon of 
the lines themſelves, and through the extremi- 


ties of theſe lines draw the correſpondent ordi- 


nates, the difference of the greateſt and. middle 
ordinates will be greater than the difference of 
the middle and leaſt ordinates as long as theſe 
abſciſſes of the baſe ad are leſs than 26; and 
when theſe abſciſſes are greater tad b, the 
difference of the greateſt and middk _—_— 

| 5 will 


arch AN, above the roctangle 
CA and. Ns the fine af the arch AN; andicon+: 


3 the rectangle 


and the exceſs of the radius CA above. H#* the 
fine of the arch ABEL;z.or,; in other words, the 
area of the portion KH &, cotreſponding to the, 
portion 6 h of the baſe 4 4, is equal to the ſum 
of the rectangle under the radius. CA and the 
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will be leſs than the difference of the middle 
and leaſt ordinates. Therefore the portion aN 


of the curve aKF T, which. correſponds tothe 
ſemi; haſe ab, is convex towards à d; and the 


portion KF of that curve, which correſponda to 
the ſemi-baſe h d. is concave towards: a d. QED 

315. The area of this figure is determined in 
the following manner. If the abiſciſs a 1 of cha 
baſe a d be leſs than the ſem i-baſe a 6, the ates. 
of the purtion a * — 


angle under the radius CA and abſciſ am or 
under the radius 


ſequently the area af the portion Rl, 'gotte. 


reſpanding to the ſemi-haſe 4 b, is 3 10 tha 
under the radlus CA and 


the ſgmichaſe 4b, ot quadrantal arch AB, above 
the ſquare of the radius C A. If the abſciſt & &. 
of the baſe a d is e. than the ſemii«baſe al 
the area of the portion aa, correſponding ta 
that abſciſs, is — ta the ſum that ariſes by! 
adding to the area of the portion -apRibay, that: 
correſponds to the ſemi-baſe — (o to the exp; 


ceſs of the rectangle under the radius AC: and 


the quadrantal arch AB above the ſqua 
I | radius CA) the ſum of the rectangle under the 


re of the 


radius CA and portion 3 of the baſe ad, .orarchp 
B H, and the rectangle under the radius C 


arch BH and the rectangle under the radius CA 
and 


th that 
abſciſs, will be equal to the exceſs af the rect 
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and the exccſs'of the radius CA above H# the 
_Wlaot: acarch ABEL: bor; 
| - In order to demonſtrate theſe determinations, 
take ab, in Fig. 89, equal to 40õ the ſemi-baſe 


of Fig. 88, or to the quadrantal arch AB, and 


draw aK pefpendicular to 46, and equal to the 
radius AC, and compleat the rectangle aKCs. 
Alſo take 7b, in Fig. go, equal to the radius 
AC, and compleat the ſquare KBG. In the arch 


AN take the point L infinitely near to the point 


N, and draw the ſine LR, and the line LP, pa- 
rallel to AS, meeting NS in P; and take in, in 
Fig. 88, equal to the infinitely ſmall arch LN, 
and draw the ordinate /& meeting the curve 


aPQp in &; and from & draw , parallel to @ 5, 


meeting n p in 9. Laſtly, take an, and a4, in 
Fig. 89, reſpectively equal to an and @/ in 


Fig. 88, or to the arches A N, A L, and thro' 


the points ꝝ and I draw the lines n N, / L, pa- 


rallel to «K, meeting KC in N and L; and in 


Fig. go, take 7p and 7 reſpectively equal to 
the ſines NS, LR, of the arches AN, AL, and 


through the points 7, p, draw the lines pN, IL, 
parallel to K, meeting KB in N and L. 
Then tis evident in the firſt place, that / &, in 


Fig. 88, will be equal to the verſed ſine AR; 


In in Fig. 89, will be = LN; and /p in Fig. 
go, will be = PN. Further, becauſe by Corol. 
6, we have RS: LN :: LR: CA, and by Co- 


rol. 2. LN: PN :: CA: RC, it follows, ex 
quo, that RS; PN:: LR: RC; conſequently 
' CA x RS RC x RS 


LN is = — and PN Fx 


Therefore In x IE will be LN x AR = 


CA x 


| om 
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8 AR = N = x CA— RC) 
RC. R858 


CARSS 


„ ca =CA x 


LN —CA x PN = ILXIZ —IL x Ig. 
But, becauſe the ordinates 2p, / R are infinitely 


near each other, the mixtilinear area / E p x will 
be equal to the rectangle under I E, and In; 
therefore the mixtilinear area n is IL x In 
LX, and conſequently ] L xi is = lkpr 
-+ IL X. And in the ſame manner it may 
be ſhewn that, if the area aPpre is divided into 
an infinite number of infinitely ſmall mixtilinear 
areas, ſuch as pn, and the rectangles aK Na 
and 7KNþ are divided into the ſame number of 
correſponding little rectangles, ſuch as /LNz 


and ILNy, each of the little rectangles that 


compoſe the rectangle aK Nx will be equal to 
the ſum of the correſponding portions of the area 


.aPpna and rectangle rK Np :- conſequently the 


whole rectangle 2K Nz will be equal to the ſum 
of the area aPpna and the rectangle rKNp, and 
therefore the area aPpna will be equal to the ex- 
ceſs of the rectangle aK Nu above the rectangle 
KNy; which was the firſt thing to be demon- 
ads 5: . 
316. Hence it follows, that the area PK ba, 
correſponding to the ſemi-baſe à 5, is equal to 
the exceſs of the rectangle aKC5 above the rect- 
angle KBG, or to the exceſs of the rectangle 
under the quadrantal arch AB and radius CA 
above the ſquare of the radius CA. For when 


an becomes equal to 4 &, ry becomes equal to 
V | > 


317. The 


1 E EH NT S gg | 
reſponding to the portion 55 of the bale's 4 


being equal ti the difference of the areas H Tdb, 


and K 145, will be determined | when thoſe 
areas are determined. Now, theſe areas may 
to the quadraatal arch BD, and draw y per- 
pendicular to ad, and equal to the fade A, 
and compleat the rectangle Cad. Alſo take in 
in Fig. 92, equal to the radius CA, and com- 
pleat the ſquare BAH. Iu the arch H take 
the point O infinitely near to the point , and 


draw the fine. pe. and the line n, parallel to 


As, mecting Hg in ; and take + in Fig. 88, 
equal to the infinitely ſmall arch Hp, and draw 
the ordinate ©f meeting the curve HT in d; and 
from 0 draw | 6a, parallel to 54, meeting 5H 


; (produced) in x. Laſtly, take db and d in Fix. 


91, reſpectively equal to dh and d in Fig. 88, 
or to the arches DH and D, and through the 
points 5, O, draw the lines h o, Pw, parallel to 
50, meeting CA in o and ; and in Fig. 92, 
take Ia, IId, reſpectively equal to the ſines Hd, 
Sr of the arches DH, Dp, and through the 
points e, & draw the lines , C, parallel to 
6 B, meeting BA in j and. ' 

Then tis evident in the firſt place, that p91n 
Fig. 88, will be S to the verſed fine As, ph in 
Fig. 91, will be => to the arch H, and & in Fig. 
92. will be — Hr. Further, by Coral. 6, 
we ſhall have 69: ÞH :: S: CA, and by Corot. 
2, PH: H:: CA: Co, and conſequently 
exequood : H: : : Co; therefore pH 


1s = 


ake d in Fig. g1, equal to bdin Fig. 88, or 


Oe 
„en * * Les tel 

x rH. =O: 72 > * LE, But, becauſe 
the ordinates H, pb are infinitely! near each 
other, the mixtilingar area Hips will -be equal 

to the, rectangle under bp and ; therefore the 
xn area Hhpp is equal to Ow N Sb 
(z X Ce. And an the ſame manner it may be 
hewn that, if the area H Tab is divided into 
an infinite number of infinitely ſmall mixtili- 
neat areas, ſuch, as Hob, and the rectangles 
had and enALI. are divided into the ſame number 
of correſponding little rectangles, ſuch as Sh 
and Cue, each of the portions into which the 
area HT%h is divided will, be equal to the ſum 
of the correſponding portions of the rectangles 
bad and All. Conſequently the whole area 
HTab will be equal io the ſum of the two rec- 
tangles od and Al, or to CA * DH * CA 
Hd. QE! 

318. Hence it follows, that the 1 area of the 
portion KH Tab of the figure of verſed fines, cor - 
reſponding. to the latter ſemi-baſe bg, is equal to 
Cad = BA or CA Xx BD + CAgę, that is, 
to the ſum of the rectangle under the radius and 
the arch of a quadrant and the ſquare of the ra- 
dius. For when the point + in Fig. 88, coin- 
cides with the point &, the point þ in Pig. 91 
will coincide with the point þ, and the point 6 
in Fig. 92 will coincide with the point 5. 

„ 319. From 
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1 man- n e 


Hog to be dem onſtrated.” 2 


ther evident, that the portion KHT46 of this 


arch of a quadrant, AE, AG, AN, any arches 
circle ABD. And draw the diatneter AD, and 


94.) equal to the ſemicireular arch ABD, and in 


terminations: hag 1 
= KT HT 


19. Fri om 'theſs tw 
8 the area 15 


72 FFC 
H + CA x CA 8 Im the Tiga 


6. 18 . from e co 2 that | 

the Abbe n re ¶ verſed fines apKHT4da = 
apKba + > Hey > 4 wy A5 — CRN 
Ga x arc BD + CAF= CA x art "AB4CA' X 
are BDYequal: to: CA x. arc ABD, or to the 


rectangle under the radius CA end the arch MI 


ABD of the ſemi-circle' ABDA. And tis fur] 


figure, correſpobdin g to the latter femi - baſe bi 
exceeds the portion apRba, correſponding t0 
the former ſebi-baſe . 65 "ty wet the ſquats 
of the radius CA. 2: 20 

321. Corol. 13. Let ABD { (Pig. FR be the 
arch of a ſemi-circle whoſe center is &, AB che 


leſs than a quadrant, and AF, AH, any arches 
greater than a quadrant, but leſs: thile/"the ſemi- 


the chords of the arches AE, AG, AN, AB; AF, 
AH. This done, take the richt line ad (Fig. 


it take the lines ae, ag, an, ab, af, ab, reſpec- 
tively equal to the arches AE, AG, AN, AB, 
AF, AH; and at the points e, g, u b, f, b, 7 
draw the right lines eP, g. nb, bK, "FE; "and 
2H, at right angles to the line ad,” and reſpec- 
tively equal to the chords of the arches AE, 
AG! AN, AB, AF, AH, and AT equal to the 
diameter AD; and draw the curve 9 


— 


1 1 0 _ 1 * 6 [Sq gr Z TY a 
0 RE . 2 8 =] p Y l vu _—y N > C Y l - _ * 
g 1 15 8 agen 4 0 1 * E — R . Þ | In * * > 


S 


= 


. . Py cy 
rr Ln 


„ 


— 


bras TREGON GMETR Y. a 


Y 4 unbeb the ntremities of all theſe perpendi. 
WW -cilars are ſituated: Thel e ee » 
4 lederne f . N 
=_ . 5 towards the. baſe 2 4. Ter N by Cd 3 
- 75; the! infinitely ial: inctement of a circular © 
= ac: is o the contemporary increment! of its 
chord as. the diariieter of the circle to the uhord 
7 vl the ſupplement of that are td a ſerhi-circle; ic 
= follows that, if in the ſemj circular ardi ABD 
ve take three equi⸗ different arches; whoſe gif. 
W ferences are infinitely ſmall im compariſon of the 
W aches themſelves, the difference of the chords 
of the greateſt | and middle arches. will be:tö the 
W difference of the chords of the middle and leaſt 
= che as the chord of ſhe ſupplement” of tlie 
middle arc to the chord of the ſupplement of the 
WF leaſt are to a ſemi-circle; and therefore. will be 
We ics chan the difference of the of the 
W middic and leaſt arches. . Conſequently, if we 
We take three equi=diffeferit portions of the line a d 
L (Fig: 940 whoſe. differences are infinitely 'fmall 
in compariſon of the lines themſelves, wt thrg* 
we extremities af theſe lines draw the.correſpon=, 
WF dent ordinates; the difference of the greateſt and 
middle ordinates will be leſs than the difference 
bf che middle and leaſt ordinates. Therefore 
be curve T will be concaye towards the 
ba 24. QED. 

223. The area of any portion) apna of this 
WT figure is equal to the rectangle under the dia- 
wveter AD, and the difference of that diameter 
ind the chord. of DN the e of the arch 
= AN to e 24 is - | 
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. infinitely near to the point N, and draw the 
chords AL, DL, DN, and let'y be the point in 
Which the chord DL interſects the chord AN. 

In Fig. 94, take / n equal to the arch LN, and 


In "3 arch AN (Fig. 93.) take the point L 


draw the ordinate IE; and from k draw kr, pa- 


rallel to an, meeting n p in r. And laſtly, take 
ad, in Fig. 95, equal to the diameter AD, and 
C park ny ge the ſquare MBC: and in the line: ad 
take Qg, and F equal to the chords DN, DL, 
and through the points P, Q, draw the lines Pp, 
Q. paral el to N.. 


meeting MB in p and 9. 
Then tis evident in the firſt place, that / 4 


will be = AL, Ay = AL, and Dy = DN, and 
_ conſequently N will be = the difference of AN, 
AL, and Ly = the difference of DL, DN, and 


therefore = PQ. Further, becauſe the - ordi- 
nates IE, np, are infinitely near to each other, 
the mixtilinear area /4pn will be equal to the 


rectangle E r n; and, becauſe by Corel. 7, we 


have yN : LN :: LD: AD, and for the ſame 


reaſon, LN: Ly :: AD : AL, it will follow, 
er æguo, that yN : Ly:: LD: AL; conſe- 


quently LN will be = DN "and Ly =; 


AL 1.5 Therefore the mixtilinear area n 
is {= xl LN x AL Dx x AL 


AL N 


15 = AD xLy — Pp x PG. 


= AD x 


And in the ſame manner it may be ſhewn that, 
if the area 4 hn a be divided into an infinite 
number of infinitely ſmall mixtilinear areas, ſuch 


as ! K pn n, and the rectangle * Os divided into 


the 


Pink TRI IF, 


the ſame. number of infinitely, ſmall. 1 . 
ſuch as PpgQ, correſponding to the portions. 
the area @ p N 4, each. of the portions into which 
the former area is; diyided will be equal to the 
correſponding portion of the latter area: theres 
fore the-whole former, area-is equal to the whole 
latter area; 3 that 1 . 18, the area 2 fais = MX 
«Q&T NM * a -A * AD=—DN. QED, 
Note, In the ſame manner tis evident, that 
if in the ſemicircle ABD in Fig. 93. we take the 
arch AH, which is greater than a quadrant, the 
area of the portion apkHba of the figure of 
chords in Fig. 94; correſponding to the arch AH, 
or whoſe bale a þ is equal to the arch AH, — 1 


be equal to AD x AD — chord BH, or to the 
rectangle under the diameter AD, and the exceſs, 
of that diameter above the chord of the-arc DH, 

or of the ſu pplement of the arc AH, to. which: 
the baſe 4 5 is equal, to a ſemicircle, For, by 
Coroll. 7, the proportion of the. infinitely ſmall 
increment of the arc to the contemporary incre- 
ment of the chord, upon which the foregoing. 
reaſonings concerning the magnitude of the areas 
of this figure were founded, is the fame, whe- 
ther the arc be greater or leſs than a quadrant, . as 
long as it is leſs than a ſemicircle; and conſe- 
quently the foregoing demonſtration will be e- 
qually true in both caſes. 

324. Hence tis evident that che whole ''Y 
gure of chords apKTas, correſponding to the 
temicircle ABD, is equal to the ne of the 
diameter AD. 

325. The area of this figure may alſo be de- 
rived from that of the figure of fines. For if the 
baſe ah of the * apHbha of the figure of 

chords 


i | 


- 


5 
2 


. M — ordinate in the former figure will 
be double of the correſponding ordinate in the 

Htter fig ure. But tis evident,” that every ab- 
ſoiſs of the baſs a bin the former figure will be 
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s'evident- that, if we-divide' the"baſe' 4% (n 
Figs 294% into am infinite" number ns il | 


Gl and equal patts, and draw the.corte 


O 
ENT wy Ame number of infihitely tial 5 
und draw! the corteſponding ordi- 


double of the correſponding abſciſs of the baſe 
A in the latter figure; and conſequently © the 
difference of every two tobtiguous/abſcifies im 


the former figure will be double ef the dif- 


ference of the two ecorreſpondent abſciſſes in 
the latter figure; therefore each of the mix 
tilinear areas into which the former figure is 


divided by its ordinates will be double both in 


height and in breadth of the cotreſponding 
— — area in the latter figure, and there- 
fore will upon the whole be quadruple of 
it. Conſequently the whole area apHhain 


Pig. 94.) will be * of the whole Ges | 
526. This 


rdinates} and alſo divide' the baſe 4% (Fg. 
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326. This determination agrees with "that 
iven above in Art. a fince the arch 
His double =o! chat its ſapph 


F 


complement BN of AN to a quadrant. There 
fore ord 
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327. THOSE who are e with 
the common methods of calculating 

by fluxions will eaſily be able to derive from the 

foregoing, or 3oth propoſition, and its ad, th, 
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l the relations between a circular are and 
$ fine, chord, verſed fine, tangent, and"Tecant. W 
Thus, to find the ſeries for expreſſing the arc in 
powers of the tangent, we need only put @ for the 
arc, f for the tangent, and r for the radius of 
the circle, and @ and ? for the fluxions, or infi- W 
nitely ſmall contemporary increments, of the arc 
and jangent, and by Prop. 30. we ſhall have 7: 
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- both ſides, we ſhall have the arc a equal to the 


Bo - Ho 8 oo. 


5 | ſeries 1 ee Ge; 


AE er, , 00... A0'<. 


= which ſeries converges, and therefore exhibits the 
true value of the arc, as long as the tangent z7 


not greater than the radius, or as long as the 
uo is not uw W 7 once 2 


8 HOL IU. 


= ; % 1 Gregory's quadrature of the 4 21 ; 


and a hint towards deriving from thence a de- 
nonſtrat ion of the "impoſſibility of ſquaring tbe 
circle with perfect accuracy, if . 4 ee 
ture be really empoſſible. 


328. If the arc is exactly 45%, we ſhall have ? 


ind e 1 en g ſeries will be 
2 + — 2 + —— 2 Sc. and there- 


ES 7 
fore if 7, or the radius of the circle,” be called 


„, the value of an arc of 4 5h, or of the eighth 
part of the whole cireum of the circle, 


: \ will be equal to the ſeries 1 Mn | 
ö 5K Sc. ad inſinitum, Which is the ſeries 
| which was given by Mr. James Gregory and 


Mr. Leibnitz for finding the quadrature of the 


circle, or exhibiting in numbers the proportion 
of the circumference of a circle to its diameter. 
| Eut this purpoſe it was but il] fitted to anſwer, 
on account of the prodigious ſlowneſs with 
| Which it converges, which is ſo great that Sir 
; Kkk Tſaac 
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Iſaac Newton obſerves concerning this, and 
another ſeries almoſt as ſlow, that, to get the 


value of an arc of 45?, or of a quadrant, to 
twenty decimal places of figures, there would 
be occaſion for no leſs than five thouſand mil. 


lions of terms of it, to compute which would 


take up above a thouſand years. [See his ſecond 
letter to Mr. Oldenburgh, dated Oct. 24, 1676, 


in the Commercium Epiſtolicum, page 159.] It 


muſt however be obſerved, that though this ſe- 
ries itſelf is of too flow a convergency to be 
made uſe of in calculation, yet it may be con- 
verted into another that converges more ſwiftly 
by the ingenious method invented by the very 
learned Mr. Stirling, which the reader may ſee 


explained in that author's excellent treatiſe, De 


Summatione Serierum, where he will alſo find, 


in page 32, an application of this method to 


the caſe in queſtion, or a quadrature of the cit- 
cle perform'd to ten places of figures by means 


of a ſeries deriv'd from the ſeries 1 — e e — 
; * —+ Sc. But the principal merit of 
this ſeries is the beautiful ſimplicity of its terms; 
which makes it alſo more peculiarly proper than 
any other ſeries of the like kind for being made 
the ground of a demonſtration of the incom- 
menſurability of the circumference of à circle 
to its diameter, if ſuch incommenſurability 
(which, though often aſſerted, has never yet, 


as far as I have been able, after a good deal of 


ſearching and inquiry, to diſcover, been de- 
monitrated) be really demonſtrable, For if it 
* eee 
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can be ſhewn that no fraction whatſoever, 
vulgar or decimal, conſiſting of any finite num- 
ber of figures, can accurately expreſs the value 
of this ſeries; it will follow, that the arc of 
459 and the radius, and conſequently the cir- 
cumference and diameter of a circle, are in- 
commenſurable to each other; and this inquiry | 
can, as I imagine, be made much more eaſily 
of ſuch. a ſeries as this, that conſiſts of very 
ſimple fractions without any mixture at all of 


ſurd 7 than of the ſeries M ey 
8 r 
N e ers xa x7. 


. JN n or. which 
Dr. Halley uſed for the quadrature of the cir- 


cle, from the tangent of 303, ey or of any 


other ſeries that involves in it one or more ſurd 
quantities. 


* 1 * 1113 
Note, the foregoing ſeries 1—5 ooh +. 


7 
I 
L Ge. is evidently e wht 3 
9 m * 180 * 35 99 
+ &c, K r e DT 1 r 
2 

+ — == hints Ge. and bametimes is 
conſidered under that form. 
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= | 
Of the ke for finding the arc fom Tie 


329. Again, to find the ſeries for expreſſing the 
arc in powers of thè ſine, put à for the arc, 4 
| For the fine, and er for the radius, and @ and 5 
1 | for the fluxions, or infinitely ſmall contempo- 
| rary increments: of the arc and ! and by 
4 | Coroll. 2, we ſhall have a: . PT * Vr. UP 
| rs 


' 
F Y _— } Cz 4 


| | _— 3 
| whence a — de 2a 
rr * 2.4.74 
g 38 4.815 3.LZ. 2 
: "Is 2. 2.64. 2. 2.4.6 e 6. 8. 10.1 8 | 
2 and conſequently, taking the fluents on both 
| ide, we ſhall have @ = # tpn 


E | 2.3% 2.4. 5.7 
I 1 3.5.87 3 SOAP... 2.5.2.9. 1 0 
4.46.7. N 8.9.1 Tor 24.0.8. 10.1... 
＋ &c. ad infinitum, the terms of which ſeries 
are generated from each other by a ſucceſſive 


multiplication into the n Wa 3-3 25 
TAP 4.57 
22 5 2 . 9.98 „ Sc. of which the 
6.7.72 8.9.1. 10.11. 72 
ſquares of the odd numbers in their natural or- 
der multiplied into the ſquare of s compoſe the 
f numerators, and the products of the next two 
1 natural numbers multiplied into the ſquare of 
r compoſe the denominators. 


An eaſy quadrature of the ci rele. 


I qa wy A 53  £+zA 95MM A > A te 5 


If the arc 4 be 30®, the ſine s wil be equal 


to half the radius ; and therefore, if the Lo 
c 


* 


< | 6+ @« Q 


which Van Ceulen has carried his calculation, 


— 
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be put r, we ſhall have a, or the are of . 


„„ LIN GUISE IJ 


2 2.3.8 2-4+5-32 2.4:6.7. 2 
3 
eee 10.11.2648 + Sc. 


which ſeries - converges, as 1s evident upon in- 


ſpection, with ſufficient expedition to afford a 


very eaſy method of en the e 


of the circle. 


$CHOLIUM. 


'% 


L Of the excellency of thoſe methods. of Soar, the. 


circle above that of Archimedes or Van Ceulen. 


330. Indeed it is ſurprizing to conſider how in- 
finitely eaſier and more expeditious both this and 


= Halley's method abovementioned: of ſquar- 
the circle, from the tangent of  3o?, are 


— that which Archimedes and Van Ceulen 


made uſe of for the ſame purpoſe. For a hun- 
dred terms of either of theſe ſerieſes will give 
the length of kn arc of 30, and conſequently 
of the ſemicircumference, to more places of fi- 
gures than Van Ceulen has computed it to; 
and yet, I dare ſay, a hundred terms might be 
computed in the ſpace of a very few hours by a 
ſkilfül arithmetician, whereas Van Ceulen's 
computation was the produce of a prodigious 
deal of time and labour. Mr. Sharp has com- 
puted the circumfererce of a circle by Dr. 
Halley's method to no leſs than 72 places of 
figures, which is exactly double the number to 


as 


2 C 1 e 
Ld RES f "IT EE 


%% RI E MEN TS o 


as may be un in Sherwin mathematical ta- 
bles, page 56, 57, 58, 59; in which the _ 
pfocels is ſet down, as well as ſeveral other qua- 
dratures of the circle performed by means of 
kat ſerieſes, which the curious reader may 
conſult. 

But the very beſt method of all of erforming 
this quadratufe i is without ueſtion that of the 
ingenious Mr. Machin, which is pabliſhed in 
the appendix to my — on the uſe of 


the negative ſign in algebra. 


| Note, If the coefficients of the terms of the 


foregoing ſeries s 3 
8 m 2 pr" og 


- - 5 = + &c. by properly. reduced into ſin- 
ole fractions of the ſimpleſt kinds ( by multiply- 
ing their factors together, and throwing out 


thoſe that are common to both the numerators 
and denominators) as they onght to be before 


the ſum of any number of them is en 
that ſeries will be as follows, to wit, s + — 


32+ 5% 38 635'! 
IT IIar“ 115⁴˙f TH TT 
PER. "23 00 r 

13,3 12712 8 75755 
206,035,8 y_785,213:" . 2422204370. 
21, 168, Ta 87. 93, 93,58 5,4 08759 2041996, 5.0087. 


+ Ee, 


7 
1 
- % 
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"> the ſeries for gude the « arc re from its chord. 


331. 34, To find che are in power of the chord, N 


put à for the arc, c for the chord, and 4 for the 


diameter of the circles, and 4 and c for the 
fluxions, or contemporary increments, of the 


arc and chord; and, by zoroll, 7, We ſhall have 


4 5 c — 4: ul, whence a is = = = 


e EL Kg OE WY 


2.4.4) 24.6.4 2. 4- 6.8.4 


600 . * Sc. and conſequently, taking 


the fluenis on both fides, we. ſhall haye a, or 


ic 2 3.770 
Cc | 
72 * e © E407 
3+ 5-70? 3. «5:7: 9. 
Fz4-6. 4.6.8.9.48 +; 4.0.8.10.11. +8. inwhich 
the coefficients of the terms are exactly the 
ſame as in the foregoing | ſeries derived from the 
line, 5 
If therefore the terms of this ſeries be reduc' 4 
to their ſimpleſt ET Wai: = * will be as 


the arc, 


; ; c . 
eln Þ vi. 6 +a PLES 


2 28165 7% ee 
6435. 206, 63 55 285˙2135 
155750 og, 2,168,128. 273, 585,408, 


5 - + . as in the ee 2 


of 


_ 204,990,008 
Tles. 


e . ———— 
8 — 4.99 6 BED % Ps 8 
— —— —— — 

I 


— 


* — —— —ͤ—U— — 5 
PP 
— = 
1 


= . r * - =—_— cy * 5 5 
RE ET —_—_ 8 | 2 ad = CR \ _ = 1 1 ry J = \ 
6G » =_ N 


ö 5 By 1 RR 
* mn ETON 


: * * * 

;: 3 7 8 * 4 # , * 1 

2 : 6 # 2 5 \ 1 ; 
: 
— * 1 . | * ry N F 35 4 * « WJ] : K " 
| e by þ O pf % l i 9 
4 * & 2 & #*s + 1 TY : 3 a e * 3 i WE 
X g o 

” * 


ve 


crements of the arc. and verſed ſine, and, by 


Re. # 26 = Yn 3 2.2.42 


+ — 3:p7-9-L[1.2"3 


* 


of the fries for finding 1 arc fon the verſe 
Kue. 


ff 


fluxions, or infinitely ſmall contemporary in- 


Cn” 


| Coroll. 6, We ſhall have a . 5 7 e — VV; 


do Av. 2 v 


＋—— 


3a 3.5. vꝛv 3. 5.7. vĩv 

2.2. 4. 42 * 2.2. 4. 6. 44 ns 2.2. 4.6. 8.4 * 
_3-5-7-9.V3v _ 3.5.7. 9.1. v4 

2.2.4. ö. &. 10 d? 2.2. 4. 6. 8. 1012.4. 


＋ &c. and 


conſequently, taking the en on both des 


we ſhall have 7 or the arc, : d; V+ — 


2 35.1 J. 82.2 
32 2.45% 5 2 Fee” 2. 4. 0. 8.9. 4. 1 * 
3.87.9. — 3.5.7.9. 11. v | 
2.4 6. 1 = 60K 8. 10. 12. 13.4 pf Sc. 


ſhall have a, or the arc, 1 


= 
* a 2.4. 5d. 


8 2.872 . 
, 2. 4. 0. 7. ds 2.4. 6.8.9.4 ta 2 4.6.9,10.11. d 


* 6. 8.10 10.12. 13. . 12. 13.4. 


335 5 To and the arc in powers if the E 
d ſine, put a for the arc, vfor the verſed ſine, 


and d for the diameter, and 4 and v for the 


. 


+ Sc. which ſeries con- 
. yerges, 


Prake PRIGONOMETRY. my 


verges, and conſequently repreſents the true ya- 
lue of the arc, as long as the arc is of yay” 
magnitude leſs than a ſemicircle. 


This ſeries, tis evident, has the ſame nume; 


ral coefficients with the two foregoing ſetieſes 


derived from the fine and chord, and t erefore, 
if its terms be properly — will be as fol- 


IF - 


s, to wit, 2 | 1 
low + aft od ara "112 a * 
2 63 3 14385. 


71152, 277972 3,14. eee 
6435217 /, 266 55 785, 213, 
FI 21,168,12 8,4 | 


557.056, 93,5854 
1,499,043,227 - 
72 6,608 * Er. Indeed when ex- 


preſſed in this manner by putting 2 N dv 


this ſeries exactly coincides or — — the v 


ſame with the laſt ſeries deriyed from the chord 


c; becauſe æ being — Ab, or being a mean 
proportional between d and v, or the diameter 


and verſed fine, nut be Pk to the chord c. 


07 the ſerie for Andi the ah 14 frum the variable | 


Part of the ferant. 


- 33% u To find the arc in powers of We 
variable part of the ſecant; or of 1 its exceſs above 


the radius, put à for the arc, æ for the exceſs 


of the ſecant above the radius, # for the radius, 


and d for the diameter of the circle, and z and : 
x for the fluxions, or infinitely ſmall contem= 


| porary increments of the are and ſecant; and, 
i 6 by 


2555 Y E L E ME N 1 Ti of : 
by Cell. 4, we ſhall. have 8 2 2 hb FT FEE x 1 | 
* ee, whence @ as ae 911 ty out 


11411 2104 1 ——— 
. 
ä — xj {2:4 B+3 | 
REST Ne Ut N 4X27" * 
2 W! e 3 D 
. 26. O .. * 227 3.5.7 


+ > 


2 5 2-0, X22 7 . .f. 2 x. 

7 7 WON 0 a 
1 * Ge. ad infaiuny 8 in which the — 
1. A,B, C, &8: repreſent the numeratots of 9 
the coefficients of the terms as they ariſe, A 1 
being equal to 1 or the numerator” of the coef- - 
ficient of the firſt term, B to 2.2. ALI, or to 7 


2X 2X 1 EI, that is, to 4+1,-0r5, and C to br 
2.4. B-＋3, or n. or 40 3, or 43. be 
and D to 2. 6. C -- 5, or 26/4315, at: be 
516-115, or 53 1, and ſo of the reſt ; and the c 
additional parts of the numerators, to wit, 

3. 3.5. 3.5.7, c. are the products of the odd or 
numbers taken in their e order, and the 

denominators are the products of the even num- * 
bers taken in their natural order, and multi- 

plied into the odd powers of the root of 2, ta- 
ken alſo in their natural order. Taking there- d' 
fore the fluents of theſe terms, we ſhall have a, 


GE 5 8 5 


or the arc, * . 1 
r He . 3. N og, 
2.4.5. X 24 * © 2. 4. 6.7. 22 2 


3 6 x 25 gs Sc. or, if we ſubſtitute 


the diameter d in the room of 2 7; (by which 
_ ſub- 


Puane TRIGONOMETRY. 435 
ſubſtitution. the ſeries will become ſomewhat 


are we ſhall have 4 4 . 1 4 22h r, 


* 2 45. 


28.D0＋-z N 1 is for the fake of 


2.40.8 9. * 25 
avoiding the fractional indexes, we kot = 


or x xd, or N IS; or AF, or the mean 

proportional between 4 and &, of between the 
diameter and the exceſs of the ſecant above the 
radius, y, (which mean proportional, We may 
obſerve, will not be any known line in the 


circle, but will be fomewhatleſs than the tafipene; 
being accurately equal to a' mean proportiend 


between the tangent and a line equal to/twiee 
the tangent of half the are) we ſhall Have 4 
{ 4 

ny EE Ze 
13 3 Ie 
* 2.4.6 7 TY 7 3 Bu © 


„Ge. ad infinitum ; in which the law of the 


continuation: of the terms is ſufficiently Lvident 


from the inſpection of the Its and from What 
has been already faid ro explain it: An 1d it 


muſt be further obſerved, that this ſeties, CQN-, 


verges, and conſequently exhibits the tri | yalue 
of the arc, as long as x is not, greater Wa, | 
or the ſecant is not greater than twice t e ra- 
dius, or as long as the arC 1s: not gteatet than 


bo de ees. 2 8 
gr | |S 11 2 | Of 


436 ELEMENTS. of 
Of the ſerieſes * de ng the As, 77 


verſed fines, tangents, and ſecants of a CATCH: 
i" arc in Oe] 7 the arc. a 


- 


334- Tu ESE are the herd, ſohieles "Be which 


the arc of a-circle may be derived from - 
the ſeveral right lines that belong to it. It re- 6 
mains that we give the reverſes of theſe ſerieſes, or 


the ſerieſes by which theſe ſeveral right lines 
may be expreſs d in powers of the arc ; which 
may either be obtained ſeparately by reverting, 
as it is call'd, the ſeveral foregoing ſerieſes, or 
when one of them, as for inſtance, the ſeries 
for expreſſing the fine in powers of the arc, is 
obtained by this method of reverſion, the others 
may be derived from-it by the common opera- 
tions of arithmetic and extraction of the ſquare 
root, which is much eaſier than repeating anew 
the method of reverſion. 


Of the ſeries for expreſſing the fre in powers of 


the arc. 


BSE 

1 rye „ 

3 c. Ane 3 to the ſeries Aa CBA Ca + 
&c. ad inſinitum; and we ſhall have the cube 

bol this ſeries, or A A- B-. =, and 

= the fifth power of this ſeries, or Aba. +&c.— = 


s', and fo on of the NOT n and 


= equently (=I. . 3” + 8c) = 
- conſeq 4 ( i” + * 6) | 
Aa 


335. To revert the ſeries 11 


LE e-in> Fu 
JEL 1 44 + ; * N 
D 1 r 
SC Lieb =_ * 


$2 


* 
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e A4 ＋ B23 + „Ca, + Se.. 
. 1 Aa + Y.C Ba! Be, asf 
Lv FIN? e 
. 34 2 + G6 77 * 
| | 2 E JAG * 
7 it folge (fince this: equation. is tri 
when a is infinitely ſmall as well: 
of a —_— re ae that Aa will be a, and 


Ba- * © will be = = 0, and Ca . 4 3A Bar 
2. 6p | 06 54 48 2 


3A 


4 4 


Gb 


om __ ©, and in like Manner the form of 


2,478.4? 


the terms involving every following power of a 


will be = ©; whence, it is evident; the coef- 
ficients A, B, C, Fe. may be determined. 
Thus from the firſt of theſe equations, to wit, 
Aa S, We have A=1; and wa" 15 e e 


of theſe equations, to wit, B. ＋ —— = 0, we 
A 


have B = 5 ; and from the third equation 


2.2. | 
Zan Cn 
2. LAT | Sis 5. . 7 „ | 


1 


2 ecu 


2.3.4.5. — 2.3.4.5. 
the following coefficients may be determined, 


we have C (=— 


_ and] in bike manner 


and will be found te ths. 2 


n _ 2:3.465-0:797 


7 ITT, © Rs 2 
5.4.58 le ISLES 4 


but 
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but it Waun be confeſs' d that the reſolution of 
the equations by which'theſe coefficients are de- 


termined, becdines, after the firſt four or five 
terms, prodigiouſſy laborious. It appears there- | 


fore that s, or the fine of the arc @, is equal, to 


8 ſeries © or pb a er 
t N We 234-5677 
a? 2 i 
2.34 4.5.6.7.8:9. 2 $67 89 Tour's 
Fe, in which the law of continuation 18 very 
manifeſt. 
If the coefficients of this NS are properly 


reduced, it will be as follows, to wit, 4 — 


obey 7 OE 3540 — 36, 9807. 
PAY boy p ; | | 


1 7 85800 776 Ge. This ſeries, tis evident, 
converges ſo exceeding ſwiftly that a very few 
terms of it, ſeldom more than five or fix, are 


ſufficient for moſt purpoſes of calculation, 


Of the ſerieſes fo expreſſing the role and verſed 
ne in powers of the arc. 


336. By ſquaring this ſeries, and ſubtracting its 


ſquare from the ſquare of the radius, and then 


extracting the ſquare root of the remainder, we 
ſhall obtain for the value oF 2 coſine the fol- 


2 * * 
owing ſeries, to wit, 7 — — 
| | | 2.7 ee L 
a® += > 28 N 421 
2.34.5. 6.7 5.6.7. 8.77 2. 3.4·5 * 79 


Se. which being. ſubtracted : from the radius, 
leaves 


Pravy TRIGONG 


leaves” the verſed, fire: 8 

| * = N oy | 

a> Sefs-ouc lt 7: 77 — 4 

2.3.4.5. 5 Narr Fe 

Sc. or, if the terms of this 1 ſeries ics be Properly re- 

ducetb . e ings x 
2r 2473 _ 720 7.80 * 


g*® | 
3,028,8 gory , * 


„ , W W. ² „ 
g 4} TI * 


MER y. an 


a* ł | 


#87--$&-H 
* ES 
* 1 

* 5 


of Z 1 rice PS ex «preſing the fron and fan- 
gent in fo wers of 7 De Ute ESE 
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337. The ſeries fot the cofine yeing "EE * 
for the ſecant may be derived from it by 2 
the ſquare of the radius by the former ſeries, 


and will be found to de as follows; 74. + 


$45. 6145 ee, 138 "> * 
e e, eee 
4942318" | 
een Anh by Guang 
this laut ſeries, and ſubtracting the ſquare of the 
radius from its ſquare, and then extracting the 
ſquare root of the remainder, we ſhall find the 
ſeries for the tangent to be as follows, to wit, 

843 66% ͤ e 
N 2. 3: 4. 5 A 3-4: 755 7. 8 N 
— 3 

2.3-4-5-0.7.8.g. e. 

If theſe two ſerieſes be proper| Fab, Hh 


former of — or that for he ecant, will be 
as 


2 


b Ge. and lee for the tan- 
. 


tk will be Kfer i . 


e 


e * 8 88 


of the feri es er expreſſi ng the chord i in ; power 97 


the arc. 


338. Ast to the riet fot che chord, tis evident it 
muſt be exactly ſimilar to the ſeries for the ſine, 
as the two ſerieſes for expreſſing the arc in 
powers of the chord and fine are. exactly alike, 

herefore c, or the chord of any arc à in a cir- 


cle whoſe diameter i is d, is = 4 — ——, + 


as a” 1 a” 
234.54 e ee, e e 


a 
eee ee, if the terms 


be Properly reduced, 4 — 


r 9 
64* 120d, 5A 


; 4 ! 22.8 JOWQ 14 fin 

0 888% 39,916, 854. awed ret _y | 
2 71 for the ne. N an 
* Thoſe who are deſirous of 38 thoſe * 
ſyrieſes continued to a greater number of terms 2.4 
than have been here ſet down, may have their me 


curioſity | ſatisfied by conſulting Mr. Sharp 's me- 3 
thod , 


— 


PiA h” 15 


+ If thod of cOſtructing natural fine and 1 
; which is bound up with Sherwin's mathem 


* * * l 
— - a 
* 25714 2 


Jew the þ ne of the Jp. are. 


339. THERE is ahother ſeries kichit will be 
proper to mention on this occaſion This is the 
{cries for expreſſing the fine of any given multi- 
ple arc in powers ol the ſine of the imple Aſs 


and may be derived from the ſeries s Nr 


23.4557 


3 
verſion by which the ſeries if, 0c 


YE 2. *r, I 


8 7 LANG —— Ge. was derived from that ſeries, 
Por let the multiple arc contain the Aimple 
| arc ꝝ times; and let r be the radius of the cir- 
| cle, s the fine of the ſimple/arc, and x the fine 


of the multiple arc. And we fall have che 


ample arc equal to: Wy = + Is : 


and the multiple arc e * 


- - —— c: and oonſequency der nete. 
mer ſeries at be equal to the latter ſeries, that 


2 


is, 11 F 7 l 


of the je ela for 1 4 yy of a . 


1 e by the bas th td: 


12 


tables. See the * cat. 74 Page 4 


rien MEN ON 


15 N 3 7 


2.3 * 2.4.5.7 

Aſſume therefore x — As * B. 75 Cs + Ge. 

and we ſhall have N 

D rb Get baba Je 

 —-A5ri+3A*Bs + &c. 
2.3.72 2.3. 5 5 


— 0 EW; 18 —— 0. 


3 34078; Ge. | i vet 3 ry ha, 
or s + =— — 12 
=, 5. 5 * 37 [ca hd % 70s 


. 


Ane. \=0, whence we have te 


1 2.457. 5. 7* 
Int — 325 — Sc. | 
2.3. 2.4.5. 7 45 
following equations for determining the values 


of the coefficients A, B, C, Sc. to wit, if, 


A- —0; whence Al is = n. 


245, B+ - o. whence B is 
2. > 2.34", | 
2 I—7 
— wy OT 72 > 4 — . 
2.3.2 | E bet 


AB, zA 
„E- 3 4 1 3 
And 349 2.3. 5 2.4.77 ET 
97 — 1093 + 7 


"p whence C is = 2, Ot vx 


2.3.4.5. 70 
1— 1. x I, And in the fame manner may 
2.3. r 4.5 


be determined all the followin g coefficients 


D, E., F, &c. 
Therefore 15 . the ſine of the N arc, 


— 
8 ” $3 a 
* * RY 3+ X + — ray 
K. 9-11 
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Oe 


8 © — i | Wt . 


T3 


"W- 
—_ _ 


= 20 : 
3 
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ease TRI GC ONOME TRY. 2 
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775 8 * . See, 01, putting A, BCD; 
85. for the values of the ſeveral: term of this 


ſeries reſpectively as they artte, we ſhall have 


| 1— — 
x 86 4 A. 
©. 2.3.75 * 
me 8.9.7 rem I 4 xy SONS): | 0 x pe 1 A 


121 _ Fs* 82 Se. in Which ſeries the num 


12. _ I Jas mew 
bers 1, 9, 25, 49, 81, 121, &c. are the Hquares 
of the odd numbers, 1, 3, 5, 7. 97 1 kad 
taken in their l order. 2h1571niirhi0R »b a 


Ld 1 * 7 $2 2 8 1 . - 
ene I ie 3 79. Th 
W444 X = ar eo _ P i 95 A * 1 


SCHOLIUM. 


340. This eie was invente d bys Sir Thaae New 
ton, and.communicated by. him to Mr. Olden- 
burgh in a letter dated June 13, 1676, which 
may be ſeen in the Commercium Epiſtolicum, 
page 136. And the great excellence of it, or 
the advantage it has over the method of finding 
the {ines of multiple arcs delivered in Prop, 26, 
conſiſts in its enabling us to determine the fine 
of the propoſed multiple arc at once, or per /al- 
tum, without previouſly determining the fines of 
the intermediate multiple arcs, which is neceſ- 
fary in the other method.. 

if 2 is an odd number, or the greater arc is 
an odd multiple of the leſſer, tis evident the 
foregoing ſeries will break off, and conſiſt of a 
finite number of terms, as it ought to do ac- 
cording | to the concluſions in Prop. 26, For 


Mmmsz : "> 


P r et e eee eee og RT IO I ; Ow REST. - e. 
N * F 7 * re, COTE VO" 1 * 4 nnn R I A — 


a 1 5 5 
in this caſe un will in ſome term or other Ade 


Gries be Equal to the number from which it is 
ſubtracted, which will make that term, and 


conſequently all the following terms which are 


—— from it by multipl. ation, become 
equal to . But for the fame reaſon, if the 
greater arc is an even multiple of the leſſer arc, 
or u is an even number, the ſeries will never 
break off, but will conſiſt of an infinite number 
of terms, e bkewiſe to the determina- 
tions of n 

Thoſe will try 7 this ſeries. in a few in- 


ſtances. will eaſily plreetve its agreement with 


the determinations in Prop. 26. But this, for 
brevity 8 2 I ſhall ye omit doin 84 


A like ſeries F or PE; tangent of a lt are, 


and Mr. John Bernouilli's expreſſion for deter- 
mining the ſame from the tangent . the fimple 
arc. 


341. Alike forked may be foukl for the ungen 
of a multiple arc. For if ? be put for the 
tangent of the ſimple arc, and x for the tangent 

of the multiple arc that contains the former 


| arc n times, it will be found by a proceſs ſimi- 
lar to the foregoing that x will be = 1 


m— — — 1 
x 3 — ze 
7 8 + wh arr X #& + 


— WL e- * & * &e. But as 


Se + * © 


login 97 


foo. 


fa y 


. 


(in Fig. 79 and 80) 


gents will be = bee, I 
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the. law of the continuation of the terms in this 
ſeries is not very eaſy to diſcover, it will be bet- 
ter to.make uſe of "the. expreſſic ion invented by 


Mr. John Bernouilli for that purpoſe, by which, 
i Rigs radius be calbd 1, we hall Dave * = 


Key San wa 5 


See che Works of John Bernoulli, edit Genes 
N Pee 532. AKK 


the þ r be the 
ee nets ns 


* 3 the help of the "PE ps or loth 
propoſition, and its corollaries, we may alſo find 
ſerieſes for expreſſing the values of any given 
portions of the areas of the. figures of tangents 
and ſecants. Thus, if the radius AC (Fig. 789 
of the circle from which the given figures of tan- 
gents and ſecants are deciven be called , and 
the fine SN of the arc AN that is equal to the 
baſes an, an, of the ortions apna and AD8za, 

& thoſe Fara is put , 


the area of the dener Sue, of Ped figure of tan- 


| 5 >: = 


57 ++; = os 


9 pi Ge. Kc END nal the'aren . 
of 


12710 "4 


tion nne et dle 8gure of lecants 
TT 4 5 0¹ Bee * —4 Tor a 


A i 


8 13775 
RBaseſes the law of conſtruction is very R | 
72 The manner of finding theſe ſerieſes is this. 
5 T he fluxion of the area apna of the figure of 


5 nungents is the mixtilinear area ;Alnp.;:= the 


74. 


rectangle king == AM X LN = — 


op 14 


9 
F 23) 
* 


* 6 + NN ER +: Ge. APY ak 


13 20 cia: b 


will be = 4 + LE RE —+ Ge. And 


ir r! 
in like manner, the fluxion oe the Frey 40410 
of the figure of ſecants is = the mixtilinear area 


yind == the n pps SM X LN = 


F 1.4 rs | HEE | 

X ; 7) \ * N 5 FEST 

; 7 4 (error Dis vr. 2 the |. 
. 45 

= #5 + ON” A + &c. and conſequent- 


gi 
ona will be = rs r += — Ge. 
Note, Theſe ſerieſes were firſt invented by 


collanea Curioſa, vol. II. page 9. 
Cons 


LY 


LEI e ee — voth which & a 


FO LN 


taking the fluents on a both des, the area apn⸗ | 


ly. taking the fluents on both ſides, the ares 


Dr. Wallis, and publiſhed in the Philoſophical | 
Tranſactions, and may alſo be ſeen in the Miſ- 


rs 


7 
1 


| 7 


r TRE 


Cofequnces dduced- from \the' eue + fregin : 


7 - 1 - — 
1 p 
15 5 | 


ee ee 


who Heiice we. may deduce the following 5 


conſequences. by 
In the firſt Place, 


„ 45 „ 
that the ſeries E a 
4.5 08 1. 5 67. 7B . 101 


it follows Tx art. 276, : : 
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1 Ge. fot the area of the figure 


1272. 1 *** 
of tangents, is equal to the logarithm of the 


ratio of the radius r of the circle to the coline 


* r ss of the arc of which ; is the ſine, in 


any hyperbola, or ſyſtem of logarithms, of 


which rr, or the ſquare of the radius, i is the 


parallelogram, or modulus. ER ot 


2dly, It Fulda. alſo Gia: the fame article : 


143 © 47 480 


that the ſeries rs ++ dogs feels ee 


4, 7 6 nas 
11 13 S 0 7 . 8 . 
$ 3 


Ta — 157 — ue. for the area of the figure 


of ſecants, is equal to the logarithm of the ra- 


tio of the ſum. of the radius of the circle and 
the ſine 3 to the cofine Tr i in an hyper- 


bola, or ſyſtem of logarithms, of which rr, or 


the ſquare of the * is > the e 
or modulus. 


And 88 2dly, If we cubirack the for- 
mer of theſe ſerieſes from the latter, the ſeries 


F 25 C. 
37 47 ore 6. 7 N 


* 


p UL = SS ONS as) gs = 
ccc TR OT OT IST 


3 


a - 'BLE * DNS * 


9 : go. 311 gra. "IH ; 85 
FE tienen obs 


92 10 1175 1277 


| tained, will be equal to the logarithm of the | + 


ratio of the ſym: of the radius r and ſine 4 to 
the radius 7 in the ſame" ſyſtem of logarithms, || + 
or 18 whereof rr 1s the PEMD OD = 


Arb, If is = 7, or aw 3 dat 


| quadrant, we ſhall have Lt ar, and the ra- of 


tio of r+5 tor will in this cafe be equal to the ra- nit 
tio of 2 to 1; and the laſt mentioned os Ef 


| r 
will in this s caſe become = = . ET —— 


3 i 4 


8 


+ Fn. , Ge Therefore the ſeries 1 rr _ 7 + 
= „ 
+—— —+——— &c. or —+— ++ fig 


3 4 $ 6 P34 $50 "70" : 
rr 1 rr ir rr CI 

2 + 8 . OF 4 ' — — ö a 
aa 2 . ©" * 12 . rr 


ee Met ee Ge. is the logarithm 3 


+" 90 132 © 1782 fo 


. of the ratio of 2 to 1 in an hyperbola whoſe pa- | 


rallelogram 1 is equal to rr. 3 fe 


And conſequently i in the 5th Fe, if rr be . 
call'd 1, the W of the ratio of 2 to 1 3 
will be ee 


> Sc. that 1 is, Napier 8 beg of 2, or 


# 4 ratio of 2 to 1, is r the ſeries —: 
: — — += 2 e 


9 10 
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3 ,<'S I 1 


why 757 75. 7 1 n e 
+ &c. or K A MI. 


+ C Go þ £ 72 wh E 


rh, Since the areas of K the hole bgüpos of 
tangents and ſecants, correſponding to an arc 
of 900, or a quadrant, are cach of them infi- 
nite in magnitude, as is 99475 in art. 79. it 


-followy that the lenieſes — r 175 


＋ Se. and 75 —++£ + - 
+ Se. become each of them infinite in magni- 
- tude when they expreſs the areas of thoſe whole 


figures, or when 7 eee — r; that is, the 
belles . 1 65 ——þ gt 1 Sf. and 71 — 


Lo! + 2 xn Sink of 8 in- 
Kals "4 magnitude; = if + be call d 1, the 


| ferieſes e r. and 1 


3+; += - + + Sc. are each of them infi- 
nite in magnitude. 


And thus it n in the 7th plac that, 


if from the ſeries 1+ <= ; Fe 7 ＋ &c. 
which is infinite in magnitude, we obige the 


Non +... .Aſeriey 


13 ELEMENTS „ 


| alſo > infinite in e ts reminder weng mo 


E obtained, or the ſeries 1 — 2 * 5 . 78 | 
1 W + EY wm — + &c. or 10 of 
1 . 5 + Ge. will be . a 84 Z 
= 3 and will be equal to Napier s loga-l 
3 rithm of the > wa of 2 tot; and, if from the - 
: | fame ſeries 1 + — N eee. which pox 
1 1 x 
1 0 infinite in eg ba we ſubtract the ſerie R I 
= ct 
: JETS _ 1 * Ys 2 Ge. which | is all * 
x? if | 15 19 its 


infinite in "magnitude; the remainder thene 


obtained, -or r the ſeries 1 — — er 
8 ene ee 


r e eee eee 2 DDE 
r 1 
#308 5 T9-*;viny 91 5˙7 -= 
| wh X14 e 
A fi- 
+=. A 7 Ge. will be of a any 
nite magnitude, and will be. equal to an arc c of infii 
45 in a circle whoſe radius is 17. — 
88 ym 
Dae 
ir  Sebolium.. 1 nie 
344. As to the figures of ſeries, chal and © 
| verſed fines, it has been already ſhewn how thei HZ] 
areas may be obtained” by multiplying the r- ſciſs 
dius, or diameter, either into ſome of che right by 1 
lines belonging to a circle, or into a circular grar 
arc ; and we have already * a variety of ſe- the 


riel 


TNF 
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rieſes for determining the lengths of circular 


- x 


more of theſe arcas on this occaſion. 
| 58 a os '\ 


arcs : it is therefore needleſs to ſay any thing 


. 0 i 
We 3 


* 


— 
. 9 


Of the ferieſes relating to logarithms derived from 


the contemplation of the hyperbola and logarith- 


mic carve. 


345. Let it be required in the firſt place to 
find an infinite ſeries for expteſſing the value 
of any given aſymptotic area of an hyperbola. 

Let VA (Fig. 70) be an hyperbola of any 
ſpecies whatſoever, equilateral or other; and 
let A be its vertex, C its center, and CT, CD 
its aſymptotes, and Dd and Ee two ordinates 
parallel to each other and to the aſymptote 
CT. Then, to find a ſeries for expreſſing the 
aſymptotic area DdeE in powers of the abſciſs 
DE, we mult proceed in this manner. Put aa 
for the parallelogram of the hyperbola, 6 for 
the line CD, and x for the line DE; and from 
any two points H, K in the line DE, taken 
infinitely near to each other, draw the ordinates 


Hb, K+ parallel to each other, and to the a- 


ſymptote CD; and conceive the whole area 
DgeE to be divided in this manner by an infi- 
nite number of other ordinates, drawn parallel 
to CT, into ſuch little mixtilinear ſpaces as 
HK; and call HK, or the fluxion of the Ab- 
ſciſs DE, x. Then tis evident, we ſhall have, 
by El. 6. 1. the ſpace HK, or the parallelo- 
gram HK, to the parallelogram CH, or 
the parallelogram of the hyperbola, as HK to 


Nn 3 - | CH, 


/ - 
1 
| * 
: — — 
N rr eee r — — — 
2 . = — — — y Mſn Ba: _— D 
* z — — nu > : — 9 5 — 
{ [IPs — p 8 * . — _ l 5 ——— * : 
, ; ——ůůů — _ — — CARA 
way * ; Ps es. 7 . ** * © — . — 
L A _ — 2 
i LE. T7 - y = n 1 N 
* 4 ne YE CR l _ w—— 7, o 1 = if 
- \ 9 8 
= 7 = + U - 
— —_ - = — AS 1 E = FRY = — 0 -- = = _— ” ul i 5 9 
” - N = 7 = . 8 x 
l E _— = == i N 1 = 1 n dll —__ F þ Fo OG La 7 A 
- l _ - \ . 94 
1 WI 1 - — a WR l Fl '» _ La —_——_ 
_ - = a _ f 


A E 1 . K NT | had 
CH, ar ADH; chat is, HRiy: au : : 
Els”. whence HK, or the ürion of "the 
"2 D Us aax 0 a aa wo | 
1 5 dE, is = b x . 
aaxix  aaxix ——_ gaxi'x atxix 
"pig rk n * 6. 
and conſequently, uke the fluetits — — A 


aa Ade 
ſides; the area DdeE is — r 


ar da Aa a og 
4% K. 555 557 e bh 3. enden 
. other words, the Wc Di, of the ratio of 
. 5 „ to b in an hyperbola whoſe parallelogram 
is = ea, is equal to the ſeries — 4 
+ ax aax aaxs nax7_ 

46+ ze 5b 66 D 357 7 Lr which 
ſeries, tis evident, ene es as long as x is lb 
than, or equal to b, but no longer. 


9 b 7 Page 
n ISAT 
- "9 [1 1 = * 
I A wot 1 3 1 
= < l 2 =—= „e 1 F ä —" 


2dly, If we ſuppoſe the hyperbola to be 
equilateral, and take CD, or 6, equal to 4, the 
foregoing ſeries will be the logarithm of the 
ratio of a & to a, and will in this caſe become 
ſomewhat more ſimple, and will be as follows, 
„„ 30- g8 ou IT 4 
bx — - + 3 z "1d a e D 
Ee. which, if 7 be ſubſtituted inſtead of a, and 
$ inſtead of Fog will coincide exactly with the 
1 —2 3 . 3 45 * 
* 95 37 a4rr TIF 6 


% 
. or UE OI OT... ih A PE OE WII 


8 
4 Ge. * was before found for this 


quantal 


Prave TRIGONOMETRY. 433 


quantity, or for the-logarithm of 7 tot in, 


an hyperbola / whoſe: tiene was = Ts 


in the third conſequence; deduced from the ſe- 


rieſes for the figures 1 e and Wen in | 
—— 


7 And bade * it appears thai the loc 
garithm of the ratio of 2 to 1, in an hyperbola 


whoſe parallelogram i is S as, is = aq — * 


#2 a az 4 43 aa 1 at 

— _ — . bn IN -. + &©c. of —— 

3 7 Mb 5 - Ih 34 
22 


9 Ge. for this is the value of the 


— . ſeries when x becomes. = 4. And 
this is agreeable to what has been already de- 
monſtrated i in art. 343. 


athly, And if ag is call d 1 „the laſl-found 


4 4 
ne as Zh 7 4 "5's * fn will 


2 3 


be | Eo 5 1 Ge or * 


2 F* 5 
4s ＋ 2 e Se. that i is, Napier's lo- 
5.6 78 9.10 


N of a, or 15 the ratio of 2 9 I, is = 


Te — Ne - &c. 
3 4 5 TITS g 


of Ste net EIT + — —— Ge. as has 


2 34 54 758 5 
been ſhewn above in art. 343. 


trhiy, If it be required to fnd the W 


of the ratio of 6 to b—x in an hyperbola 


. of 


/ 


8 "4 of P 
” 


of any kind whoſe parallelogram is = ad; 
we ſhall have (by alike reaſoning as was uſed 
before, in determining the logarithm of the 
ratio of þ + x to b,) the fluxion of the aſymp- 
otic area that meaſures the ratio of þ to b—y 
to the parallelogram of the hyperbola, or to aa, 
as „ to b—x; whence it follows that that flux- . 
n be — — Gax | aue dax 
r 
gare  aax'x aaxix aa, 

ſequently, taking the fluents on both ſides, 
the aſymptotic area that is the logarithm of 
the ratio of 5 to 6 — x will be equal to the ſe- 
„ aax aa aax aax* aas, aax⸗ 


OF 
aaxꝰ . Bay | 
— Ge. 


And conſequently, in the 6th place, if the 
hyperbola is equilateral, and 5 is taken — a, 
the logarithm of the ratio of (6 to —, or) 4 


. * , &3 aft x5 
. OO 


And hence, in the 7th place, we may de- 
rive another ſeries for determining the loga- 
rithm of the ratio of 2 to 1. For if x is = 


©, the ratio of @ to - will be equal to the 
2 . 


ratio of 2 to 1, and the foregoing ſeries will 
| i Z 0 £035: . 51 an” 


be 44 4 


— 


- LT Se. which will therefore be the logs- 


rithm of the ratio of 2 to 1 in n hyperbola 
whoſe paralletagram.1 is = 44. | 


An Seb, Tis evident from . that Na- 
pier's e of * or 17 the ratio of 2 to I, 
2 2 


n 3 F 3.8 © 716 8 N G64 © 
+ c. for this is the value of the laſt- 
= 


mentioned ſeries, when aa, or the paralleloz 
of the hyperbola, is call'd x, which determines 
the n to be of Napier's ſyſtem, 


9thh It 5 hence be obſerved, that the ſe- 


1 
1 5 2.16 ee aa 
I 


— Ge. is = : the ſeries - —— 4 

7. 8 0 Is 5.6 
1 Fs 6 WR = &c. each of 

7.8 9.10 11.12 . 5 

them being equal to Napier 8 N of the 

ratio of 240 1. Fe | 


rothly, It follows En theſe conduſions at 
the logarithm of the ratio of 4 +x to, a—x,.(be- 
ing equal to the ſum of the two logarithms of 
the ratios of ax to a, and of '@ to a —x) in 
an n whoſe „ee * 3 is 


* N E M Es 65 
by che help of Which ſeries the 3 | 
any ptopoſed ratio whatſoever may be come 2 
. puted ; for; the ſeries converges, as: long as is | 
not greater than a, and the quantities 4 
and 4 may be taken in any proportion what - 
ſoever to each Locher, without ſuppoſing x to be 
eater than 4; and if x be but ſmall in compa- 
riſon of a, the ſeries will converge very ſwiftly. 
Thus, if it be required to find the logarithm 
of the ratio of 2 to 1, we muſt put a &: a 
22 2 1. and we ſhall have eee, 


whence 3 is = a, and & if — ja =, Therefore the 
; logarithm of the ratio of 2 to 1, in an hyper⸗ 


bola whoſe & perdllelogram 5 is a, is . + 
Y 24 20a 244 2 244 7 
O88 3X27 5x243 7x27 9.19083 = 8: 
A ow 83 Tc | | 
F 25 
: In like manner, to find the logarithm of the 5 
g ratio of 3 to 1, we have a-: a—x :: 321 pr 
| whence &-þx#=34—3x, and 4x=2, and con- gr 
= ſequently x = = or Therefore the loga- 2 
3 2 , 
. rithm of the ratio of 3 to 1, in. an hyperbola » 
k 4 
| | whoſe parallelogram i is = da, is = 7 = 4 

24a + 246 hs 248 240 24 1 Gr. | 

3X8 5X32 7X129 9X 512 Nas I, 


Again, to find the logarithm' of the ratls of | Pe? 
5 to 4. we have T rg: 4; hence 44 


mat 


Prand ee ber 15 Kr, 4% = 


10 © OHH 4 03 57 2 5 9¹ 


+4 e und S Therefore the lo- 


bit 2nifugmes d P. 90 batngmos Wilen! 920m 


gemein of biz ratio i A to the ſeries 292: 
CIC 2A. £09 HISOO Hall! 3 


0 * $143 +67 

244" i381 gags 17: D gw a _ D091 
dC 1 4 1 | 
er 


2 9 


3 
_ wine , tis evident, cn ges W. 
nefs, * of be MW 
4 "CF 17 25 J .. 7 10 Frist 4 
A1 EY to and the logarithm of the” 


ratio of a two Siren numbers m and'n, We 
muſt ſay as m . : t and we. ſhall 


thence, have m * 4. = x at, or nd—ms_ 
na fur; W eee eee or den 1 


N -u a, and . x a, which * 


ſubſtituted inflead of x in R's ſeries ES 


gram is = aa. | WM 

_ . If is not ſufficiently quali f in L of 
a, to make the ſeries converge: ſwiftly, it will 
be pro pes to | uſe ſome artifice in obtaining tho 


| of the ratio propoſed, rather than to 
culate it in a direct manner. Thus, if Wwe 


would find the logarithm, of dhe ratio of 10 to 


1, we ſhall have let * 4 = N 4, the 


powers of which tonverge very h We 
muſt therefore not attempt to find this loga- 
rithm directly by the ſeries, but muſt rather di- 

| Ooo vides 


10 8 15 1 fo .. 


ratio of 10 to 1, in 


mort. et * ration whoſe logarithms may he;. 


more eaſily computed ; and Vi. . and 


then adding S. n of hole 
MW ponent 12985, 8 121 e logarithm © 


5 Thus; if we . ratio 2 2 


. of wh ich is tri . ; 

1, OT herefore 1 10 l n is 999: ng 

log arithm of the ratio of a. 5 1, and then 

cls. ratios, 20g, 4© 

+ þ the rafia of 2 0 . 

ek 57 985 the e ratio of 10 ˖o 8, or. 
to the um will be et qual to 93 2 gari 

of the rop ofed ratio 6111 10 to 1. 1. n id b 
Hike mal be — in other Cafes. 
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x 1 If we 1 r 4 * med & 
a and x TefpeRtively in the foregoing ferics 4 


1 | = + Sc. it will be eoliVerted 


Tt 


34 745 jg 
inte 2464 PD pn . + "Of. Which m 
>> of 57 ow "1 18 


therefore berthe kighritim of this cutio:of ribs 
" nin an hyperbola whoſe parallelogram lis 
Therefore half this ſeries will be the loga- 


Achm of half this ratio, or of half the ratio 


7245 „ L to rs X 7, er to =, and 
therefore of the ratio 8 14 8 85 . ir; thit 


8 * S l 8 0 
f 8 372 Fn 977. nw 
F a 


3 


* 

Tay, * * 
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Sd ft, a a 
DD Deo =, 


beehren 


R d e 


2 9 = i in an e whoſe bane 


wm gram<4 : 


3 ih art. 313. y Us rr 
3 * | 
4 E A feries fi pri he external drs of un 
ln equilateral en? included betwee | the 2 
I „ 

f t * arc n Sen 2 1 #5 A 


* H. 207 
« . Haying t us gane thi its bog oe 
kde it \ il 8 be . . me uit 
| y to efollowing-ſericsifor 
n a TO external area, ineluded de 
tween the curve and its two axes, and a line 
drawn parallel to the it: ſe axis, as it is-an 
ertremely ſimple one in the law of the gene- 
ration, of its terms, and fol ſovys Ea rom 
ſome of theforegoing artiches, 1 | 


"= cars 5 ah, rat if i(Fig Be 
: be a+. 11 hy th rei 5 


i center a, an ry Ihe : 
2D "be "agus al to the radids CA ef the eirele 


Ah in , and og be Wee *o. 
the» Wande *axis D, the fluxion, or 
nitely ſmall}: ihcrement, of the L. 
go, included between the two axcs al), pi 
the curve De 4 and the "i ht Une g. will be 
cual to: . Gn 7 
: — of the tangent AQ and the ſe- 
ant GO; Maat is, if dhe Saius CA heut ar, 
the fine NS—=s, and it's fluxion s, the fluxion 


Oo 2 1 


e to: what was"Thewn 


Aris ur, ard "the 'ſcmiagis 


my 


— Ts 


” KY u. 


FEISS LEM, IT 


of the urea aDgo will be ( = 
02 10 apapitt ot age} 


C && 4 'n* a p++ 1 £:F 
L 4 i | 15 +4 a” gy" 5 


i 
8 ane 9945 


woe fluents, the. Seiner area DR , whoſe 
© baſe is equal to the tangent 'AO of the are of 
which 7 is the fine, ' in the circle whoſe dia- 
meter is equal to the axis of. the, hyperbola, is 
2G, 30.4 689 007 Oo. 
42 | 

0 3 Far 1 #1 ; 10 1175 0% 

Oc. in which the! law of continuation is very 
enen 1918 i i ns ot 


21 


6 
Off 


wy eric for aue: the 225 +, a para 
347. By art. 28 5 it apf ears, that if the para- 


meter of the parabola GVH, in Fig. 8 3, be equal 


to the ſemiaxis aD, and the bs ie GH to the 
axis of that parabola be equal to the baſe go of 
the external hyperbolic area aDgo, the rectan- 
gle under the parabolic arch. G\ H and the pa- 
rameter, or ſemiaxis 2D will be equal to the 
hyperbolic area 4g. Conſequently | the para- 


polic arch GVH 1 2 g . 
775 A = 


. 6 : 7873 
W + zer 7 Mo 4+ N 2 * 
Sc. that is, i the- aer of any 1 
G be call'd r, and the ſine of the circular ar 


of og the en e ordinate GH is the: — 
2 8 7 


4 « e the Fasitis, 
rab priory gt 


Tr which has been Stanly wi enfin art. 339. for 


2 nes ap let 2 ddd Zo be parallel 10 2D. 


2 1 Men _ v. 


s e 
1 e 1 e muted" 


e A eee always 5" conver os, of 


Far bos' grade, he ;—parabalie ach be 
"taken, « by, 
— -- Te = F oa rang od (Uictaup 
2 Aerie expreſſing tbe: relation f tu . | 

nutes to he, a 5 
-when the Jedor correſponding Yo TY 
* ſemidrumałe is am giben nit of tbe | 
- typ to abe daher Aae ha +331 


-s Ad = ſy, Yoon Sion hits 


* 3258. Ihe fag beats ſo g reat.alr mblajice to 


*<Exjhrpliing/ the let at the ines of two. 
e che greater are ãs any given 
multiple of the leſſer, that it ought by ho men 
to be omitted. (Conceive therefore two ſemi- 
ordipates to the axis@D of che equilateral hy- 
perbola Dy, in Fig. 82; to be drawn from the 
points & and 185 and two ether lines to be 
- drawn from-the Kane Points ts to 4 the centet᷑ bf 
the hyperbola; anf let the e Hyperbel ſeckor 
DE, correſponding to the ſemiordinate dran 
from g, contaimthehype "bole ſectõr 4D, cor- 
reſponding to the u diese drawn from 6, 


Then, tis grident, 4 o and af will be te | 
tively equal to the tenyordinates drawn * | 
wie points & and B. Ry 


o. tht 
24525 


"nds eee 
V az-pou. I refer, R 9 25 
fluxion of | = 1 


area aDgo 


* 1 21 


bot S 


quently the area e is = @v + = 
of 3, 858 155 = . 


555 e . _ | | 
N 

e and 

of? mo 8 


asd. 
les to the 
ein Nang N. e ; 
"afpmptotic' area DNR milk be 
Dg.! Therefere 


and conſe vently gad Sen area 


== = = „ " 
R 8 — 
— <a. r | _ 
_ * 1 
_ — — dr odd: oxy. —— 4 
. 


N and gR ut I 
Spun aR, and 


8 — the ſector 4 
g'is ( aſymptotic atea DNRę) = 
— triangle cas ==triary N . 


* 25 area b. — 2 


14 . 4 
k , * 


2 akeaoDyo 


* Wy 5 


Ne 


ol A - 


fps MH. at 


e . 


1 V 4 F , : ; 
5. - * * : 4 pot. * F 4 
9 47 » 3 3.7 Fg 15 * 'F - f 6 tos 3 
e 3 N 9 we oe L .* © 4 - 


Wappen that the Beger für 


Frs was; ſup | 
_ 4® # 121 * r "Therefore 


2% 72 978 e — Do. po Gow 
+: Se. 0 72 2 — AN £1016 


175 ny! 3225 3 | . 
122 W. -&c, is = +4: ee 
the terms by ee . 


Allis My ON v = Ay + By d 
Se. and by * ſeries it 


3 390 
1 75 
* a 


34 44 


3 C3 


Therefore Ay—ny is is =; 05 whence A; IS = — 1. 
And 5 — — 2 22 _ 


———— 


— Is = = 0; wh hence B's = 
"oz 2 5 


27 4 I 
+ 


„* bragg z o 1 


fi TIES 
vat iid LE Bd) YL ft 7 
Kang, f- 


5. 
> = 04 whence Cis = = {ee 


| — 
e SIE — 25 456 4 ber D = vr 
ee e ks 
— bee ="X EC 
2 And' in the fame waninr we g 4 


termine as many of e; fol lowin coefficients: | 
DE, F, G. as we think fit. * 


N 58 A 


Therefore Vis = = MAX 1; x 97-68 * 
e 


1 L . 
Xe xy Sec or my. 27 an--I. * 3 
EC} 9174 n 82 


| s un. 2 
n „ Byr „ X Cy 44 
4+5 6 6,7 * = 720 1 90 + 


An — 49 FT Tc 
* Dy A Xx Ey"! + Vc. in 
which the letters A, B. -C, -D, E, Sc. denote, 
as they did in the courſe of the inveſtigation, 


the coefficients of  the>ſeveral terms; or, if 
theſe letters denote Whole terms, (2 A being 


4 — eo: ob nr 
— xy, and B to 1 x . and fo of 
81 by I 2.3. * 8 


Day * bs wt 


the reſt thall ave v = | fn—1 
) we I; ve = 9 + 23 * ot 


* A » ad 
„ f 
S .* 


2 


10 114 


7 i 
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* 7. —— hl We. whi 

"$44, Or 0 Ir 10.1 2 E in ch the 
law: of gontiguaton is very manifeſt. ARES 
4 


. 


iT his ſeries was invented by Mr. De Moivre 
and applied by him to the lation of certain 
algebraic equations, of the fifth, ſeventh, and 
other odd powers. See the Miſcellanea Curigſa, 
vol. I. page 365, and De Moivre s Mz Oy | 
Abe ee | | 


* 


{fe 


2 ab lg) Ae e fe ze | 
- and hyperbolic ſeftors.. ws. | 


e 


560 Th fries ©? — — 


1 4⁰⁴⁵⁴ 22445 


290 3 Sc. found. in .the courſe of the 
9.0 


alto article for determining the wyntba⸗ 
lic ſectof aDg from its correſponding ſemior- 
dinate 20, or v, is exactly fimilar« to, or has 
the ſame coefficients with, the "ſeries by which 
a ſector of a circle may be determined from its 
fine, that is, from the fine of the arc that is its 
| baſe. _ For ſuch a circular ſector, being equal 
| to a 'right-angled triangle whoſe baſe is the arc 
i of the ſector and whoſe height is the radius, 

or to a rectangular parallelogram whoſe baſe is 
the arc of the ſector, and whoſe height i is Half 
| Be 5" mn 


EN ur on 


» 
- 


\ 


EF * 
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466 ELEMENTS 
the radius, will be (by art. 329.) = * - 


1 


4 — — — — 2. AS 
— 2g ae ee 2.4.6.7. bg | 


| . 3% ̃ ( 3800 at 
20) 3a "MT" an 22475 * 3 f 
Sc. which has the ſame coefficients with the 
{cries for the byperbolic ſector, and differs from 
it only in that it has all its terms affirmative, 
whereas in the hyperbolic ſeries the ſecond 
term is negative. And this is another inſtance 
of the great analogy that is found to be be- 
tween the circle and the rectangular hyperbola, 
according to what has been already hinted in 
193 and 4300. n 


OY 
1 


— 


Of the ſer igſes relating to the Logarithmic curve. 


þ Of the ſerieſes for expreſſing an abſeiſs of the 
: axis of a logarithmic curve, in powers of the 
| difference of the two ordinates that bound it, 


one of thoſe ordinates themſelves, and the ſub- 
tangent ; or according to the phraſes commonly 
uſed, for finding the logarithm of a given num- 


e. 


350. If in the logarithmic curve FAC (Fig. 73) 
we take any two ordinates and AO, whereof 
the greater A0 is not more than double of 
the leſſer , and call the ſubtangent of this 


curve a, the leſſer of theſe ordinates &, and the 
| greater 
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greater b-+-x, the abſeiſs 7O of the axis of 'thi's 


curve intercepted between theſe” two ordinates, 


ar the logarithm” of their ratio to each other, 
| be = ax d | ax3. —_ax+ ar, axs | 
I * EE 2 56s 8 _ 


For if this abſciſs, or Res” be called æ, 
and its fluxion, or infinitely ſmall increment, 


2, and the fluxion, or contemporary increment, 

of the ordinate 6 be call'd x, we ſhall have, 

by art. 200, * : 2 :: bo 43 whence z is = = 
ax 4 ax ax" x ax3x ax*x axis 


Fiz 3B SF Toa 


Sc. and conſequently, taking the fluents, 2 will 
be = _ „ a OC 
oY BR 363 * 565 . 


„ien converges as long as x is not greater 


than 6, or as long as #-+x is not more than 


double of 5. 


If b, or un, the leſſer ordinate, be taken 
equal to a, or the ſubtangent, the ſeries will 


5 ff „ = 
be r= Denon + 
3aa 443 647 


which is weren the fog of the ratio of 


@-+x to 4 in a logarithmic curve whereof 4 
Is the 9 | 


351. If it be required to find the logarithm of 


the ratio of 6 to 4— in a logarithmic curve 


Pppz2 N whoſe 


468 
whoſe ken is. 4, we WY make uſe of 
the following proportion, to wit, * * Si b-x:4; z 


UN i. — ax* AY 
whence 218 = > 2 IC * 1 


6 


8 + a =þ- Ec. and conſequently 2 is = 
ax a- ax 
TR RE ng a” 0. 


If 5 Sa, or the greater of the two ordi- 
nates is equal to the fübtangent, we ſhall have 
2, or the logarithm of the ratio of @ to 4 — * 
in the logarithmic curve whoſe ſubtangent is 


| a #2 84 * 
42. ＋ 2 „ c. 
= OP = Fa. WY 


352. It follows from theſe determinations that 
the logarithm of the ratio of ax to a—x 
{being equal to the ſum of the 5 9 5 of 
the ratios of 8 to a, and of à to a—x) is = 


2x9 2K 1 
2%+ 3 178 50 x "i &c. 


of the ſeriefe for ex frefiing the di ference of tuo 
ordinates in a logarithmic curve in powers of 
the abſeiſs of the axis intercepted between then, 
and of the ſubtangent ; or, according to the 
phraſes commonly uſed, for Jmaing the number 
from the logarithm. 


35 3. Having ſhewn how the logarithm of a 


given ratio, or the abſciſs of the axis of a loga- 
rithmic 
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rithmic curve, intercepted between two given 
ordinates, may. be found from thoſe -ordinates, 
and expreſſed in powers of their difference and 
of the "ſabtangent, it remains- that we mention 
the ſerieſes by which the ratio of the ordinates 
may be diſcovered from the abſciſs, or lo 
rithm, given, or their difference (one of them 
being ſuppoſed, to be equal to the ſubtangent) 

expreſſed in powers of the abſcifs, and ſubtan-" 
gone. Now this may be done by- reverting 

0 foregoing ſerieſes in the ſame manner as 
was before done to the ſerieſes derived from 
tho circle and hyperbola. | 


Sin therefore the ſeries a . 
e 7 


Sc. is - log. © 7 ws aſſume x = Az + 


Bz. + C23 + Oy and we ſhall have 
Az ＋- Bz: + Cz: + Sc. 


24 24 a 
+ : 

Therefore 1 is = o; and A. >; 
A? - $8 | A® 

2dly, By: — | is = 0; whence B = 
-* 208 

1 2 AB; A233 ©, .- 

23 24 344 N 

8 2AB A388 I 
whence C is — — — — —— — —_ 
a 24 34a a 344 244 


1 1 © 88 
2 255 And in the ſame manner 
34 . aa -<- RES. = 


we 


— 1 9 
93 —ů — 


. 


* may, — 


I TBE EM E S of 


wo lt ind D's be =—hi "Ew be= 
2340" 


223 — and ſo of the . 


Therefore x, or the Aras: of the two 
ordinates @ and a + x whoſe abſciſs is 2.3 in a 
K _ whoſe ſubtangent is Cl is 


=#+ 25 = + fs le et. 
Sc. 


L. Tart 2.3443 K 4.5. 4. + 


355+ And by a like —_ it nit pear that if 


2 be put for the logarithm of 4 of a to 


a &, in a logarithmic curve whoſe ſubtangent 
is a, (Gn _ caſe it has been ſhewn that 2 is 


= + = — 1 + &c. without any negative 


terms) * — x of theſe ordinates will 
| * 23 * * 
1 NY 
be == 24 . 2.344 2.3.4.5. 
Ec. in which ſeries the terms are alternately 


affirmative and negative. 


356. Hence tis evident that, if z is Sa, or the 
given logarithm, or abſciſs of the axis, is equal 
to the ſubtangent, the firſt of theſe ſerieſes 


will be in this caſe 4 2 — + 
2.3 2.34 


= 3 road ſcries will be a— 


5347 
> Fog LE, +: Se. Therefore 
1413.4 = 


the 


th. | + 6. AE 
l * 
i ** 
i 

4 So v.58 
3, * * 
1 oF 4 % n 


| Man TRIGONOMETRY. 471 
the proportior of e to 4 in this caſe wil _ 


5 beat in der ate 7 


Jt ; HE, to 4, or of I * 1 "* 
2-345 1 5 „ mn, 


= : + . FE: * KF. Be. to 1. or © 
5 2:34 th 9h 2.3.4.5 a - ES 


2. . 718, 281,828,459, Sc. to 1; and the proper. 
tion of @ to a—x will be equal to that of 4 to &; 
1 We _— 
ihe be ae 4 25 , 5 
„ + . 5 Te. 
| L = _ TREE "IHE 
or to r 


2 2.3 ; 2.3.4 2.3 15 
wo $367,879,441, 3 Sc. Ges 0 55 N is 2 


Therefore, according to Mr. Cotes's manner 
of expreſſion, the ratio modularis is that of 
2. 718,281, 828, 459, Sc. to 1, or that of x to 
367,87 94414171, Sc. apron to. art. 203 
A 

Theſe are the principal ſerieſes relating to 
the ſubject of the foregoing pages; and Tk 
theſe I therefore conclude the. book, "Un take 
my final leave of Fr reader 
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Vs 8 e * r 
_ 68 Rc 382 > Pact Go, 888888 888898 4 e 
ö * DE +3 „ , 

— * i 0, IL? £ 5 191) 2 2 54 
8 £4 1 R 1 T- * ” = 
by 4 4 a 7 = 6.3 bp OE. ad 21 * 3 5 * | Py 
. * . « * hh LI 41 17 nts we ' "mr oe ; = 
N rage 9. inſlead of 55 -F 88 read poof in. 1 a 


pa 1 ar 7 laſt operation of the ertraction . the ſquare: 

root ad of 69282016, read 69294061 and 

inſtead of — read 633484. In page 26, prop. 7, * | 

rel 7. In pi mY” line f from Arm - 77 inſte | 
of Went and beſs., ge 63, line 4, ad of x B 2 4 

PF BEA; and the ſame ih line 5. Aebi in es 5th li be... 
=_ . p. 225 put a ſemittolon after the words Fake AD — B; a 3 

| 3 E the rl write the word an. In Page” 64, 

inſtead of CP x RP, write CP-RP; andthe fame in lh I 

* in line 20, in two places, infieadiof CAA 7 1 S 

An page 66, line 6, inſtead of 8, Feud geh 

there ought to be no break in the paragraph after as words, con- 

trary way. In page 74, line 1, inſteafl of fangen, read 7 % 


In Pag E797 at the end of the fecond paragraph, inſtead 22 1 
33» read bg. 36; and Jeb, —.— thEbottam=inſtead of fig. | 

2, read ng. 37. In page 13359 line the 4 
of Iſaac Newton, read 9 Jaac ag Page 14 no ſew | 


end of the iſt line of art. 132, dele the word of. 163% 

Boe: g. f cx after be 22 — b Ac ale 

write a Capita n page A 34420005 4 
- 6% prefix the figured 14: 15, Er the aber of the reed (31> uu 0 


page 176, bee: ee al 7 lie yy — 
e bottom, after 

7 9 > A. . 27. 3, inſtead* c 588 wad got 2 15 
diſſertation. In page 266, OK 11, inſtead wo 8 rend 
{ x0,609;000th. In page 268, line: 8, inf fr: confined}. read 
contruued quantity. In, page 2B6, lin 1 0 ane = 
of „ read logariibm; And line I fro om, u- 
| . Neal of : log N — ney , infledd 
| of colums, read columns, Page 3 12, lin Aged of ga | 
read logarithms. ' In Ne 13, A 10 from the 3 led 
of diving, read dividing. In page 372, line 4 from the bottom, 
dele the ſemicolon after the word tangents. In page 364, line 3 
from the bottom, inſtead of © of an Hyper-, read de-. In page © 
425, line 15 from the bottom, at the end of the line after =, * 
read 7, In page 459, line 6, inſtead of N read hyperbola, | 
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